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A NOTE ON THE SET OF ROOT CLASSES

Seoung Ho Lee

Abstract. The set of root classes plays a crucial role in the Nielsen root
theory. Extending Brown et al.’s work on the set of root classes of iterates
of maps, we rearrange it into the reduced orbit set and show that under
suitable hypotheses, any reduced orbit has the full depth property as in
the Nielsen type theory of periodic orbits.

1. Introduction

Let f : X → X be a selfmap of a path connected topological space and
a ∈ X. A root of f at a is a point x ∈ X that is a solution to the equation
f(x) = a. Two root x, y of f at a are in the same root class of f if there exists a
map p : (I, 0, 1) → (X,x, y) such that f ◦ p ' a∗, where ◦ denotes composition
of functions, ' denotes path homotopy and a∗ is the constant path at a. We
write R(f) for the set of the root classes of f .

For the integer n > 0, the iterates of a map f : X → X are defined by
f1 = f and fn+1 = f ◦ fn.

Let X be a compact connected ANR and f : X → X be a map. The set of
fixed point classes of f will be denoted FP (f). In the Nielsen type theory of
periodic orbits [2, Section III.3], fixed point classes of the iterate fn : X → X
will also be called n-periodic point classes of f . Then f acts on the set FP (fn)
by Afn 7→ f( Afn). The f -orbit of a fixed point class Afn is called an n-orbit
class, denoted by A

(n)
f . The set of n-orbit classes is denoted by O(n)(f). The

length of the orbit A
(n)
f is the smallest integer ` > 0 such that Afn = f `(Afn).

Let a be the base point in X, and take a path w from a to f(a) as the base
path for f . The induced endomorphism fw : π1(X, a) → π1(X, a) is defined by
fw(〈γ〉) := 〈wf(γ)w−1〉 for any loop γ at a. It is well known that every fixed
point class of f is assigned a Reidemeister class in R(fw), called its coordinate.
We get an injection ρ : FP (f) ↪→ R(fw), where R(fw) is the Reidemeister set
in π1(X, a), defined by ρ(Af ) := [cf(c−1)w−1]fw for any path c from a to a
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point x in Af . Thus we also get an injection

ρ : O(n)(f) ↪→RO(n)(fw),

where RO(n)(fw) is the Reidemeister orbit set in π1(X, a), by ρ(A(n)
f ) :=

[cfn(c−1)fn−1(w−1) · · · f(w−1)w−1](n)
fw

for any path c from a to a point x in

A
(n)
f . If ` | n and an `-orbit class B

(`)
f lies inside an n-orbit class A

(n)
f , then

their coordinates are related by ρ(A(n)
f ) = ι`,n(ρ(B(`)

f )), where ι`,n is the level-

change function defined by ι`,n(β) := βf `(β)f2`(β) · · · fn−`(β), hence ρ(A(n)
f )

is reducible to level `. The depth of an n-orbit class A
(n)
f is defined to be the

depth of its coordinate ρ(A(n)
f ), i.e., the lowest level d = d(ρ(A(n)

f )) to which

ρ(A(n)
f ) reduces is its depth. A Reidemeister orbit is said to have the full depth

property if its depth equals its length, i.e., d = ` (see [3]).
In this paper, extending Brown et al.’s work (see [1]), we will study the

solutions to the equation fn(x) = a for some a ∈ X which are the roots of fn

as in the Nielsen type theory above. The recurrence number ρ = ρ(f, a) of f
at a is the least positive integer ρ such that fρ(a) = a. Suppose ρ ≤ n. Let
Rn be a root class of fn and x ∈ Rn be given. Then the fρ-image fρ(Rn) is
the unique root class of fn containing fρ(x). Thus we can define the reduced
fρ-orbit set of f denoted by R(n)

ρ (f) and extend to the reduced orbit set of the
group homomorphism induced by f .

In the last section, we define the full depth property of a reduced fρ-orbit
of a root class of fn and show that any reduced fρ-orbit has the full depth
property under suitable hypotheses.

2. Reduced orbit sets of root classes of iterated maps

Let f : X → X be a selfmap of a path connected topological space, let n be
a positive integer, and let a be a given point in X. We introduce the definition
of the root class of the nth iterate of f in [1] and extend its properties. Two
roots x, y of fn at a are in the same root class of the nth iterate fn of f if there
exists a path p : (I, 0, 1) → (X,x, y) such that fn ◦ p ' a∗, where ◦ denotes
composition of functions, ' denotes path homotopy and a∗ is the constant path
at a. We denote Rn for a root class of fn and write R(fn) for the set of all
root classes of fn. The recurrence number ρ = ρ(f, a) of f at a is the least
positive integer ρ such that fρ(a) = a. A root of fn is reducible if it is a root
of fm for some 1 ≤ m < n, and irreducible otherwise. If ρ = ∞, then all roots
of fn are irreducible.

