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ABSTRACT. Based on Ricatti equation X A~ X = B for two (positive invertible) operators
A and B which has the geometric mean Af§B as its solution, we consider a cubic equation

X(AtB)'X(AtB)'X =C

for A, B and C. The solution X = (AﬁB)ﬂ%C is a candidate of the geometric mean of
the three operators. However, this solution is not invariant under permutation unlike the
geometric mean of two operators. To supply the lack of the property, we adopt a limiting
process due to Ando-Li-Mathias. We define reasonable geometric means of k operators for
all integers k > 2 by induction. For three positive operators, in particular, we define the
weighted geometric mean as an extension of that of two operators.

1. Introduction

The quadratic equation
XA'X =8B

for (positive invertible) operator A and B on a Hilbert space H is said the Ricatti
equation [17], which has a unique solution

AfB = A5(ATEBAT%)5 A%

and this operator is defined as the geometric mean of A and B [2]. As its extension,
the weighted geometric (or a-power) mean Af, B for 0 < a <1 is defined [15] by

(1.1) Afo B = A7(A 2 BA 3)%A3.
The geometric means for more than two operators have been already defined by
many authors [1], [3], [8], [14], etc. We here want to introduce a new geometric

mean, extending the notion of the Ricatti equation. Consider the equation

X(AB)"'X(AfB)'X =C
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for operator A, B and C. Then we easily have a unique solution which is given by
(1.2) X = (AﬁB)ﬁ%C.

If A, B,C commute with each other, then the above operator X is reduced to
(ABC)'/3, so that it seems a candidate of the geometric mean. But the operator
lacks the property P3 below, i.e., permutation invariance for k£ = 3 to be a reasonable
geometric mean. The following properties were postulated for a geomtric mean
G(Ay,As, -+, Ar) = Gg(Ay, Ag, - -+, Ag) of k operators in [3]:

P1 Consistency with scalars. If Ay, As,--- , A commute then
G(A1, Az, Ay) = (A1 Ay - Ap) ¥,

k
—
P1’ This implies G(4,--- ,A) = A.
P2 Joint homogeneity.
G(alAl,agAg, e apAy) = (alag cee ak)%G(Al,Ag, -+ Ag)  for a; > 0 with
i=1,-- k.
P2’ This implies G(aA1,aAs, - ,aAr) = aG(A1, Ag, -+, Ax) (a >0).

P3 Permutation invariance. For any permutation w(A4;, Aa, -+, Ag) of

(AluA27"' aAk)u G(AluA27' o 7Ak) = G(’]T(ALAQW" 7Ak))

P4 Monotonicity. The map (Aj, Aa, -+, Ay) — G(A1, Aa, -+, A,) is monotone,
i.e., if Az Z Bz for i = 1, cee ,k, then G(AhAg, cee 7Ak) Z G(Bl7BQ’ te ,Bk).

P5 Continuity from above. If {A{™}, {A{M}, ... ,{AE@")} are monotonic
decreasing sequences converging to Ay, As,- -+, A, respectively, then
{G(Agn),Aén)7 e ,Aén))} converges to G(A4y, Ag, -+, A).

P6 Congruence invariance. For any invertible .5,
G(S*A1S,57AsS, -+, S*ALS) = S*G(Ay, Az, -+, Ai)S.

P7 Joint concavity. The map (A, Ag, -+, Ax) — G(A1, Aa, -+, Ag) is jointly
concave:

GO + (1= \)JAL A + (1= A A, Ay + (1 — N A})

> NG(A1, Agy - Ag) + (1= NG(A, A, - AL (0< A< 1),
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P8 Self-duality. G(A1, Ag, -+, Ap)* = G(A1, Ag, -+ , Ag). The dual
G(A1, Ay, - -+ Ag)* is defined by
G(A1, Az, AR = G(ATH A - AL
P9 (In case Ay, As,--- , A are matrices.) Determinant identity.
det G(Ay, Ag, -+, Ap) = (det Ay - det Ay - -+ - det Ag)F.
P10 The arithmetic-geometric-harmonic mean inequaility.

