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ABSTRACT. In this paper, we give the internal characterizations of compact-covering s-
(resp., m-)images of locally separable metric spaces. As applications of these results, we
obtain characterizations of compact-covering quotient s-(resp., m-)images of locally sepa-
rable metric spaces.

1. Introduction

Finding the internal characterizations of certain images of metric spaces is a
considerable interest in general topology. In the past, many nice results have been
obtained [6], [11], [12], [17], [18]. Recently, many topologists were engaged in re-
search of internal characterizations of images of locally separable metric spaces,
and some noteworthy results were shown. In [12], S. Lin, C. Liu, and M. Dai gave
a characterization of quotient s-images of locally separable metric spaces. After
that, S. Lin, and P. Yan characterized sequence-covering s-images of locally sepa-
rable metric spaces in [13]; Y. Ikeda, C. Liu and Y. Tanaka characterized quotient
compact images of locally separable metric spaces in [7]; and Y. Ge characterized
pseudo-sequence-covering compact images of locally separable metric spaces in [5].
In a personal communication, the first author of [12] and [13] informs that charac-
terizations on compact-covering s-images and compact-covering w-images still have
no answer. Thus, it is natural to rise the following question.

Question 1.1. How are compact-covering s-(resp., 7-)images of locally separable
metric spaces characterized?

In this paper, we give the internal characterizations of compact-covering s-
(resp., m-)images of locally separable metric spaces. As applications of these results,
we obtain a characterization of compact-covering quotient s-(resp., m-)images of
locally separable metric spaces.

Throughout this paper, all spaces are assumed to be regular and 77, all map-
pings are assumed continuous and onto, N denotes the set of all natural numbers.
Let f: X — Y be a mapping, z € X, and P be a family of subsets of X, we
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denote st(z,P)=U{PeP:2ec P}, UP=U{P: PeP},NP=({P:PecP}
and f(P)={f(P): P e P}

Definition 1.2. Let P be a family of subsets of a space X, and K be a subset of
X.

(1) P is a cover for K in X, if K C |JP. When K = X, a cover for K in X is a
cover of X [3].

(2) For each z € X, P is a network at x in X [15],if x € P and if z € U with U
open in X, then z € P C U for some P € P.

P is a network for X [15], if {P € P : © € P} is a network at  in X for every
reX.

(3) P is a cfp-cover for K in X, if for each compact subset H of K, there exists
a finite subfamily F of P such that H C |J{CFr : F € F}, where Cr is closed and
Cp C F for every F € F. Note that such a F is a full cover in the sense of [2].
When K = X, a cfp-cover for K in X is a cfp-cover for X [20].

(4) P is a cfp-network for K in X, if for each compact subset H of K satisfy-
ing H C U with U open in X, there exists a finite subfamily F of P such that
HcU{Cr:FeF}clUF U, where Cp is closed and Cp C F for every F € F.
Note that a cfp-network P for K in X is a family to have property cc for K [14],
and if K = X, then P is a strong k-network for X in the sense of [2].

It is clear that if P is a cover (resp., cfp-cover, cfp-network) for X, then P is a
cover (resp., cfp-cover, cfp-network) for K in X.

(5) P is point-countable [6], if every point of X meets at most countably many
members of P.

Definition 1.3. Let f: X — Y be a mapping.

(1) f is a compact-covering mapping [16], if every compact subset of Y is the image
of some compact subset of X.

(2) f is a pseudo-sequence-covering mapping [7], if every convergent sequence of Y
is the image of some compact subset of X.

(3) f is a pseudo-open mapping [1], if y € intf(U) whenever f~(y) C U with U
open in X.

(4) f is a w-mapping [1], if for every y € Y and for every neighborhood U of y in
Y,d(f'(y),X — f~1(U)) > 0, where X is a metric space with a metric d.

(5) f is an s-mapping [1], if f~*(y) is separable for every y € Y.

Definition 1.4. Let X be a space.

(1) X is a sequential space [4], if a subset A of X is closed if and only if any con-
vergent sequence in A has a limit point in A.

(2) X is a Fréchet space [4], if for each = € A, there exists a sequence in A converging
to x.

For terms which are not defined here, please refer to [3] and [18].
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2. Results

In 1960, V. Ponomarev proved that every first-countable space is precisely an
open image of some Baire zero-dimension metric space [3, 4.2 D]. The Ponomarev’s
method has been generalized [14], and plays a very important role in characteriza-
tions of images of metric spaces. We shall use the above method to characterize
compact-covering s-images of locally separable metric spaces.

