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A NOTE ON THE SET OF ROOT CLASSES

SEOUNG HO LEE

ABSTRACT. The set of root classes plays a crucial role in the Nielsen root
theory. Extending Brown et al.’s work on the set of root classes of iterates
of maps, we rearrange it into the reduced orbit set and show that under
suitable hypotheses, any reduced orbit has the full depth property as in
the Nielsen type theory of periodic orbits.

1. Introduction

Let f : X — X be a selfmap of a path connected topological space and
a € X. A root of f at a is a point x € X that is a solution to the equation
f(x) = a. Tworoot x,y of f at a are in the same root class of f if there exists a
map p: (1,0,1) — (X, z,y) such that f op ~ a,, where o denotes composition
of functions, ~ denotes path homotopy and a, is the constant path at a. We
write R(f) for the set of the root classes of f.

For the integer n > 0, the iterates of a map f : X — X are defined by
fl'=fand fr*' = fofm

Let X be a compact connected ANR and f: X — X be a map. The set of
fixed point classes of f will be denoted FP(f). In the Nielsen type theory of
periodic orbits [2, Section I11.3], fixed point classes of the iterate f™: X — X
will also be called n-periodic point classes of f. Then f acts on the set FP(f")
by Agn +— f( Asn). The f-orbit of a fixed point class Ayn is called an n-orbit

class, denoted by Agcn). The set of n-orbit classes is denoted by O (f). The

length of the orbit Agfn) is the smallest integer £ > 0 such that A = f(Asn).

Let a be the base point in X, and take a path w from a to f(a) as the base
path for f. The induced endomorphism fy, : 71(X,a) — 71 (X, a) is defined by
Ful({(7)) == (wf(y)w™!) for any loop 7 at a. It is well known that every fixed
point class of f is assigned a Reidemeister class in R(f,,), called its coordinate.
We get an injection p : FP(f) — R(fw), where R(f,) is the Reidemeister set
in m(X,a), defined by p(Af) := [cf(c Hw™ Yy, for any path ¢ from a to a
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point  in Ay. Thus we also get an injection
p: O (f) = ROM(fu),
where RO™(f,) is the Reidemeister orbit set in m (X, a), by p(Agfn)) =

[efr(c ) t(w1)- ~-f(w_1)w_1]§cz) for any path ¢ from a to a point z in
A;"). If ¢ | n and an f-orbit class By) lies inside an n-orbit class A'(f"), then
their coordinates are related by p(AScn)) = Lgyn(p(B](f))), where ¢, is the level-
change function defined by 1/, (8) := BF4(B)f*(B)--- f*~*(B), hence p(AScn))
is reducible to level £. The depth of an n-orbit class Agc”) is defined to be the
depth of its coordinate p(Agcn)), i.e., the lowest level d = d(p(Agc"))) to which

p(AScn)) reduces is its depth. A Reidemeister orbit is said to have the full depth
property if its depth equals its length, i.e., d = ¢ (see [3]).

In this paper, extending Brown et al.’s work (see [1]), we will study the
solutions to the equation f(x) = a for some a € X which are the roots of f"
as in the Nielsen type theory above. The recurrence number p = p(f,a) of f
at a is the least positive integer p such that f*(a) = a. Suppose p < n. Let
R"™ be a root class of f™ and x € R™ be given. Then the ff-image fP(R") is
the unique root class of f™ containing f#(x). Thus we can define the reduced
fP-orbit set of f denoted by Rf)n)( f) and extend to the reduced orbit set of the
group homomorphism induced by f.

In the last section, we define the full depth property of a reduced f*-orbit
of a root class of f* and show that any reduced fP-orbit has the full depth
property under suitable hypotheses.

2. Reduced orbit sets of root classes of iterated maps

Let f: X — X be a selfmap of a path connected topological space, let n be
a positive integer, and let a be a given point in X. We introduce the definition
of the root class of the nth iterate of f in [1] and extend its properties. Two
roots x,y of f™ at a are in the same root class of the nth iterate f™ of f if there
exists a path p : (1,0,1) — (X,z,y) such that f™ op ~ a,, where o denotes
composition of functions, ~ denotes path homotopy and a, is the constant path
at a. We denote R™ for a root class of f™ and write R(f™) for the set of all
root classes of f™. The recurrence number p = p(f,a) of f at a is the least
positive integer p such that f#(a) = a. A root of f™ is reducible if it is a root
of f™ for some 1 < m < n, and irreducible otherwise. If p = oo, then all roots
of f™ are irreducible.

