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ABSTRACT. In this paper, we make use of the weight to obtain some two-weight integral
inequalities which are generalizations of the Poincaré inequality. These inequalities are ex-
tensions of classical results and can be used to study the integrability of differential forms
and to estimate the integrals of differential forms. Finally, we give some applications of
this results to quasiregular mappings.

1. Introduction

Differential forms have wide applications in many fields, such as tensor anal-
ysis, potential theory, partial differential equations and quasiregular mappings.
Throughout this paper, we always assume €) is a connected open subset of R".

Let e1,ea,- - , e, denote the standard unit basis of R". For £ = 0,1,--- ,n, the
linear space of /-vectors, spanned by the exterior products e; = e;; Aej, A+ Ae,,
corresponding to all ordered ¢-tuples I = (i1, ,ip),1 < i1 <ig < -+ < iy, is de-

noted by A = A“(R™). The Grassmann algebra A = @ A*(R") is a graded algebra
with respect to the exterior products. For a = Y ale; € A and 8 =Y ple; € A
,the inner product in A is given by (o, 8) = 3. afp! with summation over all /-
tuples I = (i1,49, -+ ,i¢) and all integers £ = 0,1,--- ;n. We define Hodge star
operator x : A\ — /\ by the rule

xl=e3 ANeaA---Ne, and aAxf=pFAxa={qa[)*1
for all a, 8 € A, the norm of o € A is given by the formula
0
\a|2:<a7a>:*(a/\*a)€/\ =R.

The Hodge star is an isometric isomorphism on A with

* /\e — /\n_g and  xx(—1)/"=9 . /\e — /\Z.

Let we call w(z) a weight if w € L}, _(R™) and w(z) > 0, a.e. 0 < p < 0o, we denote
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the weighted LP-norm of a measurable function f over E by

s = [ £GPl dz) ([ 11 pdu) "

A differential ¢-form on Q is a Schwartz distribution on Q with values in /\Z(R”).

We denote the space of differential ¢-form by D’(€, /\e). We write LP(S, /\Z) for
the /-form with

E wr(x)dxy = E Wiyigrip (T)dTiy Ndiy A---dxy,,

where w; € LP(Q,R) for all ordered ¢-tuples I. LP(€),R) is a Banach space with

lelloa = ( [, |w<m>pdx)1/p= / (;wmmv)mdx

Similarly, W, (€2, /\g) are those differential ¢-forms on 2 whose coefficients are in
W, (€, R). The notations W, (€, R) and Wp1 (2, ) are self-explanatory. We denote
the exterior derivative by d : D'(, \") — D'(Q, /\Hl) for £ = 0,1,- Its
formal adjoint operator d* : (Q AT = D/(Q, \") is given by d* = (— )"“1*03*
on D'(Q, AN, £=0,1,---

A differential forms w is called an A—harmonic tensor if w satisfies the
A—harmonic equation

1/p

(1.1) d* Az, dw) = 0,

where A : Q x Al(R") — AY(R™) satisfies the following conditions:

(1.2) |A(z,8)| < alglP™!
and
(1.3) (A(z,€),€) > [¢]P

for almost every x € Q and all £ € Al(R™). Here a > 0 is a constant and 1 < p <o
is a fixed exponent associated with (1.1). A solution to (1.1) is an element of the
Sobolev space VV1 (92, A'=1) such that

Jloc

/(A(x,dw),dgp} =0
Q

for all p € Wpllop(Q7 /\l_l) with compact support. We write R = R'. Balls or cubes

are denote by @, and o(@ is the ball or cubes with the same center as @) and with
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diam(c@Q)) = odiam@. The n-dimensional Lebesgue measure of a set E C R" is
denoted by |E|. Let @ C R™ be a cube or a ball. To each y € @Q there corresponds

a linear operator K, : C*°(Q, /\e) — C™(Q, /\e_l) defined by

1
Ky(W)(l',fl, 75@) :A tg_lw(tx—"_y_tyvgh“' 75[71)dt

and the decomposition w = d(Kyw) + K, (dw).
Another linear operator T : C(Q, A = C>=(Q,\"") can be defined by
averaging K, over all points y in Q, Tow = fQ o(y)Kywdy. Where ¢ € C5°(Q)

is normalized by fQ ¢(y) = 1. We define the f-form wg € D'(Q,/\Z) by

wo = Q! wi(y)dy, £=0,1,---,n, and wg = d(Tgw), for all w € LP(Q, \Y),
1<p<oo.