Definition2.1. Let P be a network for a space X. Assume that there exists a
countable network P, C P at x in X for every z € X. Put P = {P, : o« € A}. For
every n € N, put A, = A and endowed A,, a discrete topology. Put

M:{a:(an)GHAn:{Pan:néN}
neN

forms a network at some point z, in X }

Then M, which is a subspace of the product space ], oy An, is a metric space and
each point z, is unique for every a € M. Define f: M — X by f(a) = x4, then
f is a mapping, and (f, M, X, P) is a Ponomarev-system [14]. Note that under P
being a point-countable network for X, the Ponomarev-system (f, M, X, P) exists.

It is well known that c¢fp-networks are preserved by compact-covering mappings.
We shall strengthen this result on preservations of ¢fp-covers and cfp-networks for
a compact subset without the assumption of the compact-covering property.

Lemma 2.2. Let f: X — Y be a mapping.

(1) If P is a cfp-cover for a compact set K in X, then f(P) is a cfp-cover for
f(K)inY.

(2) If P is a cfp-network for a compact set K in X, then f(P) is a cfp-network
for f(K) inY.

Proof. (1). Let H be a compact subset of f(K). Then L = f~}(H)NK is a
compact subset of K satisfying f(L) = H. Since P is a ¢fp-cover for K in X, there
exists a finite subfamily F of P such that L C |J{CFr : F € F}, where Cp C F,
and CF is closed for every F' € F. Because L is compact, every Cr can be chosen
compact. It implies that every f(Cp) is closed (in fact, every f(CF) is compact),
and f(Cp) C f(F). We get that H = f(L) C U{f(CF) : F € F}, where f(F) is a
finite subfamily of f(P). Then f(P) is a cfp-cover for f(K)in Y.

(2). Similar to the proof of (1). O

Now, we characterize compact-covering s-images of locally separable metric
spaces as follows.

Theorem 2.3. The following are equivalent for a space X.

(1) X is a compact-covering s-image of a locally separable metric space,
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(2) X has a point-countable cover {X, : a € A} satisfying that each X, has a
countable network P, and each compact subset K of X has a finite compact
cover {K, : « € A} such that, for each a € A, Py, is a cfp-network for
K, in X,.

Proof. (1) = (2). Let f : M — X be a compact-covering s-mapping from a
locally separable metric space M onto X. Since M is a locally separable metric
space, M = @ cp Ma, where each M, is a separable metric space by [3, 4.4.F]. For
each a € A, let B, be a countable base of M,, and put X, = f(M,), Pa = f(Ba).
Then {X, : @ € A} is a point-countable cover for X, and each P, is a countable
network for X,,.
Let K be a compact subset of X. Since f is compact-covering, K = f(L) for some
compact subset L of M. Because L is a compact subset of M, Ax = {a € A :
LN M, # 0} is finite. For each a € Ak, put L, = L N M,, then L, is compact.
Denote K, = f(La), we get that {K, : « € Ak} is a finite compact cover for K.
By [2, Claim 4.2], each B, is a cfp-network for M,. Then B, is a cfp-network for
L, in M,. It follows from Lemma 2.2 that, for each a € Ak, P, is a cfp-network
for K, in X,.

(2) = (1). For each « € A and n € N, put P, = {P3 : 8 € I',}, and denote by
T's,n the countable set I', endowed with the discrete topology. Put

Mo = {bo = (Ban) € [[ Tan : {Pp.... :n € N}
neN

forms a network at some point xp, in Xa}.

Then M, which is a subspace of the product space [ [,y I'a,n, is @ metric space and
xp,, is unique for each b, € M,. Define f, : M, — X, by choosing f,(bs) = s, -
Then the Ponomarev-system (fa, Ma, Xa, Pa) exists. Put M = @, ., Ma. Since
every P, is countable, M, is a separable metric space. Then M is a locally separable
metric space. Define f: M — X by choosing f(b,) = fo(ba) for every b, € M,,.
It is easy to check that f is continuous and onto.

(a) f is an s-mapping.

For each x € X, since {X,, : @ € A} is a point-countable cover for X, A, = {a €
Az € X,} is countable. Note that I'y, is countable for each n € N, M, is a
separable metric space. Then f,!(x) is a separable subset of M, for each a € A,.
Hence f~!(z) = U{f,'(x) : « € A,} is a separable subset of M. It implies that f
is an s-mapping.

(b) f is compact-covering.

Let K be a compact subset of X. Then K has a finite compact cover {K, : @« € Ag}
such that, for each a € Ak, P, is a c¢fp-network for K, in X,. It follows from [14,
Theorem 2] that there exists a compact subset L, of M, satisfying fo(Ls) = Ka.
Put L = |J{Lq : @ € Ak}, then L is a compact subset of M satisfying f(L) = K.
It implies that f is compact-covering. O

By Theorem 2.3, we get a characterization of compact-covering quotient s-
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images of locally separable metric spaces as follows.

Corollary 2.4. The following are equivalent for a space X.

