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ABSTRACT. We establish the generalized Hyers-Ulam-Rassias stability of higher ring
derivations. Furthermore, we use the superstability of higher ring derivations to obtain
approximately higher linear derivations mapping into the Jacobson radical under some
conditions.

1. Introduction and preliminaries

The stability problem for a functional equation arising when we replace the
functional equation by an inequality which acts as a perturbation of the equation,
was raised by S.M. Ulam [12] in 1940, i.e., “Under what condition does there exists
a homomorphism near an approximate homomorphism ?” In the next year 1941,
D.H. Hyers [7] was answered affirmatively the question of Ulam and the result can
be formulated as follows: if € >0 and f : X — Y is a map with X a normed space,
Y a Banach space such that

If(@+y) = fle) = f)ll <e

for all x,y € X, then there exists a unique additive map T : X — Y such that

If(z) = T(2)|| <e

for all x € X. Moreover, if f(tz) is continuous in t € R for each fized x in X,
where R denotes the real field, then T is linear. This stability phenomenon is called
the Hyers-Ulam stability of the additive functional equation g(z +y) = g(z) + g(y).
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A generalized version of the theorem of Hyers for approximately additive maps
was given by Th.M. Rassias [10] in 1978 by considering the case when the above
inequality is not bounded: if there exist a 8 > 0 and 0 < p < 1 such that

1f (@ +y) = flz) = FI <0l + llyl")

for all x,y € X, then there exists a unique additive map T : X — Y such that

20

1) = T@)) < =5

[ i

for all x € X. From this fact, many authors say that the additive functional
equation g(x + y) = g(z) + g(y) has the Hyers-Ulam-Rassias stability property. In
1991, Z. Gajda [4] solved the problem for p > 1, which was raised by Rassias. In
fact, the result of Rassias is valid for p > 1; moreover, Gajda gave an example that
a similar stability result does not hold for p = 1.

In 1992, a generalization of the Rassias theorem was obtained by P. Gavruta [5]:
Suppose (G, +) is an abelian group, ) is a Banach space and the so-called admissible
control function ¢ : G x G — [0,00) satisfies

1 = @(2Fz, 2ky
Y(x,y) = 52% < 00,
k=0

forallz,ye G. If f: G — Y is a map such that

1f(x+y) = flz) = W)l < elz,y)

for all x,y € G, then there exists a unique additive map T : G — Y such that

1f(x) = T(2)]| < ¢(z,x)
forallx € G.

Throughout this paper, we assume that A and B are algebras over the real or
complex field F. An additive operator h : A — B is said to be a ring homomorphism
if the functional equation h(xy) = h(z)h(y) holds for all z,y € A. An additive
operator d : A — A is said to be a ring derivation if the functional equation
d(zy) = zd(y) + d(z)y holds for all z,y € A. In addition, d is called a linear
derivation if the functional equation d(Az) = Ad(z) is valid for all A € F and all
z e A

Let N be the set of the natural numbers. From m € N U {0}, a sequence
H ={ho,h1, -+ ,hp} (vesp. H = {ho,h1, -+ ,hy,---}) of additive operators from
A into B is called a higher ring derivation of rank m (resp. infinite rank) from .4
into B if the functional equation

B (zw0) = Z hi(2) o —i (w).
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holds for each n =0,1,--- ,m (resp. n=10,1,---) and all z,w € A. If, in addition,
each h, in H satisfies the functional equation hy(Az) = Ah,(z) for all A € F and
all x € A, then we will say that H is just a higher linear derivation of rank m
(resp. infinite rank) from A into B. A higher linear derivation H from A into B is
said to be continuous if each h, in H is continuous on A. A higher ring derivation
H of operators on A, particularly, is called strong if hg is an identity operator. A
higher ring derivation H is said to be onto if hy maps A onto B. Of course, a
higher ring derivation of rank 0 from A into B (resp. a strongly higher derivation
of rank 1 on A) is a ring homomorphism (resp. a ring derivation). Note that a
higher ring derivation is a generalization of both a ring homomorphism and a ring
derivation. We say that a higher ring derivation H on A which is strong maps A
into its Jacobson radical if each h, in H, n = 1,2,---, maps A into its Jacobson
radical.

Consider a sequence F= {fO; f17 to 7fm} (resp. F = {an fla T afn, e }) of
operators from A into B such that

n

Fale+y+20) = ful@) + fa(y) + D fi(2) fai(w)

=0

foreach n =0,1,--- ,m (resp. n=0,1,---) and all z,y, z,w € A. For convenience’
sake, we will say that the sequence F is a higher derivation of rank m (resp. infinite
rank) from A into B. In particular, if f,(0) = 0 for each n = 0,1,--- ,m (resp.
n = 0,1,---), then we see that F' is a higher ring derivation of rank m (resp.
infinite rank) from A into B.