Ay A+ + Ay
k

A1_1+A2_1_|_..._|_A];1>—1

> G(An Az A = ( -

Mentioned as before, we can show that the operator defined by (1.2) does not
satisfy the basic property P3. Supplying this fact, we employ the iteration technique
due to Ando-Li-Mathias [3]: We define the three sequences {4,},{B,} and {C,},
for example, by Ay = A, By =B, C; =C,

B = Bnﬁ%(CnﬁAn) and
Cpy1 = C’nﬁ%(AnﬁBn) for n > 1.

Then we see that {A,},{B,} and {C,} converge and have a common limit. Now
we may define the limit as the desired geometric mean of the operators A, B and
C, which posseses all properties P1-P10. In this paper we define a geometric mean,
somewhat different from that presented in [3] of k (> 3) operators which satisfies
the above properties P1-P10. For three operators we define a weighted geometric
mean of operators, which really extends that of two operators.

All operators are assumed positive invertible if stated otherwise.

2. Definition of geometric mean of more than two operators

Before we define a geometric mean of k operators, we want to state some useful
facts for our discussion. First we introduce the metric d(A, B), called Thompson
metric on the positive cone €2 of all (positive invertible) operators defined ([18], [4],

(5], [7]) by
d(A, B) = max{log M(A/B), log M(B/A)} for A,B € Q,

where
M(A/B) =inf{\A > 0: A< AB} =| B"Y/2AB~/2|.

We remark that ) is complete with respect to the corresponding metric topology
[7]. As a basic inequality between weighted geometric means of two operators, the
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following holds [4]:
WGO0 d(AlljaAQ, BlljaB2) < (1 — Oé)d(Al, Bl) + de(AQ, Bg)
for Ay, Ay, B1,Bs € Q and a € (0,1). Next for convenience sake, we, parallel to

P1-P10, state basic properties of the weighted geometric mean Af,B defined by
(L.1) 2], [11):

WG1 At A = A.
WG2 (aA)to(bB) = a'~b® At B.
WG3 At,B = Bty _oA.

WG4 A4, B is monotone, i.e., if A > C and B > D, then Af,B > CfyD.
WG5 The map (A, B) — Af, B is continuous from above.

WG6 At B is invariant with respect to congruence, i.e.,
S*(AfoB)S = S*ASt,S*BS for any invertible operator S.

WG7 The map (A, B) — Af, B is jointly concave.
WGS8 A, B is self-dual, i.e., Af,B = (A~ 14, B~1)7L.
WG9 (In case A and B are matrices,) det(Af,B) = (det A)1=(det B)~.
WG10 The weighted arithmetic-geometric-harmonic mean inequality holds:
(1—a)A+aB> At,B> ((1-a)A™' +aB™ 1)1
The following fact [12, (11)] is also useful, so we add it to the above properties:

WG11 Ao (AfsB) = AtapB.

Now we want to define our geometric means for all integers k& > 2.

Definition 2.1. (1) First for k = 2, define G(A1, A2) = A1#As (the usual geometric
mean) for two operators Ay and As. Then G(A1, Ay) satisfies all properties P1-P10,
and moreover, from WGO, between two geometric means G(A;, A2) and G(By, Bs)
the following inequality holds:

(21) A(G(As, 42), G(B1, By)) < 5 (d(Ar, B) + d(As, Bo)).

To define geometric means for k£ > 3 by induction, we assume that for k& operators
Ay, -+, Ax we have obtained a geometric mean G(Ay, - , Ay) such that the mean
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satisfies all properties P1-P10, and the following inequality, for another k-tuple of
operators By, -, By, holds:

(2.2) d(G(Ay,---,Ag), G(By,---,B

k
Z (As, By).