Let Rn be a root class of fn and x ∈ Rn be given. Suppose ρ ≤ n. Then the
fρ-image fρ(Rn) is the unique root class of fn containing fρ(x). We observe
that fρ(Rn) is independent of the choice of x because if p : (I, 0, 1) → (X,x, y)
is a path such that fn ◦ p ' a∗, then fρ(p) : (I, 0, 1) → (X, fρ(x), fρ(y)) and
fn(fρ(p)) = fρ(fn(p)) ' fρ(a∗) = a∗. Moreover, we have the characterization
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of fρ-images of root classes of fn. We denote the root class of fn containing
the root x of fn by Rn

x .

Lemma 2.1. Suppose ρ ≤ n and Rn
x ∈ R(fn), then there exist two-type se-

quences of root classes of fn as follows:
(1): If ρ | n, then there exists a reduced sequence;

Rn
x , fρ(Rn

x), . . . , (fρ)n/ρ(Rn
x) = Rn

a = (fρ)n/ρ+1(Rn
x) = · · · .

(2): If ρ - n, then there exists a reduced sequence;

Rn
x , fρ(Rn

x), . . . , f (m+1)ρ(Rn
x) = Rn

fρ−r(a) = f (m+2)ρ(Rn
x) = · · · ,

where n = mρ + r and 0 < r < ρ for some m, r ∈ Z.

Proof. (1) If ρ | n, then there exists m ∈ Z such that n = mρ, so

fn(Rn
x) = fmρ(Rn

x) = Rn
a = f (m+1)ρ(Rn

x) = · · · .

(2) If ρ - n, then we have

f (m+1)ρ(x) = f (ρ−r)+n(x) = fρ−r(a).

Thus we get the conclusion. ¤

Definition 2.2. For ρ ≤ n, from Lemma 2.1, we note that any reduced se-
quences of root classes of fn are limited to either Rn

a or Rn
fρ−r(a) for some r.

Thus the root classes Rn
a and Rn

fρ−r(a) will be called the center of the set R(fn)
with respect to the recurrence number.

Definition 2.3. For ρ ≤ n. The reduced fρ-orbit of a root class Rn of fn is
the set

R(n) = {Rn, fρ(Rn), f2ρ(Rn), . . . , fmρ(Rn) | mρ < n + ρ}.
We define the length `(R(n)) of the reduced fρ-orbit R(n) as `(R(n)) = #R(n)

the cardinality of the set R(n). The set of all such reduced fρ-orbits will be
called the reduced fρ-orbit set of f , denoted by R(n)

ρ (f).

Remark 2.4. Note that any reduced fρ-orbits of root classes of fn contain the
center and the length of the reduced fρ-orbit of the center is 1.

Example 2.5. Let S1 = {z : | z |= 1} be the unit circle in the complex plane
and let f : S1 → S1 be defined by f(z) = z2. If we choose a = ei2π/3, then
ρ(f, a) = 2. We have R(fn) = {Rn

θ | θ = 3k+1
3·2n 2π, k = 0, 1, . . . , 2n − 1}, where

Rn
θ is an abbreviation for the notation Rn

eiθ and every root class is a singleton
(see [4, Chapter V.B. Example 3.3, p. 127]). Consider n = 3, in this case, R3

4π/3

is the center of R(f3) and R
(3)
π/12 = {R3

π/12, R
3
π/3, R

3
4π/3}, so `(R(3)

π/12) = 3 and

`(R(3)
π/3) = 2.
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Let w : (I, 0, 1) → (X, a, f(a)) be a path, then there is a path w(n) :
(I, 0, 1) → (X, a, fn(a)) defined by w(n) = w ∗ f(w) ∗ f2(w) ∗ · · · ∗ fn−1(w)
for n > 0. We abbreviate the fundamental group π1(X, a) as π and define a
homomorphism fn

w : π → π by fn
w([v]) = [w(n) ∗ fn(v) ∗ (w(n))−1]. Note that

fn
w = hw(n) ◦ fn

#, where fn
# : π1(X, a) → π1(X, fn(a)) is the homomorphism

induced by fn and hw(n) is an isomorphism (see [5, Theorem 7.3.8, p. 384]).
Let fn

w(π) = φ(n). Then there is an injective function θn : R(fn) → π/φ(n)

defined by
θn(Rn) = φ(n) · [w(n) ∗ fn(c)],

where c : (I, 0, 1) → (X, a, x) is a path for x ∈ Rn. The coset θn(Rn) in π/φ(n)

is called the coordinate of Rn which is independent of the choice of the point
x ∈ Rn and of the path c from a to x [1, Section 4].