Let R™ be a root class of f™ and x € R™ be given. Suppose p < n. Then the
fr-image fP(R™) is the unique root class of f™ containing f”(x). We observe
that f?(R™) is independent of the choice of « because if p : (I,0,1) — (X, z,y)
is a path such that f™ op ~ a, then fP(p): (1,0,1) — (X, f?(z), f*(y)) and
f(fP(p)) = fP(f™(p)) ~ fP(ax) = a.. Moreover, we have the characterization
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of fP-images of root classes of f™. We denote the root class of f™ containing
the root = of f" by R7.

Lemma 2.1. Suppose p < n and R} € R(f™), then there exist two-type se-
quences of root classes of f™ as follows:

(1): If p | n, then there exists a reduced sequence;
Ry, fOCRD), o (F)MP(RY) = Ry = ()PP (Ry) = -
(2): If ptn, then there exists a reduced sequence;
RY, fP(R),... f0"+DP(RE) = RY,_, ) = f+DP(RE) = ... |
where n =mp+1r and 0 < r < p for some m,r € Z.
Proof. (1) If p | n, then there exists m € Z such that n = mp, so
fr(Ry) = [ (Ry) = Ry = fU P (RY) = -
(2) If p t n, then we have
fUrie(z) = femI I (@) = 277 (a).
Thus we get the conclusion. (]
Definition 2.2. For p < n, from Lemma 2.1, we note that any reduced se-
quences of root classes of f" are limited to either R or Ry, . (a) for some r.

Thus the root classes Ry and R},_. ) will be called the center of the set R(f™)
with respect to the recurrence number.

Definition 2.3. For p < n. The reduced f-orbit of a root class R™ of f" is
the set

R™ = {R", f*(R"), f**(R"), ..., [™(R") | mp < n+ p}.

We define the length £(R(™)) of the reduced fr-orbit R™ as ¢(R(™) = #R(")
the cardinality of the set R(™. The set of all such reduced f-orbits will be
called the reduced fP-orbit set of f, denoted by R(pn)(f).

Remark 2.4. Note that any reduced fP-orbits of root classes of f™ contain the
center and the length of the reduced ff-orbit of the center is 1.

Example 2.5. Let S' = {z: | z |= 1} be the unit circle in the complex plane
and let f : S' — S! be defined by f(z) = 22. If we choose a = ¢?2™/3 then
p(f,a) = 2. We have R(f") ={Rj | 0 = 33]?;,}27r,k =0,1,...,2" — 1}, where

% is an abbreviation for the notation R, and every root class is a singleton

see [4, Chapter V.B. Example 3.3, p. . Consider n = 3, in this case,

4, Ch V.B.E le 3.3, p. 127]). Consid 3, in thi R}

is the center of R(f3) and RS’/)H ={R} )15, R} 3, R}, 3}, s0 E(RS’/)H) =3 and
3

(RE),) =2.
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Let w : (1,0,1) — (X,a, f(a)) be a path, then there is a path w(™ :
(I,0,1) — (X,a, f*(a)) defined by w™ = w * f(w) * f2(w) * --- % f*~H(w)
for n > 0. We abbreviate the fundamental group 71 (X, a) as 7 and define a
homomorphism £ : m — 7 by f2([v]) = ™ % f7(v) * (™)~1]. Note that
fir = hyoo o fi, where f3 : m(X,a) — m1(X, f"(a)) is the homomorphism
induced by f™ and h,,m) is an isomorphism (see [5, Theorem 7.3.8, p. 384]).
Let f7(m) = ¢(™. Then there is an injective function ,, : R(f") — n/¢(™
defined by

On(R") = ¢ - [w™ % f*(c)],
where ¢ : (I,0,1) — (X, a,2) is a path for 2 € R". The coset 0,,(R") in 7/¢(™)
is called the coordinate of R™ which is independent of the choice of the point
x € R™ and of the path ¢ from a to z [1, Section 4].
We observe that w(®) is a loop at a and f# induces f:; :m — 7w. Define a

function [f2] : /o™ — w/¢p(™ by
[FE™ - 7) = 6 - f4(7) - [w?).
This is well defined because if ¢ -y = ¢(™ .~/ then
£ @) D) fR (T = FL( ) € fh(e™) = o C gl
Thus we have the following algebraic version of Lemma 2.1.

Lemma 2.6. Suppose p < n and ¢ -y € w/qb(”), then there exist two-type
sequences of elements of 7T/¢<n) as follows:

(1): If p | n, then there exists a reduced sequence

U, [FE1M) ) LR (60 ) = 60 - [ ™).
(2): If ptn, then there exists a reduced sequence
U (LA ) IR (@ ) = ¢ - [ IR,
where n =mp+1r and 0 < r < p for some m,r € Z.