(1) X is a compact-covering quotient (resp., pseudo-open) s-image of a locally
separable metric space,

(2) X is a sequential (resp., Fréchet) space with a point-countable cover {X, :
a € A} satisfying that each X, has a countable network P, and each compact
subset K of X has a finite compact cover {K,, : « € Ax} such that, for each
a € A, Py is a cfp-network for K, in Xg.

Proof. (1) = (2). By Theorem 2.3, it is sufficient to prove that X is a sequential
(resp., Fréchet) space. This is obvious by [3, 2.4.G].

(2) = (1). It follows from Theorem 2.3 that X is a compact-covering s-image
of a locally separable metric space under the mapping f. We get that f is quotient
(resp., pseudo-open) by [5, Remark 1.7], and [10, Lemma 2.1]. Then X is a compact-
covering quotient (resp., pseudo-open) s-image of a locally separable metric space.

O

Definition 2.5. For each n € N, let P, be a cover for X. {P, : n € N} is
a refinement sequence for X, if P41 is a refinement of P, for each n € N. A
refinement sequence for X is a refinement of X in the sense of [5].

Definition 2.6. Let {P,, : n € N} be a refinement sequence for X. {P,, : n € N}
is a point-star network for X, if {st(x,P,) : n € N} is a network at = in X for
every © € X. Note that a point-star network is used without the assumption of a
refinement sequence in [14], and |J{P, : n € N} is a o-strong network for X in the
sense of [7].

In Section 2 of [14], S. Lin and P. Yan extended the Ponomarev-system to a
sequence of covers for a space as follows.

Definition 2.7. Let {P, : n € N} be a point-star network for a space X. For every
n €N, put P, = {P,:a € A,}, and A, is endowed with discrete topology. Put

M={a= (o) € HAn:{Pan :n € N}
neN
forms a network at some point z, in X }

Then M, which is a subspace of the product space [[,, oy An, is a metric space with
metric d described as follows.

Let a = (an),b = (Bn) € M. If a = b, then d(a,b) = 0. If a # b, then
d(a,b) =1/(min{n € N : o, # Bn}).

Define f : M — X by choosing f(a) = x4, then f is a mapping, and
(f, M, X,{P,}) is a Ponomarev-system [19]. Note that without the assumption
of a refinement sequence in the notion of point-star networks, then (f, M, X, {P,})
is a Ponomarev-system in the sense of [14].
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Now, we characterize compact-covering w-images of locally separable metric
spaces as follows.

Theorem 2.8. The following are equivalent for a space X.
(1) X is a compact-covering w-image of a locally separable metric space,

(2) X has a cover {Xx : A € A}, where each X has a refinement sequence of
countable covers {Pxntnen satisfying the following:

(a) {Pn}nen is a point-star network of X, where Pp, = Jycp Pan for each
n €N,

(b) For every compact subset K of X, there exists a finite subset A of A
such that K has a finite compact cover {Ky : A\ € Ak}, and for each
A€ Ak andn €N, Py, is a cfp-cover for Ky in Xy.

Proof. (1) = (2). Let f: M — X be a compact-covering m-mapping from a locally
separable metric space M with metric d onto X. Since M is a locally separable
metric space, M = @)\e A My, where each M) is a separable metric space by 3,
4.4.F]. For each X\ € A, denote fy = f|ur,, Xa = fr(My), and My = Dy, where D)
is a countable dense subset of M.
For each a € My and n € N, put B(a,1/n) = {b € My : d(a,b) < 1/n}, By, =
{B(a,1/n) : a € Dy}, and Py, = fa(Ban). It is clear that {Py, : n € N} is a
refinement sequence of countable covers for X.
(a) {Pn}nen is a point-star network for X.
Since {Pxn : n € N} is a refinement sequence for X for each A € A, {P,, : n € N}
is a refinement sequence for X.
For each # € U with U open in X. Since f is a m-mapping, d(f~!(z), M —f~1(U)) >
2/n for some n € N. Then, for each A € A with x € Xy, we get d(f5 ' (z), M) —
f/\_l(UA)) > 2/n, where Uy = U N X,. Since Py, is a cover for X, there exists
fa(B(a,1/n)) € Pxn such that z € f(B(a,1/n)) for some a € D). We shall
prove that B(a,1/n) C fy'(Uy). In fact, if B(a,1/n) ¢ fy '(Uy), then there exists
b € Bla,1/n) — fy }(Uy). Since fy'(z) N B(a,1/n) # B, there exists ¢ € f; *(x) N
B(a,1/n). Then d(fy'(z), My — f;'(Uy)) < d(c,b) < d(c,a) + d(a,b) < 2/n.
It is a contradiction. So B(a,1/n) C fy'(Uy), thus fi(B(a,1/n)) C Ux. Then
st(z,Pxn) C Uy, and hence (J{st(z,Prn) : A € A with z € X} C U. It implies
that st(z,P,) C U.
Hence, {Py, }nen is a point-star network for X.
(b) For each compact subset K of X, since f is compact-covering, K = f(L) for
some compact subset L of M. By compactness of L, Ly = L N M, is compact
and Ag = {\ € A: Ly # 0} is finite. For each A € Ak, put K, = f(L,), then
{Kx : A € Ak} is a finite compact cover for K. For each n € N, since By, is a
cfp-cover for Ly in My, Py, is a cfp-cover for K in X, by Lemma 2.2.