2. Two-weighted Poincaré inequality

Definition 2.1. We say the weight (w;(z), w2 (z)) satisfies the A2 (A1, Ag, €2) con-
dition for some 7 > 1 and 0 < Ay, A2, A3 < 00, and write (w1, wy) € AN (A1, A2, Q),
if wy(x) > 0, wa(zx) > 0 a.e. and

A2/ (r—1) As(r—1)
sup <1/ wfldﬂc> L/ <1> ) dx < oo
B \|B| /B |Bl Jp \w2

for any ball B CC Q.

If we choose wy = wy = w and Ay = Ay = A3 = 1 in Definition 2.1, we will
obtain the usual A,.(2)-weight. If we choose w1 = wy = w, Ay = Ao =1 and A3 = A
in Definition 2.1, we will obtain the A}(Q)-weight [9]. If we choose w; = ws = w,
A1 = X and Ay = A3 = 1 in Definition 2.1, we will obtain the A, (\, Q)-weight [11].

We will need the following generalized Holder inequality.

Lemma 2.2. Let 0 < o <00, 0 < B < o0 and s ' =a '+ 371 If f and g are
measurable functions on R™, then
I £ lls,o<ll f llove - | 9 8.0
for any Q C R™.
We also need the following two lemmas.

Lemma 2.3. If w € A,.(Q), then there exist constants 8 > 1 and C, independent
of w, such that
| wllg,e< CIBIY=D7 w1z

for all balls B C R™.

The following weak reverse Holder inequality appears in [5].
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Lemma 2.4. Let u be an A-harmonic tensor in Q, p > 1, and 0 < s, t < oo. Then
there exists a constant C, independent of u, such that

| wlls,5< CIBIS95 || ||y

for all balls or cubes B with pB C Q.

Different versions of the Poincaré inequality have been established in the study
of the Sobolev spaces of the differential forms. The following version of the Poincaré
inequality appears in [14].

Lemma 2.5. Ifu € WPI(Q,/\Z), 1<p<oo, then for any 0 < o <1

2 n/p
= voallne < (2) " diom (@117 ol
the above inequality can be write as

[u = uoqllp.@ < c(n,p, o, Q)| v u(®)llp.Q
for any cubes or balls, Q,0Q C .
We now prove the following local two-weight Poincaré inequality for A-harmonic

tensors.

Theorem 2.6. Let u € D'(2, AY) be an A-harmonic tensor in a domain Q@ C R"
and syu € L¥(Q,AHY), 1 =0,1,--- ,n. Suppose that v > 1, wi'(z) € A(Q) and
(w1 (), wa(z)) € AM(A1, A2, Q). If p>1, s> A3(r — 1) + 1, then

1/s 1/s
(21) (/ |U - UUBS’LU?ld.T> <C (/ | \V/ u|5wg\2)\3dx>
B B

for all balls B with pB C 2. Here usp is a closed form and C is a constant
independent of u.

Proof. Using Lemma 2.3 with w}' (z) € A,(f), there exist constants 5 > 1 and
C7 > 0, such that

(2.2) I wp* |

8,BS Cl‘B|(176)/’8 | wi\l 1,5

for any cube or any ball B C R™. Choose t = s8/(8 — 1), then 1 < s < t and
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B=t/(t—s). Since 1/s =1/t + (t — s)/st, by Lemma 2.1 and (2.2), we have

(2.3) / lu — tgp|*w 1dx)
- (/B (|U*u03|w11/s)sd:€)1/s

1/t (t—s)/st

< (/ |u_ugB|tdm> (/ wilt/u_s)dm>
B B
1/sp

= |[u—usp (/ wi\lﬁda:)

B

1/s

= | Al (155
< 01|B\<1-B>/Sﬁ||u - uaBnt,B w1V

Next, taking m = s/(A3(r —1) + 1), then 1 < m < s. Since u,p is a closed form,
by Lemma 2.4 and Lemma 2.5, we have

(2.4) lu—top lles < Col BI™ ™™ || u—top ||mpn
< GBI i,

where p > 1. Using Hélder inequality with 1/m = 1/s + (s —m)/sm, we have

(/, (v R I

p

(/ ‘VU|Sw§\2’\3dx>1/s</ (wiz)&,\gm/(s,m)dx)(s—m)/sm
pB 0B

(oo ([, )"