Proof. (1) If p | n, then there exists m € Z such that n/p = m, so

@™ ) = 6 ) S () () - )
B S [])  p () - [0
3™ - [w™).

Furthermore, since [f2](¢™ - [w(™]) = ¢(™ . [w+7)] and [w™+A)].[(w™)~1] =
fr(w®]) € ¢, we have

a1 (@™ ) = [FA7 (™) - ).
(2) If p{n, then as (1), we have [f2]" (¢ - 7) = ¢ . [w((m+DP)] and
[w((m+2)ﬂ)] . [(w((mﬂ)p))fl] - fl(l;ﬂJrl)p(w(p)) € plmrte) C (™),

Thus we get [[5]™(6(") - 7) = [f4]"+2(6™ - 7). O
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In Lemma 2.6, (™) - [w(™)] and ¢(™ - [w((m+DP)] play the role of the center of
the set m/¢ (") with respect to the recurrence number (compare Definition 2.2
above).

Definition 2.7. For p < n. The reduced [f?]-orbit of the element ¢(™) -~ of
7/ is the set
A = {e" A [F2@™ ), LFET (@) ) [ mp <t p}.

We define the length £(y(™) of the reduced [f£]-orbit v as £(y(M)) = #~()
the cardinality of the set (™). The set of all such reduced [f%]-orbits will be

called the reduced [f£]-orbit set of f, denoted by R,g")(fw).

Theorem 2.8. There is an injective function

O REV(f) = RV (fu)
defined by 0,,(R™) = [w™ x f*(c)]"™ for any path ¢ from a to x in R™, where
x in R"™ means that x belongs to the first element of R(")

Proof. By [1, Theorem 4.3], there is an injective function

R(f™) — m /o™

defined by 6,,(R") = ¢ - [w™ x f(c)] for any path ¢ from a to x in R™.

We will show that under this injection 6,,, the reduced f?-orbit corresponds
to the reduced [ff]-orbit. That is to say, we show the commutativity of the
following diagram:

R(f") —22 x/g™)

| [
R(f™) — w/g™)
Then 6,, clearly induces the desired injection between the reduced orbit sets.
Let R" € R(f™) and take a path ¢: (1,0,1) — (X, a,z) for z € R™. Then
the root fP(x) of f™ is contained in the root class f#(R™). Thus we have
(o) o 0n(R") = [FE)(™ - [w!™ * f(c)])
= ™. w([ ™ s f(0)]) - [w)
= " [w?]- fL([w™ % f(e)])
= " x P f1(e)])
= ¢ fw™ s (w2 (e))].
On the other hand, () % f#(c) is a path from a to f*(z) and the coordinate is

independent of the choice of the path, then we have 0,,0 f?(R™) = 0,,(f*(R"™)) =
A - [w™ % fr(w) % fr(c))]. O
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3. Full depth property of reduced orbits

For p < n, let R"? € R(f"*) and € R"” be given. Define i,,(R" ")
as the unique root class of R(f™) determined by x. This gives a function
ipm t R(f"°) = R(f"). Then

Theorem 3.1. [1] Let f: X — X be a selfmap of a path connected space and
p=p(f,a) <n. Then the diagram

R(f777) = /g

7;p,'nl lﬂp,n

R(fY) —2 /6™

commutes, where ju, ,, is defined by i, (0" - y) = ¢ - ([wP)] [ ()
Proof. See [1, Theorem 4.5]. O

In [1, Section 4], if p < 00, a root class R™ of f™ is reducible if p < n and there
exists 7 € 7 such that 0,,(R™) = 1, ,(¢" ) - v). Otherwise, it is irreducible.
If p = oo, then all the root classes of f™ are irreducible. The reducibility of a
root class is independent of the choice of w.

Combining Theorem 2.8 and Theorem 3.1 we have

Theorem 3.2. Let f : X — X be a selfmap of a path connected space and
p=p(f,a) <n. Then the diagram of pointed sets

REP(f) 2 RYTP(£)

ip,nJ/ ll‘p;n

ROV 2= REV(fu)

commutes, where Mp,n(V(nfp)) = ([w(p)] : f)ip(’Y))(n)'
Moreover, if p < kp <mp <n, then fimpn = Pkpn © Bim—k)pn—kp-

Definition 3.3. We say that a reduced f#-orbit R(™ is reducible to level n—mp
if p < mp < n and there exists v € 7 such that 6,,(R™) = g, . (v"™))
for some positive integer m. Otherwise, it is irreducible. The lowest level
d = d(R™) to which R reduces is its depth. A reduced ff-orbit R is said
to have the full depth property if

d(R™) + p=p-L(R™)
(compare [3, Definition 1.8]).
Remark 3.4. Note that in Theorem 3.2, if p < mp < n and the reduced f*-orbit
of a root class is reducible to n — mp, then it is reducible to n — p. In other

words, the reduced ff-orbit of a root class is not reducible to n — p, then it is
not reducible to n — mp. It follows that Definition 3.3 is well defined.
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Remark 3.5. Note that if p | n and p < n, then the coordinate of the reduced
fr-orbit RS of the center R™ is 6, (R{™) = [w™]™ = p,_, . ([w®]@) by
Theorem 3.2, so d(R((ln)) = p. Thus it does not have the full depth property.