Example 1.1. Let A and B be algebras and « : 4 — B a ring homomorphism.
Let a € A and f : A — B an operator defined by f(z) = aa(z) — a(z)a for
all z € A Set fo=a, f =0(1 <n <m-—1), fru = f. Then it is clear
that f(zw) = a(2)f(w) + f(z)a(w) for all z,w € A. Now it is easy to see that
F ={fo, f1,--, fm} is a sequence of operators from A into B such that

n

fa@ 4y +2w0) = fu@) + fa(y) + > fi(2) fui(w)

=0

for all z,y,z,w € A. That is, F' is a higher derivation of rank m from A into B
which in fact is a higher ring derivation since f,,(0) = 0 for each n =0,1,--- ;m

In 1949, D.G. Bourgin [3] proved the following stability result, which is some-
times called the superstability of ring homomorphisms: Suppose that A and B are
Banach algebras with unit. If f: A — B is a surjective map such that

If(x+y) = fz) - fly)l <e
1f(zy) = f@)f )l <0

for some e >0, >0 and all z,y € A, then f is a ring homomorphism.
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Recently, R. Badora [1] gave a generalization of the Bourgin’s result. He [2] also
obtained the following result for the Hyers-Ulam stability and the superstability
of ring derivations: let A; be a subalgebra of a Banach algebra A. Assume that
f: A1 — Ais a map such that

[f(z+y) = flz) = f)] <e,
If(zy) —xf(y) — f(x)yl <o

for somee >0,0 >0 and all x,y € Ay. Then there exists a unique ring derivation
d: Ay — A such that

1f(x) —d(z)]| < e
for all x € Ay. Moreover,

z{f(y) —d(y)} =0

for all x,y € Ay. In addition, if Ay and A have the unit element, then f is a ring
derivation.

On the other hand, T. Miura et al. [9] proved the Hyers-Ulam-Rassias stability
and the superstability of ring derivations on Banach algebras. Here it is natural
to ask that there exists an approximately higher derivation which is not an exactly
higher derivation. We observe the following example.

Example 1.2. Let A be a compact Hausdorff space and let C'(A) be the commuta-
tive Banach algebra of complex-valued continuous functions on A under pointwise
operations and the supremum norm | - ||. Assume that ¢ : C(A) — C(A) is a
non-zero algebra homomorphism. We define g : C(A) — C(A) by

_ [ 9(2)(a)log|I(2)(a)] if 9(2)(a) # 0,
9(2)(a) = { 0 if 9(z)(a) = 0

for all z € C(A) and a € A. Tt is easy to see that g(zw) = 9¥(2)g(w) + g(z)¥(w) for
all z,w € C(A). Let fo=9, f,=0,1<n<m-—1and f, =g. Then we see that
the sequence F' = {fo, f1, -+ , fm} satisfies the relation

n

Falzw) = fi(2) fui(w)

i=0
for each n =0,1,--- ,m and all z,w € C(A). We claim that

[fn(@ +y +2w) = fo(2) = fu(y) = fr(zw)lloe <40+ [|2]lco + [¥lloo + [lzwlloc)

for all z,y, z,w € C(A). Indeed, since a non-zero algebra homomorphism on C(A)
has norm one, it follows that

2

|[fa(@)(@)] = lg(2)(a)| = [9(z)(a)||log [9(z)(a)]| < (1 + [9(z)(a)])” < (1 + [|z[loc)?
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for all a € C(A) with 9(z)(a) # 0 and hence ||f,(2)|leo < (1 + ||2]|00)? for all
a € C(A). Therefore we deduce that

[fa(z+y+2w) = fa(@) = fuy) = fa(zw)lloo < 4L+ [|2]loc + [yl + [lzw][oc)
for all z,y,z,w € C(A). This yields

Fulety+20) — Fale) — Fuly) ~ 3 ﬁ(z)fni(w)H
1=0
- fn(z

=|lfn(@ +y + 2w) = fu(2) = fu(y) W)l
<A1 A+ @]l + 1Yl + l[2wlloo)
for each n = 0,1,--- ;m and all z,y, z,w € C(A). Hence we may regard F as an

approximately higher derivation of rank m on C(A).

2. Main results

Our goal is to investigate approximately higher derivations in the sense of the
generalized version of Hyers-Ulam-Rassias due to [5]. Moreover, we are going to
show the superstability of higher ring derivations.