We observe that w(ρ) is a loop at a and fρ induces fρ
# : π → π. Define a

function [fρ
w] : π/φ(n) → π/φ(n) by

[fρ
w](φ(n) · γ) = φ(n) · fρ

w(γ) · [w(ρ)].

This is well defined because if φ(n) · γ = φ(n) · γ′, then

fρ
w(γ′) · [w(ρ)] · [w(ρ)]−1 · fρ

w(γ−1) = fρ
w(γ′γ−1) ∈ fρ

w(φ(n)) = φ(n+ρ) ⊆ φ(n).

Thus we have the following algebraic version of Lemma 2.1.

Lemma 2.6. Suppose ρ ≤ n and φ(n) · γ ∈ π/φ(n), then there exist two-type
sequences of elements of π/φ(n) as follows:

(1): If ρ | n, then there exists a reduced sequence

φ(n) · γ, [fρ
w](φ(n) · γ), . . . , [fρ

w]n/ρ(φ(n) · γ) = φ(n) · [w(n)].

(2): If ρ - n, then there exists a reduced sequence

φ(n) · γ, [fρ
w](φ(n) · γ), . . . , [fρ

w]m+1(φ(n) · γ) = φ(n) · [w((m+1)ρ)],

where n = mρ + r and 0 < r < ρ for some m, r ∈ Z.

Proof. (1) If ρ | n, then there exists m ∈ Z such that n/ρ = m, so

[fρ
w]m(φ(n) · γ) = φ(n) · fmρ

w (γ) · f (m−1)ρ
w ([w(ρ)]) · · · · · fρ

w([w(ρ)]) · [w(ρ)]

= φ(n) · f (m−1)ρ
w ([w(ρ)]) · · · · · fρ

w([w(ρ)]) · [w(ρ)]

= φ(n) · [w(n)].

Furthermore, since [fρ
w](φ(n) · [w(n)]) = φ(n) · [w(n+ρ)] and [w(n+ρ)] · [(w(n))−1] =

fn
w([w(ρ)]) ∈ φ(n), we have

[fρ
w]m(φ(n) · γ) = [fρ

w]m+1(φ(n) · γ).

(2) If ρ - n, then as (1), we have [fρ
w]m+1(φ(n) · γ) = φ(n) · [w((m+1)ρ)] and

[w((m+2)ρ)] · [(w((m+1)ρ))−1] = f (m+1)ρ
w (w(ρ)) ∈ φ(mρ+ρ) ⊆ φ(n).

Thus we get [fρ
w]m+1(φ(n) · γ) = [fρ

w]m+2(φ(n) · γ). ¤
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In Lemma 2.6, φ(n) · [w(n)] and φ(n) · [w((m+1)ρ)] play the role of the center of
the set π/φ(n) with respect to the recurrence number (compare Definition 2.2
above).

Definition 2.7. For ρ ≤ n. The reduced [fρ
w]-orbit of the element φ(n) · γ of

π/φ(n) is the set

γ(n) = {φ(n) · γ, [fρ
w](φ(n) · γ), . . . , [fρ

w]m(φ(n) · γ) | mρ < n + ρ}.
We define the length `(γ(n)) of the reduced [fρ

w]-orbit γ(n) as `(γ(n)) = #γ(n)

the cardinality of the set γ(n). The set of all such reduced [fρ
w]-orbits will be

called the reduced [fρ
w]-orbit set of f , denoted by R(n)

ρ (fw).

Theorem 2.8. There is an injective function

θn : R(n)
ρ (f) →R(n)

ρ (fw)

defined by θn(R(n)) = [w(n)∗fn(c)](n) for any path c from a to x in R(n), where
x in R(n) means that x belongs to the first element of R(n).