Theorem 3.6. Let f : X — X be a selfmap of a path connected space. If

p(f,a) = p|n and RY € R(f*), then the reduced fP-orbit of any root class of
f™ except the center has the full depth property.

Proof. Let R™ be the reduced f*-orbit of a root class R" and n = kp for some
k € Z4. The commutativity of the diagram in Theorem 2.8 shows that the
length of R(™ is equal to the length of its coordinate. If p = n, then clearly
every reduced fP-orbit except the center has the full depth property. Thus we
can assume p < n.

Suppose that £(R"™) = ¢ > 1 and 6,,(R") = ¢ - [w™ % f*(c)] for any path
¢ from a to x in R™. Then, by the definition of length, we have

271 (0n(BM) = ™) - 0™ = 0, (RY)
and
211 Ba(R™)) = 67 - [w™ s g7 (w00 4 fE=D2(c) )],
Since fU~Vr(z) € fE~VP(R™) = R? and R? € R(f*) by hypothesis, there
exists a path p : I — X from f~1?(z) to a such that f# op ~ a,. For the
loop w(¢=1P) « fE=Dr(c)xpat a and p <n— (£ —1)p < n , we have
Mnf(ffl)p,n(é((871)p) . (w((lfl)p) " f(ﬁfl)p(c) %)

= ¢ . ([wn= =D, fﬁ”—(f—l)P(w((@*l)p) « FEDP(e) x p)
= ¢ ™ . fr(e) . e ()

= ¢ w™ . f7(e)

= 0,(R").

Therefore we have d < (¢ — 1)p by the definition of depth.

On the other hand, suppose that d(R™) = d = kp — mp > 0. Then, by
the definition of depth, there exists v € 7 such that 6,,(R") = ,ump’n(¢("_mp) .
7). By the commutativity of the diagram in Theorem 3.2 and Lemma 2.6(1),
[fo]F=m (p(=m)p) . ) = p((k=m)p) 4y ((k=m)P) " this implies that

A 0n(B) = (£ 0 ptmpn (8777 -)
= ttmpan © L] (@) )

= umpm((b((kfm)p) p((F=m)e)y
= ¢ . ([w(mp)] . fgnp(w((k—m)p)))
=™ . w™.

This means that £ — 1 < k — m by the definition of length, so (¢ — 1)p <
(k—m)p=d. O
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Example 3.7. As in [1, Example 6.1], let S' = {z : | 2 |= 1} be the unit
circle in the complex plane and let f : S — S! be defined by f(z) = 23. If
we choose a = 1, then p(f,a) = 1. A direct computation shows that R(f™) =
{zp = e372™ | | = 0,1,...,3" — 1}, where every root class is a singleton.
Taking w be the constant path and c; the arc from 1 to 2 in the counter-
clockwise direction, the coordinate 6,,(z}') of the root class z}' can be identified
with k € 7/¢™) = Zza. Since fy : 1 — m is given by fi(7) = 37 and py,, is
determined by fé” for m < n, it follows that the reduced f-orbit Z](Cn) of the root
class 2z} is reducible to n — m if and only if ¥ = 0 (mod 3™). By Theorem 3.6,
every reduced f-orbit except the center has the full depth property.

If we choose a = e™/2, then p(f,a) = 2. Thus we have R(f") = {2 =
e¥3m2m | | = 0,1,...,3" — 1}. Taking w be the arc from a to f(a) in the
counter-clockwise direction and cj, the arc from a to 2} in the counter-clockwise
direction, as the above case, the coordinate 6, (z}}) of the root class 2]} can
be identified with k € w/qb(”) = Zsn. Consider n = 3, in this case, pg 3 is
determined by w® + f7, it follows that the reduced ff-orbit z,i?’) of the root
class z} is reducible to 1 if and only if K —2 = 0 (mod 3%). Thus we have

d(zﬁ)) =1 and é(zﬁ)) =2, 50 zﬁ) does not have the full depth property.
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