Theorem 2.1. Let A be an algebra and B a Banach algebra. For each n =
0,1,2,---, let o, : AX AX AXA— [0,00) be a function such that

Z(pn kg, 2ky72 zZ,w)

(2.1) Un(2,y, 2, w) <0

for all z,y, z,w € A. Suppose that F' = {fo, f1, -, fn,-*" } is a sequence of opera-
tors from A into B such that each n =0,1,---,

n

fulr 4y + 20) — ful@) — ful) — > ﬁ(z)fn_i(w)H < Gul 3> 5 0)

=0

(2.2)

for all x,y,z,w € A. Then there exists a unique higher ring derivation H =
{ho,h1, -+ ,hn, -} of any rank from A into B such that for each n = 0,1,---
and all z € A,

(2.3) [fn(z) = hn(@)|| < Yn(z,2,0,0) + cn,
where N
Cn = Zfim)fn_i(O)H
i=0
for each n=0,1,---. Moreover,

(2.4) Zh W fni(w) = h—i(w)} = 0

1=0
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for eachn=0,1,--- and all z,w € A.
Proof. Putting z = w = 0 in (2.2), we have

which yields
a4 ) — Fala) — Ful)
25 <|fule+) - 1) = fule) = 3 HO i) +

=0

n

Falw+y) = ful@) = fuly) =Y fi(o)fni(O)H < ¢n(2,y,0,0)

=0

3 0100

i=0

S@n(x, y» 07 0) + Cn

for each n = 0,1,--- and all z,y € A. Using Hyers’ direct method on inequality
(2.5), it follows from induction on I that

—1

Z w2:1:00)+cn

(2.6 |52~ 12

2z
for each n =0,1,--- and all x € A and that
-1

1 on(2F2,2%2,0,0) + ¢,
< 92 Z ok

H %fn(?x) - Zimfn(T”x)

k=m

for each I > m and all + € A. Hence the convergence of (2.1) tells us that the
sequence {3 f,(2'z)} is Cauchy for each n =0,1,--- and all z € A. Let

(2.7) hn(x) := zlirgo %fn@lx)

foreachn =0,1,--- and all z € A. Taking I — oo in (2.6), we obtain (2.3). In view
of the same process as Hyers’ method [7], we see that each operator h,,, n = 0,1, -,
is additive and unique.

Next, we need to show that the sequence H = {hg, h1, - , hy, -} satisfies the
identity

for each n =10,1,--- and all z,w € A. Setting x =y = 0 in (2.2), we get

fn(zw) =20 (0 Zfz ) n—i( H < 0 (0,0, z,w)
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which implies that

(2.8)

fuew) Zfz il H<gon<00zw+2||fn<>||

for each n =0,1,--- and all z,w € A. Let a function A,, : A x A — B be defined
by

n

(2.9) An(z,w) = fu(zw) =Y fi(2) foi(w)

i=0
for each n =0,1,--- and all z,w € A. Using (2.1) and (2.8), we have
(2.10) Jim %An(le,w) =0

for eachn =0,1,--- and all z,w € A. Now, from (2.7), (2.9) and (2.10), we deduce
that

hp(zw) = lim %fn@l(zw)) = lim %fn(@lz)w))
hm {Zf’ 21 ) fr—i(w) + (212’10)}

1
k : k
hm Z 2lfl (272) fo—i(w )+l1££o ?An(Q zZ,w)

= Z { zlir& 2lfi(QZz)fni(w)} = hi(2) fra—i(w).
i=0 =0
That is, we obtain that
(2.11) hn(ZIU) = hi(z).f’rb—i(w)
i=0

for each n = 0,1,--- and all z,w € A. Let | € N be fixed. Then, applying the
relation (2.11) and the additivity of each h,, n =0,1,---, we get

D hilz) fami(2'w) = ha(2(2'w)) = ha((2'2)w)
=0

3

:- ( fn z 2lzh fnv

Hence we get

(212) S hiC i) = 37 i) g i)
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for each n =10,1,--- and all z,w € A. Taking | — oo in (2.12), we see that

n

(2.13) Z hi(2) fa—i(w) =D hi(2)hn—i(w)

=0

for each n = 0,1,--- and all z,w € A which means (2.4). Combining (2.11) with
(2.13), it follows that H = {hg, h1,-- , hn,- - } satisfies the relation

zw) = Z hi(2) -
=0

for each n =0,1,--- and all z,w € A. This completes the proof of the theorem. [J

Remark 2.2. Let A be an algebra and ¢, : A x A x A x A — [0,00) a function
such that

Un(x,y, 2, W) Z2k ke, 27ky 27F 2 w) < 00

for all z,y, z,w € A. If we replace (2.10) in Theorem by

lim 2'A,, (272, w) = 0,

l—o0
then (2.4) in Theorem does not generally hold in case of ¥, (z,y, z,w) < co. For,
we see that

lim 2'A,(27'2,w) =0

l—o00

is not valid since lim,, ., 2/ £,,(0)| # 0.