(2) = (1). Foreach A € A, let x € Uy with Uy open in X. We get that Uy = UN
X with some U open in X. Since st(z,P,) C U for some n € N, st(z, Py,n) C Ua.
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It implies that {P», : n € N} is a point-star network for X. Then the Ponomarev-
system (fx, Mx, X, {Pxn}) exists. Since each P, , is countable, M) is a separable
metric space with metric dy described as follows. For a = (a,),b = (Bn) € M, if
a = b, then dy(a,b) =0, and if a # b, then dy(a,b) = 1/(min{n € N: a,, # B }).
Put M = @ caMy and define f : M — X by choosing f(a) = fi(a) for every
a € My with some A € A. Then f is a mapping and M is a locally separable metric
space with metric d as follows. For a,b € M, if a,b € M) for some A\ € A, then
d(a,b) = dy(a,b), and otherwise, d(a,b) = 1.

(a) f is a m-mapping.

Let x € U with U open in X, then st(x,P,) C U for some n € N. So, for
each A € A with z € X, we get st(z,Prn) C Ux, where Uy = UNX,. It
is implies that dy(fy'(z), My — fy'(Uy)) > 1/n. In fact, if a = () € M,
such that dy(fy'(z),a) < 1/n, then there exists b = (B;) € fy '(x) such that
dx(a,b) < 1/n. So ay, = By if k < n. Note that x € Pz, C st(z,Pr,) C Unx.
Then fy(a) € Pa, = Ps, C st(z,Px,) C Uy. Hence a € f, '(Uy). It implies that
dr(fyt(z),a) > 1/nif a € My — f ' (U). So dx(fy ' (x), My — £y ' (Uy)) > 1/n.
Therefore

d(f = (x), M = f7H(U))
= inf{d(a,b):a € f~H(x),be M — f~HU)}
= min {1,inf{dx(a,b) 1 a € £ '(x),b € My — f; " (Ux), A € A}}
> 1/n>0.

It implies that f is a m-mapping.

(b) f is compact-covering.

For each compact subset K of X, there exists a finite subset Ag of A such that K
has a finite compact cover {Ky : A € Ak}, and for each A € Ag and n € N, Py, is
a cfp-cover for K in X . It follows from [14, Lemma 13] that Ky = f)(Lx) with
some compact subset Ly of My. Put L = |J{Lx : A € Ak}, then L is a compact
subset of M and f(L) = K. It implies that f is compact-covering. O

By Theorem 2.8, we get the following.

Corollary 2.9. The following are equivalent for a space X.

(1) X is a compact-covering quotient (resp., pseudo-open) w-image of a locally
separable metric space,

(2) X is a sequential (resp., Fréchet) space having a cover {X : X € A}, where
each X has a refinement sequence of countable covers {Px n}tnen satisfying
the following:

(a) {Pn}nen is a point-star network of X, where Pp = Jycp Pan for every
n €N,

(b) For every compact subset K of X, there exists a finite subset Ag of A
such that K has a finite compact cover {Ky : A € Ak}, and for each
A€ A andn € N, Py, is a cfp-cover for Ky in Xy.
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Proof. As in the proof of Corollary 2.4. (]
Finally, we give examples to illustrate theorems in the above.

Example 2.10. There exists a compact-covering s-image of a locally separable
metric space which is not a compact-covering w-image of any locally separable met-
ric space.

Proof. Let X be a sequential fan S, (see [9]). Then X is a Fréchet and Rg-space.
It follows from [18, Remark 8.(2)] that X is a compact-covering s-image of a lo-
cally separable metric space. It is clear that every compact-covering mapping is
a pseudo-sequence-covering mapping, and X is not a pseudo-sequence-covering -
image of any metric space [8, Example 2.8]. Then X is not a compact-covering
m-image of any locally separable metric space. O

Example 2.11. There exists a compact-covering m-image of a locally separable
metric space which is not a compact-covering s-image of any locally separable met-
ric space.

Proof. Let X be a developable space Y in [7, Example 17]. Then X is a compact-
covering (quotient) m-image of a locally separable metric space. Moreover, X is not
a quotient s-image of any locally separable metric space. It implies that X is not a
compact-covering s-image of any locally separable metric space. O
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