?r\»—‘

(2) Then we shall define a geometric mean G(Ay,- -, Agt1) of (k + 1) operators

A, -+, Ag41 as the common limit of the sequences {AET)}C;il (i=1,--,k+1)
defined by
(2.3) Agl) =A; and AETH) = Agr)ﬁ%G((AY))m) for r > 1.
Here
GUA) ) = GAD o A AW, Al ),

Now we have to show:

Theorem 2.2. For a fized k > 2, assume G(Ay,---,Ay) is defined and satisfies
P1-P10 and (2.2). Then the (k+1) sequences {AET)}?il (i=1,--+,k+1) defined by
(2.3) are convergent in the Thompson metric and have a common limit. The limit
defined as the geometric mean G(Ay,--- , Ary1) satisfies all properties P1-P10 and
the inequality (2.2) for (k + 1) operators Ay, - -+, Agy1.

Proof. First for (A", AT (i=1,---  k+ 1), we have
+
(2.4) (Al Al )< Z (A,
=17

In fact, from P1’, P3 and (2.2)

d(AT Y, A7) = d(ADE o GUAT )20, AT

(2

= (A7 o GAD,-- AT, Agr)l’.. ALY AT L GAD, A
1 (r) 4 k (1) 4(r) (1) 4(r)
< ——d(A]"”, A (A" Al (A5 Al
i k'+ 1 ( 1 ) 03 )+ k"‘ 1 k ( 1 > )+ ( 2 )
o d(AD AT (AT, AD) + d(Aéll,A@))
k+1 k+1

7 D d4 D dA Al

J 1,j#i J 1.j#1
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For d(AEH_l), AYH)) (i # j), say, for i < j, we have

d(AT D, A7) = a(Ag e GAT i), A8 e GUAT i)

— d(AET)ﬁkLHG(AET),AY)»“' ,Ag?pAE?p“' ,Aﬁ»r_)l,A;?l,m »A;(Ql)’
AV GAD AD, AT AR A AR AT)

Rt A
1 ) 4(r) LR ST OING! 2 (r) 400
S AT AT AT AT = AT AT
Hence we have
(r+1) 4Cr+1)y 2 GG
(2.5) A, A < (A, AT

2 ? (r—1) (r—1) 2 "
< | —- ) , << | = . .
— (k"‘l) d(Az 7Aj ) — — k+1 d(A“A])

From (2.4) and the above inequality, we then have

(r41) 4(r) 1 &R 2\ 9\t
AT Ay < 2 = A AN = —— K;
d(z I 7 )_k+1z<k+l> d( I J) (k—‘rl) )

Jj=1,j#i
k+1
1
where K; = Pl Z d(A;, Aj). Hence for any r, s such that r > s
J=1j#i

d(A§r+1),Ags)) < Zd(A§l+1)vA§l))

l=s
o2\t k+1DK; (2 \*!
< —_— K; < ! 0 .
—l;(kﬂ) =Tk 1 (k+1> =0 (as 5 = 00)

This implies that {AET)} (for all # = 1,...,k + 1) are convergent, and then from
(2.5) their limits are identical. For the properties P1-P10 of G(A1,- -+, Ag+1), it is
not difficult to show them. For example, to see P3, let

(Bi, -+, Brt1) = m(A1, - Apgr) (= (Ar)s s Arern))
be a permutation of (A, , Ags1). Put foralli=1,--- k41
Bgl) = B; = Ay(;) and Bi(r'H) = Bfr)ﬁkiﬂG((B](T))j#i) for r > 1.
Then we can see that

BZ.(T) = AE:()Z.) for r > 1, (AE:()Z) is defined before by (2.3)),
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so that (BY), . B,(Ql) is a rearrangement of (Ay,- -, Ag4+1). Hence all sequences
{BZ-(T)},‘?il are convergent and have the common limit G(Ay, -+ , Ag+1). This implies
the desired G(m(A1,--+, Ag+1)) = G(A1,- -+, Agt1)-

For the inequality (2.2) for two tuples (Aj,- -, Agy1) and (B, , Bgy1) of
operators, let {A(r)} (i =1,---,k+ 1) be the sequences defined by (2.3) and
{B"} (i=1,--- ,k+1) be those defined by B = B, and
B =Bt « G((B")jz) forr>1.