Corollary 2.3. Let A be a normed algebra and B a Banach algebra. Let 0,, €
(0,00) for each n = 0,1,--- and p,q real numbers such that p # 1. Suppose that
F = {fo,f1," s fn, -} is a sequence of operators from A into B such that for
eachn=20,1,--- and all z,y,z,w € A,

’fn($+y+zw) Jul@ Zfz ) fr—i H < On(llzll” + lyll” + 2117 lw]|?)-
Then there exists a unique higher ring derivation H = {hg,hy, -+ ,hn, -} of any
rank from A into B such that for each n =0,1,--- and all x € A,
[[%]? + cn ifp <1,
n\T) — hn X S 2p .
([ fn(2) ()]l { 20u |13 + c, ifp>1

where

= | S 5010

=0
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for each n =0,1,---. Moreover,
for eachn =0,1,--- and all z,w € A.

Proof. on(z,y,z,w) = On(llz]|” + [[yl|” + [|2[|” [[w]|?) for each n = 0,1,--- and all
x,y,z,w € A. Suppose that p < 1. Since

Q/Jn(xu (E,070) =

2k
= 0, ||z||? Z o(p—1)k
k=0

1—20 1

it follows from (2.3) in Theorem that

an(x)_hnH < Yn(2,2,0,0) + ¢ = |z]|? + cn.

2—2p
for each n =0,1,--- and all z € A. Next suppose that p > 1. Since

U (2,2,0,0) 22’“% ke, 27%2.0,0)

9n — _ _
=5 25127 all” + 127 )
k=0

oo

=0, ||z|P Z o(1—p)k
k=0
1
— p
- 9n||x|| 1— 217}7
2P0,
= mllw\l”,

it follows from (2.3) in Theorem that

(@) = Ball < Won(2,2,0,0) + e = 5~
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for each n =0,1,--- and all x € A. a
By setting ¢, (z,y,z,w) = €, for each n = 0,1,--- and all z,y,z,w € A,
Theorem 2.1 also gives us the following corollary.

Corollary 2.4. Let A be an algebra and B a Banach algebra. Suppose that F' =

{fo, f1,--+ s fn, -+ } is a sequence of maps from A into B such that for each n =
0,1,---, there exists £, > 0 such that
(2.14) ‘ fal@ +y+ zw) = fu(z) — Zfz ) fni( H <en,

for all x,y,z,w € A, then there exists a unique higher ring derivation H = {hg, hy,
yhn, -} of any rank from A into B such that for each n = 0,1,--- and all
T €A,

[fn(2) = B (2)]| < €0 + cn,

where "
Cn = Zfi(o)fn—i(O)H
i=0
for each n=0,1,---. Moreover, if p <1, then

(2.15) > hi() { fumiw) = hys(w)} = 0
=0

for eachn=0,1,--- and all z,w € A.

As a consequence of Corollary 2.4, we get the following Bourgin-type supersta-
bility [3] of higher ring derivations.

Theorem 2.5. Let A and B be Banach algebras with unit. Suppose that F =
{fo, f1,-"+ s fn, - } is a sequence of operators from A into B satisfying (2.14), where
fo is onto. Then F = {fo, f1,"** , fn, -} is a higher ring derivation of any rank
from A into B.

Proof. As in (2.5) and (2.8), the relation (2.14) yields that

[fa(z +y) — falz) = fa@) S en+cn

for each n =0,1,--- and all x,y € A, where

o)

for each n =0,1,---, and that

Fule) =37 ) s )| <&+ 21500

1=0
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for each n = 0,1,--- and all z,w € A. By induction, we lead the conclusion.