Na/s 1/s
1 ([ Ity ds)
P

|7t [lm.p5

(2.5)

IA

for all balls B with pB C ). Combining with (2.3), (2.4) and (2.5), we have

(2.6) (/B |lu — ugB|swi‘1da:)1/s

< C4|B|(176)/ﬁs‘3|(mft)/mt(/ wtdr)
B

s ) 1/s 1 . J(r—1) Az(r—1)/s
X (/B | v ul wg‘z)‘3d:1:) (/pB (w—2) : dx) .

p

1/s
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Since (w1 (z), wa(x)) € A} (A1, A2, ), we have

1nl/s 2| A\3/s
(2.7) oy 1351/ 1350

= (fuan) (e

1 . As(r—1)\ /8

< ([ wrar)([ (= ras)™)

pB pB W2
— |pB|(A3(r71)+1)/s(L/ wi\ldx)l/s

‘pB| pB
1 1 - Aa(r—1)\ 1/
% (( / (7))\2/(7’ 1)d:17) )

lpB] pB W2
< OslpB|)\3(r71)/s+l/s
< CG|B|>\3(T‘—1)/S+1/S.

Substituting (2.7) into (2.6), we obtain

1/s 1/s
(2.8) (/ lu— ugBISwfldx) < c(/ |VU|Swé\2z\3dx>
B 0B
for all balls B with pB € Q. Hence (2.1) holds. The proof of Theorem 2.6 is
completed. 0

If choosing A1 = 1 in Theorem 2.6, we have the following corollary:

Corollary 2.7. Let u € D'(Q,A!) be a A-harmonic tensor in a domain Q C
R",vu € L¥(Q,AHY) 1 = 0,1,--- ,n. Suppose that r > 1, wi(x) € A.(Q) and
(w1 (x),wa(z)) € AN (1,02,Q). If p>1, s > A\3(r — 1) + 1, then

1/s 1/s
2.9 U — ugygliwide <C \VA] Swa e d
2
B pB

for all balls B with pB C §2. Here usp is a closed form and C is a constant
independent of u.

If choosing A1 = 1,A\3 = 1/Ag in Corollary 2.6, we have the following symmetric
inequality.

Corollary 2.8. Let u € D'(,AY) be a A-harmonic tensor (1.2) in a domain
QCR" syu € L¥(Q AT [ 1=0,1,--- ,n. Suppose that r > 1, wi(z) € A.(Q)
and (wy(x),wa(z)) € AN (1,1/X3,Q). If p>1, s > A\3(r — 1) + 1, then

1/s 1/s
(2.10) (/ |u — u03|3w1dm> <C (/ | v USUIQdLL')
B pB
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for all balls B with pB C §). Here u,p is a closed form and C is a constant
independent of u.

If choosing w1 = wg = w and A\; = Ay = A3 = 1 in Theorem 2.6, we have the
following inequality.

Corollary 2.9. Let u € D'(Q,AY) be a A-harmonic tensors in a domain Q C
R yu € L*(Q,ATY, 1 =0,1,--- ,n. Suppose that r > 1 and w(z) € A.(Q). If
p>1ands>r, then

1/s 1/s
(2.11) </ lu — uUB|Swdx) <C </ | v u|swdx)
B pB

for all balls B with pB C ). Here uyp is a closed form and C is a constant
independent of u.

3. Applications to quasiregular mappings

Quasiregular mappings were first introduced and studied by Yu.G. Reshetnyak
in series of articles that began to appear in 1966. There are many details in the
monograph 8], Quasiregular mappings are interesting not only because of the
results obtained about them, but also because of many new ideas generated in the
course of the development of their theory. It is known that if f = (f1, f2,---, f™)
is K-quasiregular in R"™, then

w= fldft Adf?- AdftE

and
v =xfTLAfT2 A A AT

n n
l=1,2,...,n, are conjugate A-harmonic tensors with p = 7 and g = ——. It is
n—

also known that u is a solution to (1.1), where A is some operator satisfying (1.2)
and (1.3).

By theorem 2.6, we obtain the following local two-weight Poincaré inequality
for quasiregular mappings:

1/s
(/ IFLdfr Adf? . AdFTY = (Flaft Adf? .. A d 1*1)(,3|Swf1dx)
B

1/s
< C|B|1/”(/ |df1/\df2...Adfl|Sw§\2’\3d;v) :
pB

where C' is a constant independent of u and balls B with pB C .
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