Proof. By [1, Theorem 4.3], there is an injective function

θn : R(fn) → π/φ(n)

defined by θn(Rn) = φ(n) · [w(n) ∗ fn(c)] for any path c from a to x in Rn.
We will show that under this injection θn, the reduced fρ-orbit corresponds

to the reduced [fρ
w]-orbit. That is to say, we show the commutativity of the

following diagram:

R(fn) θn−−−−→ π/φ(n)

fρ

y
y[fρ

w]

R(fn) θn−−−−→ π/φ(n)

Then θn clearly induces the desired injection between the reduced orbit sets.
Let Rn ∈ R(fn) and take a path c : (I, 0, 1) → (X, a, x) for x ∈ Rn. Then

the root fρ(x) of fn is contained in the root class fρ(Rn). Thus we have

[fρ
w] ◦ θn(Rn) = [fρ

w](φ(n) · [w(n) ∗ fn(c)])

= φ(n) · fρ
w([w(n) ∗ fn(c)]) · [w(ρ)]

= φ(n) · [w(ρ)] · fρ
#([w(n) ∗ fn(c)])

= φ(n) · [w(ρ) ∗ fρ(w(n)) ∗ fn+ρ(c)])

= φ(n) · [w(n) ∗ fn(w(ρ) ∗ fρ(c))].

On the other hand, w(ρ) ∗ fρ(c) is a path from a to fρ(x) and the coordinate is
independent of the choice of the path, then we have θn◦fρ(Rn) = θn(fρ(Rn)) =
φ(n) · [w(n) ∗ fn(w(ρ) ∗ fρ(c))]. ¤
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3. Full depth property of reduced orbits

For ρ < n, let Rn−ρ ∈ R(fn−ρ) and x ∈ Rn−ρ be given. Define iρ,n(Rn−ρ)
as the unique root class of R(fn) determined by x. This gives a function
iρ,n : R(fn−ρ) →R(fn). Then

Theorem 3.1. [1] Let f : X → X be a selfmap of a path connected space and
ρ = ρ(f, a) < n. Then the diagram

R(fn−ρ)
θn−ρ−−−−→ π/φ(n−ρ)

iρ,n

y
yµρ,n

R(fn) θn−−−−→ π/φ(n)

commutes, where µρ,n is defined by µρ,n(φ(n−ρ) · γ) = φ(n) · ([w(ρ)] · fρ
#(γ)).

Proof. See [1, Theorem 4.5]. ¤

In [1, Section 4], if ρ < ∞, a root class Rn of fn is reducible if ρ < n and there
exists γ ∈ π such that θn(Rn) = µρ,n(φ(n−ρ) · γ). Otherwise, it is irreducible.
If ρ = ∞, then all the root classes of fn are irreducible. The reducibility of a
root class is independent of the choice of w.

Combining Theorem 2.8 and Theorem 3.1 we have

Theorem 3.2. Let f : X → X be a selfmap of a path connected space and
ρ = ρ(f, a) < n. Then the diagram of pointed sets

R(n−ρ)
ρ (f)

θn−ρ−−−−→ R(n−ρ)
ρ (fw)

iρ,n

y
yµρ,n

R(n)
ρ (f) θn−−−−→ R(n)

ρ (fw)

commutes, where µρ,n(γ(n−ρ)) = ([w(ρ)] · fρ
] (γ))(n).

Moreover, if ρ < kρ < mρ < n, then µmρ,n = µkρ,n ◦ µ(m−k)ρ,n−kρ.

Definition 3.3. We say that a reduced fρ-orbit R(n) is reducible to level n−mρ
if ρ ≤ mρ < n and there exists γ ∈ π such that θn(R(n)) = µmρ,n(γ(n−mρ))
for some positive integer m. Otherwise, it is irreducible. The lowest level
d = d(R(n)) to which R(n) reduces is its depth. A reduced fρ-orbit R(n) is said
to have the full depth property if

d(R(n)) + ρ = ρ · `(R(n))

(compare [3, Definition 1.8]).

Remark 3.4. Note that in Theorem 3.2, if ρ < mρ < n and the reduced fρ-orbit
of a root class is reducible to n −mρ, then it is reducible to n − ρ. In other
words, the reduced fρ-orbit of a root class is not reducible to n− ρ, then it is
not reducible to n−mρ. It follows that Definition 3.3 is well defined.
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Remark 3.5. Note that if ρ | n and ρ < n, then the coordinate of the reduced
fρ-orbit R

(n)
a of the center Rn

a is θn(R(n)
a ) = [w(n)](n) = µn−ρ,n([w(ρ)](ρ)) by

Theorem 3.2, so d(R(n)
a ) = ρ. Thus it does not have the full depth property.

Theorem 3.6. Let f : X → X be a selfmap of a path connected space. If
ρ(f, a) = ρ | n and Rn

a ∈ R(fρ), then the reduced fρ-orbit of any root class of
fn except the center has the full depth property.