? F+1

Then by the assumption (2.2), we have, foralli=1,--- [k +1

AAT B = A7 GUAT ) i), B, GUB) )

E+1

1 (r) pr) 1 & (r) pr) 0 (Y
< — dA". By — (A", B{") dATBT
_k+1(,,z)+k+1_z d( ! kHZ

Jj=1,j#i
Thus we have

k+1 k+1 k+1

ST aAr Y B < ST a(Al B < - < d(AL B).

=1 =1 =1

Taking the limit as r — oo, we obtain

k+1
(k + 1)d(G(A17 T 7Ak+1)7 G(Bla T 7Bk+1)) S Z d(A’L7 Bl)?
i=1
which is the desired. U

Other definitions of geometric means

1. Ando-Li-Mathias [3] defined a geometric mean G4 = G4(Ay, - -+ , Ax) having
all properties P1-P10 as follows: For k = 2, put G4 = Ai1#As. Assuming G4 for
k(> 2) operators, by induction, define G4(A1, -+, Agt+1) as the common limit of

the (k4 1) sequences {Agr)}ﬁil (t=1,---,k+1) such that Al(-l) = A; and
AT = Ga((AY) 1) forr > 1

2. Kosaki [14] defined a geometric mean Gxg = Gg(Aq, -, Ax) as follows:
First define

(26) GK+ = G}(Al, ,Ak) .

-1

k k k
1 1 1/k—1
:W/M 2N, 2N (LI g dedn
j=1

j=1 j=1
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where A, = {()\1,-~ AN >0 (=1, k), ZleAjgl}. Then define

G = (GF)*, the dual of G} (see P8) and G = GG %. The function G}; does
not have the property P8-self-duality (nor P9), but Gk has P8 by the modification
[3].

3. Anderson-Morley-Trapp [1] defined a geometric mean Gamt of k(> 2) oper-
ators based on symmetric functions. For example, for three operators A, B and C,
define Agl) = A,Aél) = B,A:(gl) =C, and forr > 1

AP = (A1 4 Al 4 A3,
AT = A0 (A9 + A7) + AT (A + AT + A (A + AD) 2,
AT Z (A0 4D AP = 34 AL < AD),

Here X : Y = (X~! + Y171 is the parallel sum of operators X and Y. Then

the sequences {AYH)}, {Aéﬂ_l)}, {AgTJrl)} converge to a common limit, which is
denoted by G- . = G (A, B,C). The mean Gy is defined by Game = G G s

amt amt
where G, = (G )%, the dual of G,_,. None of Gamt, G i, G Satisfiy P2-joint

amt amt*

homogeneity [3].

Denote by G the geometric mean of our definition in Theorem 2.2. Then we
compare G 4,Gx, Game and G by the following three 2 x 2 matrices: Let

2 1 1 2 1 0
A—[l 1], B—[2 5}and0—[0 1].

Then by numerical computation cited from [3] (less than 10~* discarded),

G, [ 09319 06636 ) . _[09320 0.6628
A7 1 0.6636 1.5456 |> K T | 0.6628 1.5444 |’

o 0.9317 0.6608
amt 7| () 6608 1.5419 |-

For our geometric mean G (by (2.3))

G- [ 0.9319 0.6618

0.6618 1.5431 } (= A = A0 = A for r>3),

3. Weighted geometric means
We show two facts with respect to weighted geometric means. First we give

Proposition 3.1. For any operators A, B and for any positive integers £,m > 1

4 m

—_—— —
(3.1) Goam = Gram(A, -~ ,AB,--- . B) = At_n_B.

+m
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Proof. First for m = 1, we obtain, by induction with respect to £,
¢
—
(3.2) Goy1(A,--- JAB)= At 1+ B.

+1
In fact, for £ =1, (3.2) is obvious. Assuming (3.2) (for ¢), we want to prove
41
—
Geya(A,--- ,A,B)= At 1 B.

=
Put Agl) =Afori=1,---,£+1 and AéiL)?:B, then

2 1 1 1
Ag ) = Aﬁ%Gerl(Ag )7 o aAéJr)hAéJr)Q)

4
—_——N—
= A G (A, A, B) = Ay (A8 1 B) = Af 4 B.
Similarly, we have Ag2) =...= Aﬁ)l = At s B. For Aéi)z, we have
Afly = A0 Genn (A, AL)) = Bien G(A, - A) = B A= Ag y B.