From the Bourgin’s theorem [3], we see that fy is a ring homomorphism from A

1
onto B and so (2.7) gives that ho(z) = zhm ?fo(le) = fo(z) for all z € A, ie.,

fo = ho. If n =1, then it follows from (2.15) that f1(z) = hq(z) holds for all z € A
since hg is onto. Let us assume that f,(z) = hn,(z) is valid for all z € A and
all m < n. Then (2.15) implies that ho(2){fn(w) — hp(w)} = 0 for all z,w € A.
Since hg is onto, we have f,(w) = h,(w) for all w € A. Hence we conclude that
fn(z) = hy(2) holds for all n = 0,1,--- and all z € A. Now Corollary2.4 tells us
that F' = {fo, f1,-+*, fn, -+ } is a higher ring derivation of any rank from 4 into
B. The proof of the theorem is complete. O

We continue the next result.

Theorem 2.6. Let A be a Banach algebra with unit. Suppose that F = {fo, f1,- -,
frns o} is a sequence of operators on A satisfying (2.14), where fo is an identity
operator on A. Then F = {fo, f1, -, fn, -} is a higher ring derivation of any
rank on A which is strong.

Proof. By (2.7), we have

for all z € A and so ho(= fp) is an identity operator on A. From the same method
as in the proof of Corollary 2.4 using the induction and the relation (2.15), we get

2 fn(w) = hn(w)} =0
for all n € N and all z,w € A. Since A contains the unit, it follows that f,(w) =
hn(w) for all n € N and all w € A. Thus, by Corollary 2.4, we see that F =
{fo, f1,-+ s fu, -} is a higher ring derivation of any rank on A which is strong.
This completes the proof. O

ILM. Singer and J. Wermer [11] obtained a fundamental result in a Banach
algebra theory which started investigation into the ranges of linear derivations on
Banach algebras. The result, which is called the Singer-Wermer theorem, states
that every continuous linear derivation on a commutative Banach algebra maps into
the Jacobson radical. K.-W. Jun and Y.-W. Lee [8] generalized the Singer-Wermer
theorem to higher linear derivations which are strong and continuous. That is, every
higher linear derivation of rank m which is strong and continuous on a commutative
Banach algebra maps into its Jacobson radical. The following is the Jun and Lee’s
result for approximately higher derivations in the sense of Hyers-Ulam.

Theorem 2.6. Let A be a commutative Banach algebra with unit. Suppose that

F={fo,f1,--+, fm} is a sequence of continuous operators on A such that for each
n=20,1,---,m, there exists £, > 0 such that
(216)  ||fulaz + By + 20) — afa(@) = Baly) = 3 fi(2) fuilw) H <e,

=0
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for all x,y,z,w € A and all a,f € U = {z € C: |z| = 1}, where fy is an identity
operator on A. Then F maps A into its Jacobson radical.

Proof. Put « = 8 =1 € U in (2.16). Then it follows from Corollary 2.4 that F
is a higher ring derivation of rank m on A which is continuous. Setting y = =z,
z=w = 01in (2.16) and then following the same process as in (2.5), we obtain that

[fnl(a+ B)z) — (a+ B) fu(@)] < en +cn

for each n =0,1,--- ;m and all z € A, where

-
for each n =0,1,--- ;m. Thus we see that

52t B)2) — (04 B) (2 0)]| — 0

as | — oo which implies that for each n =0,1,--- ,m,

ho((a+ f)z) = lim %fn@l(a +0)z) = (a+5) lim %fn(%:) = (a+ B)hn(z)

for all x € A and all a, 8 € U.

Clearly, h,,(0z) = 0 = Oh,(x) for each n = 0,1,--- ,m and all z € A. Now, let
A€ C (AN#£0), and let N € N greater than |A|. By appying a geometric argument,
we see that there exist A1, Ao € U such that 2% = A1 + A2. By the additivity of
each h,, n=20,1,--- ,m, we get hn(%x) = %hn(x) for each n =0,1,--- ,m and all
z € A

Therefore, we have

N A 1 A N
N N
— (O A () = — -
5 M1+ A)hn(z) = 5
for each n = 0,1,---,m and all x € A, so that h, is C-linear for each n =
0,1,---,m. This means that that F = {fo, f1,--- , fm} is a higher linear derivation

of rank m which is strong and continuous on A. The Jun and Lee’s result now
guarantees that I’ maps A into its Jacobson radical. This completes the proof. [J

Corollary 2.7. Let A be a commutative semisimple Banach algebra with unit.
Suppose that F = {fo, f1,-, fm} s a sequence of continuous operators on A such
that for each n=10,1,--- ,m, there exists €, > 0 such that

fn(az+ﬂy+zw)70‘fn( /Bfn Zfl fn 1 H <en

1=0
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for all x,y,z,w € A and all a, 8 € U= {2z € C: |z| = 1}, where fy is an identity
operator on A. Then f, =0 for eachn=1,2,--- ,m.
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