Proof. Let R(n) be the reduced fρ-orbit of a root class Rn and n = kρ for some
k ∈ Z+. The commutativity of the diagram in Theorem 2.8 shows that the
length of R(n) is equal to the length of its coordinate. If ρ = n, then clearly
every reduced fρ-orbit except the center has the full depth property. Thus we
can assume ρ < n.

Suppose that `(R(n)) = ` > 1 and θn(Rn) = φ(n) · [w(n) ∗fn(c)] for any path
c from a to x in Rn. Then, by the definition of length, we have

[fρ
w]`−1(θn(Rn)) = φ(n) · w(n) = θn(Rn

a )

and
[fρ

w]`−1(θn(Rn)) = φ(n) · [w(n) ∗ fn
(
w((`−1)ρ) ∗ f (`−1)ρ(c)

)
].

Since f (`−1)ρ(x) ∈ f (`−1)ρ(Rn) = Rn
a and Rn

a ∈ R(fρ) by hypothesis, there
exists a path p : I → X from f (`−1)ρ(x) to a such that fρ ◦ p ' a∗. For the
loop w((`−1)ρ) ∗ f (`−1)ρ(c) ∗ p at a and ρ ≤ n− (`− 1)ρ < n , we have

µn−(`−1)ρ,n(φ((`−1)ρ) · (w((`−1)ρ) ∗ f (`−1)ρ(c) ∗ p)

= φ(n) · ([w(n−(`−1)ρ)] · fn−(`−1)ρ
] (w((`−1)ρ) ∗ f (`−1)ρ(c) ∗ p)

= φ(n) · w(n) · fn(c) · fn−(`−1)ρ(p)

= φ(n) · w(n) · fn(c)

= θn(Rn).

Therefore we have d ≤ (`− 1)ρ by the definition of depth.
On the other hand, suppose that d(R(n)) = d = kρ − mρ > 0. Then, by

the definition of depth, there exists γ ∈ π such that θn(Rn) = µmρ,n(φ(n−mρ) ·
γ). By the commutativity of the diagram in Theorem 3.2 and Lemma 2.6(1),
[fρ

w]k−m(φ((k−m)ρ) · γ) = φ((k−m)ρ) · w((k−m)ρ), this implies that

[fρ
w]k−m(θn(Rn)) = [fρ

w]k−m ◦ µmρ,n(φ(n−mρ) · γ)

= µmρ,n ◦ [fρ
w]k−m(φ(n−mρ) · γ)

= µmρ,n(φ((k−m)ρ) · w((k−m)ρ))

= φ(n) · ([w(mρ)] · fmρ
] (w((k−m)ρ)))

= φ(n) · w(n).

This means that ` − 1 ≤ k − m by the definition of length, so (` − 1)ρ ≤
(k −m)ρ = d. ¤
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Example 3.7. As in [1, Example 6.1], let S1 = {z : | z |= 1} be the unit
circle in the complex plane and let f : S1 → S1 be defined by f(z) = z3. If
we choose a = 1, then ρ(f, a) = 1. A direct computation shows that R(fn) =
{zn

k = e
k
3n 2πi | k = 0, 1, . . . , 3n − 1}, where every root class is a singleton.

Taking w be the constant path and ck the arc from 1 to zn
k in the counter-

clockwise direction, the coordinate θn(zn
k ) of the root class zn

k can be identified
with k ∈ π/φ(n) = Z3n . Since f] : π → π is given by f](γ) = 3γ and µm,n is
determined by fm

] for m < n, it follows that the reduced f -orbit z
(n)
k of the root

class zn
k is reducible to n−m if and only if k ≡ 0 (mod 3m). By Theorem 3.6,

every reduced f -orbit except the center has the full depth property.
If we choose a = eπi/2, then ρ(f, a) = 2. Thus we have R(fn) = {zn

k =
e

4k+1
4·3n 2πi | k = 0, 1, . . . , 3n − 1}. Taking w be the arc from a to f(a) in the

counter-clockwise direction and ck the arc from a to zn
k in the counter-clockwise

direction, as the above case, the coordinate θn(zn
k ) of the root class zn

k can
be identified with k ∈ π/φ(n) = Z3n . Consider n = 3, in this case, µ2,3 is
determined by w(2) + f2

] , it follows that the reduced fρ-orbit z
(3)
k of the root

class z3
k is reducible to 1 if and only if k − 2 ≡ 0 (mod 32). Thus we have

d(z(3)
11 ) = 1 and `(z(3)

11 ) = 2, so z
(3)
11 does not have the full depth property.
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