Hence for r > 3, we have AET) = AﬁﬁB fori =1,---,£42,s0 that Gypyo = AﬁH%B

as the limit of Al(-r) (r — 00), which is desired.
Now we have obtained (3.1) for m = 1 and all £ > 1. Assuming (3.1) for a fixed
m > 1 and all £ > 1, we then have to show, for all £ > 1,

‘ +1
—_— /_7an
(33) Geemer(Ay-- A B, -+ B) = Af mis B.
For ¢ =1, we obtain
m—+1 m—+1

— ——
Gm-‘rQ(AaBa"' aB) = Gm+2(Ba"' aB’A) = BﬁﬁA :Aﬁ%B

Now assuming (3.3) (for ¢), we want to prove

+1 m-1
—_——
Grimso(A,-  AB,- B) = At w1 B.

24+m+2

PutAz(-l):Aforizl,u',E—i—landAz(-l):Bfori:£—|—2,«--,£+m+2. Then
fori=1,---,0+1
? m-+1

(2) ’ W )
A7 = Al Gormn (A, A By B) = Al (A, B) = Ml B
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Fori=0+4+2,--- ,{4+m+2

141 m
(2 " ¢ >
A7 = Btemir Grimi1 (A, -, A B, -+, B)

= Bligmy (Mrene B) = Bl (Bl ) = Bl A= Al ey, B

m
4+m+1

Hence for » > 2 we have AZ(.T) = Aﬁemﬂ B forallt=1,--- {4+ m + 2, which is
Fmt2
desired. (]

Next we define a weighted geometric mean of three positive operators. Let
«, 3,7 be real numbers such that

(3.4) a,f,y>0and a+ G+v=1.

Then for operators A, B, C' and real numbers «, 3,y satisfying (3.4), we define the
sequences {A,},{B,} and {C,} as follows:

A=A, By=B, C;=Candforn>1

An+1 - Anﬁal (Bnﬁazcn)7
(35) Bn+1 = Bnﬂ[ﬁ (CnﬁﬁzAn)v
CnJrl = Cnﬁ’n (Anﬂ'yan)

Here the above constants are:

p gl &
m=l-a,a=1-— f=1-0 f=1->, n=1-71r=1-—
a; B g6

with a convention 1%~ = 0 for # = 1. These are the solutions for the equations

a=1-ar=p1f2=7(1-"2),
(3.6) B=ai(l—az)=1~-p1 =72,
Y=g = fi(1—F2) =1—7.
which are obtained by observing the exponents for commuting operators:
Apyr = A B -esomes,
Bpi1 = Brll—m 051(1—52)1421527
Chir = C}L—Vl A;‘/Ll(l_'W)Bgl'ﬁ.

Now we obtain a weighted geometric mean as the common limit of {A4,,}, {B,} and

{Cn} :



Geometric Means of Positive Operators 177

Theorem 3.2. Let {A,},{Bn} and {C,} be the sequences given by (3.5) for oper-
ators A, B,C and real numbers «;, B, vi, «, B, v satisfying (3.6). Then the se-
quences converge and have a common limit, which we denote by G(A, B,C;«, 3,7).
Moreover, the limit is permutation invariant, that is,

for any permutations w(A, B,C), w(«a, 8,7) of (A, B,C), (a,,7), respectively.

Lemma 3.3. Let {A,},{B.} and {C,} be the sequences given by (3.5) and a, 3, 7,
i, Bi, vi (1= 1,2) be real numbers satisfying (3.6). Then

d(An+1, Bnt1) < 2min{a, }d(A,, B,) < (2M)"d(A, B),
(3.7) d(Bni1,Cry1) < 2min{B,v}d(B,, C,) < (2M)"d(B, C),
d(Cri1, Any1) < 2min{y, a}d(Cyp, A,) < (2M)"d(C, A),

~—

where

(3.8) M = max{min{a, 8}, min{f,~7}, min{y, a}},
or, is the second number of o, B, 7y in size.

Proof. By the definition (3.5), we have

d(An+1; BnJrl) = d<AﬂHOt1 (Bnﬁaz C’ﬂ)7 Bnﬁ[jl (C’ﬂﬁ52 A’ﬂ))
< d(Anﬁal (Bnﬁazcn)v Anﬂﬁl (CnﬁﬁzAn)) + d(Anﬁﬁl (CnﬁﬂzAn)v Bnﬁﬁl (CnﬁﬁzAn))
(:=1+1II).
Note that from WG3 and WG11,

Anﬁﬁl (CnﬁﬁzAn) = Anﬁﬁl (Anﬁl—ﬁzcn) = Anﬁﬁl(lfﬁz)cn = Anﬂal (Anuazcn)~
Hence we have
I = d(Anﬁoq (Bnﬂag Cn)a A’ﬂﬁﬁl (Cnﬁﬁz An)) = d(AnﬁOél (B’ﬂﬁaz C’ﬂ)7 Anﬁal (AnﬂQQ C"))
S (]- - al)d(A7L7 An) + Oéld(Bnﬁozgcna AﬂﬁQQOn) § al(l - a?)d(Bna An) = ﬁd(Ana Bn)

Il = d(Anﬁ& (CnﬂﬁzAn)a Bnﬁﬁl (O"ﬁ@A"))
< (1= B1)d(An, Bn) + B1d(Crtipy A, Cutis, An) = Bd(An, Bn)-

(39) d(An-‘rla Bn—i—l) < I+11 < 26d(An7 Bn)
Again

d(An+1> Bn+1) = d(Anﬁcn (Bnﬁazcn)7 Bnﬁﬁl (CnﬂﬁrAn))
S d(Anljal (Bnﬁa2 Cn)’ Bnﬁal (BnﬁQQ Cn)) + d(Bnﬁal (BnﬁQQ Cn)? Bnﬁﬁl (CnﬁﬁZ An))
(= III+1V).
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Note that
Bnﬁal (Bnﬁozzcn) = BnﬁoaoQCn = Bnﬂﬁl (Cnﬁﬂan)

So that

I1T := d(Anta, (BrfayCr), Briay (Brta,Cn))

< (1—a1)d(Ap, Br) + a1d(Bulla,Cn, Buta,Cn) = ad(An, By).

IV = d(Byta, (BnﬁaQCn)»Bnﬁﬁl (Crlip, An))

= d(Bnip, (Cnlip, Bn), Bnlip, (Cnlip, An))

< (1 = B1)d(By, Bn) + B1((1 = B2)d(Cr, Cy,) + Bad(By, Ay)) = ad(An, By).

From the above inequalities we have
(3.10) d(Apt1, Bny1) < IIT+ IV < 2ad(An, By).

Now from (3.9) and (3.10), we have d(A,+1, Bry1) < 2min{«, 5}d(4,, By), which
implies the first inequalities of (3.7).
Similarly we can show the second and the third inequalities. O

Lemma 3.4. Let {A,},{Bn} and {Cy,} be sequences given by (3.5) and let o, 3, 7,
ai, Biyvi (1 =1,2) be real numbers satisfying (3.6). Then
(3.11)
d(Ani1, Ay) < Bd(An, By,) +7d(Cry Ay) < (2M)"H{Bd(A, B) 4+ ~d(C, A)},
d(Byi1, By) < vd(By, Cp) 4+ ad(A,, By) < (2M)" H{~d(B,C) + ad(A, B)},

d(Cpy1,Cn) < ad(Cp, Ap) + Bd(Bn, Cp) < (2M)"Had(C, A) + pd(B, C)},

where M is defined in (3.8).
Proof. Using WGO, we have

d(AnJrlv An) = d(Anfa, (Bnﬁaz Cn); Anfa, (Anﬁaz An))
<(1—a1)d(An, Ay) + a1d(Bpta,Cn,y Anfa, An)
< a1(l — ag)d(An, By) + a1ad(Cyp, Ay)
= Bd(An, B,) +7d(Cn, A,) < (2M)" " Bd(A, B) +~vd(C, A)}.

In the same manner, we can obtain other inequalities in (3.11). O

Proof of Theorem 3.2. We may only consider the case that all of o, 8 and ~ are
nonzero or smaller than 1, so that we can assume M < 1/2. Then from Lemmas 3.3
and 3.4 we can show that the sequences {4, },{B,} and {C,} converge and have
a common limit by using the similar argument as in the proof of Theorem 2.2. For
the property of permutation invariance of the limit G(A, B, C; «, 3,7), we can also
show the fact almost similarly as in the proof of Theorem 2.2. ]

The following result implies that G(A, B, C; «, 3,7) is really an extension of the
weighted mean of two operators:
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Proposition 3.5. Let A and B be positive operators, and let o, [, = be real
numbers satisfying (3.4). Then

(3.12) G(A, A, Bia, 3,7) = At B.

Proof. In (3.5), replace A; = By = A and Cy = B, then
Az = Ao, (Afa, B) = Afaia, B = Al B.
Similarly, we can obtain By = Co = A}, B, so that
A, =DB,=C,=A},B forn>2.

This implies the desired identity (3.12).

_ Kosaki [14] presented the following definition of a weighted geometric mean
Gk = G}ﬁG}. Here G} = G}(Ah <oy Agsaq, - ) is defined as the extended
form of (2.6):

1
k k
NAT STnp STIAY 7 ¢ dh---d,
1 j=1

J=1

k

~ 1
Gh=— b /
K H?:lr(aj) Ag j

and G = (GF)*, the dual of G..

For numerical computation of Gk and G, the weighted geometric mean by our
definition, take three matrices

[ et e[ 5 2]

Then for « = 1/2,5 = 1/3,4 = 1/6 we have, by the Simpson’s formula for the
integral on the interval [0,1] divided into 2 x 10* segments,

. 1.6119  0.9374 -
Cx = [ 0.9374 1.1655 ] (= G-

From another computation by using Gauss-Legendre quadrature with 150 nodes,
we have

- 1.6118 0.9375 -
Cx = { 0.9375 1.1648 ] (= Crca).

Hence it seems that the true ék~is a matrix with an error at most 10™2 for each
component of G 1 or Gi 2. For G by our definition we have
~ 1.6185 0.9375
G- {

A g0
0.9375 1.1608 } (A7 =47 = Ay for v 23).
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4. Reverse inequality

Recently Kantorovich type reverse inequalities of the arithmetic-geometric, the
arithmetic-harmonic, or the arithmetic-geometric-harmonic ones for two or more
than two operators were presented in [7], [9], [19]. The following fact was shown in
[9]:

Lemma 4.1 ([9, Theorem 9]). Let Ay, As,--- , A, be operators such that 0 < mI <
A; < MI fori=1,2,--- ,n for some scalars m and M with 0 < m < M. (The
letter I stands the identity operator.) Then

-1

A1+"'+An<(M—|—m)2 A1_1+..'+AT_LI
n — 4Mm n
From the above lemma and the property P10 of our geometric mean, we imme-
diately obtain the following result:

Proposition 4.2. Let Ay, As,--- , A, be operators such that 0 < ml < A; < MT
fori=1,2--- n for some scalars m and M with 0 < m < M. Then
A+ Ay +--+ A, (M+m)?

<
n — 4Mm

G(A17A27 o aAn)

For the weighted version of the arithmetic-geometric-harmonic mean inequality
we can show for operators A, B, C' and real numbers «, (3, v with the assumption
(3.4),

aA+ BB +~C > G(A,B,C;a,8,7) > (@A™ + B~ +yC~H 7L
As a reverse version of the arithmetic-geometric mean inequality, we can obtain
Proposition 4.3. Let mI < A, B, C < MI for some scalars m and M with
0 <m < M. Then with the assumption (3.4) for real numbers o, 3, 7,

(M +m)*

A B <
aA+ BB +~C < i

G(A7 B7 C; a’ 6’ ,-Y)'
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