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STRONG CONVERGENCE OF AN ITERATIVE METHOD
FOR FINDING COMMON ZEROS OF A FINITE FAMILY OF
ACCRETIVE OPERATORS

JoONG Soo JuNG

ABSTRACT. Strong convergence theorems on viscosity approximation me-
thods for finding a common zero of a finite family accretive operators are
established in a reflexive and strictly Banach space having a uniformly
Gateaux differentiable norm. The main theorems supplement the recent
corresponding results of Wong et al. [29] and Zegeye and Shahzad [32]
to the viscosity method together with different control conditions. Our
results also improve the corresponding results of [9, 16, 18, 19, 25] for finite
nonexpansive mappings to the case of finite pseudocontractive mappings.

1. Introduction

Let E be a real Banach space and C' be a nonempty closed convex subset
of E. Recall that a mapping f : C — C'is a contraction on C' if there exists
a constant k € (0,1) such that ||f(z) — f(y)|| < k|lz —y|, =, y € C. We use
Y¢ to denote the collection of mappings f verifying the above inequality. That
is, X¢ = {f : C — C| f is a contraction with constant k}. Note that each
f € ¥¢ has a unique fixed point in C.

Now let T : C — C be a nonexpansive mapping (recall that a mapping
T :C — C is nonexpansive if |Tx — Tyl < |z —y|, =, y € C), and F(T)
denote the set of fixed points of T'; that is, F(T) = {z € C : & = Tx}. T is
called pseudocontractive if there exists j(x —y) € J(z — y) such that

(Tx — Ty, j(z —y)) < ||z —y|* for all 7, y € C,

where J is the normalized duality mapping from E to 2F". Clearly the class of
nonexpansive mappings is a subset of the class of pseudocontractive mappings.
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Closely related to the class of pseudocontractive mappings is the class of
accretive operators. Recall that a (possibly multivalued) operator A C E x
E with the domain D(A) and the range R(A) in E is accretive if, for each
x; € D(A) and y; € Ax; (i = 1, 2), there exists a j € J(z1 — x2) such that
(y1 — y2,7) = 0. (Here J is the duality mapping.) An accretive operator A
is said to satisfy the range condition if D(A) C R(I 4+ rA) for all » > 0. An
accretive operator A is m-accretive if R(I +rA) = E for each r > 0. If A is
an accretive operator which satisfies the range condition, then we can define,
for each 7 > 0 a mapping J, : R(I +1rA) — D(A) defined by J, = (I +rA)~1,
which is called the resolvent of A. We know that J,. is nonexpansive single-
valued mapping and F(J,.) = A710 for all 7 > 0. The set of zero of A is denoted
by N(A), that is,

N(A):={x € D(A):0¢€ Az} = A~'0.

If A=10 # 0, then the inclusion 0 € Az is solvable. We also observe that x
is a zero of the accretive operator A if and only if it is a fixed point of the
pseudocontractive mapping T = I — A. It is well known that if A is accretive,
then the solutions of the equation 0 € Az correspond to the equilibrium points
of some evolution systems. For this reason, iterative methods for approximating
the zeros of accretive operator A have extensively been studies over the last
forty years (see, e.g., [1, 2, 3, 4, 5, 6, 13, 14, 15, 20, 22, 23, 24, 31]).

Let C be a closed convex subset of £ and T' : ' — C a nonexpansive
mapping. In [16], Kirk studied the iterative scheme given by

Tpi1 = oy + ay Ty + axT?z, + - + ax T z,, n >0,

where xg € C, a; > 0, ag > 0 and Zf:o a; = 1 for approximating fixed points
of nonexpansive mappings. Liu et al. [18] introduced the following iterative
scheme for finite nonexpansive mappings 7; : C — C (i =1,...,k):

(1.1) Tntl = aoTp + 1112y + axTozy + - + ap Tz, n >0,

where g € C, a; > 0, ag > 0 and Zf:o a; = 1, and showed that {z,}
generated by (1.1) converges to a common fixed point of T; (i = 1,2,...,k),in a
Banach space with a certain property, say, condition A. The result improved the
corresponding result of Kirk [16], Maiti and Saha [19] and Senter and Doston
[25]. In 2002, Jung [9] established the weak convergence of {z,} generated
by (1.1) in a reflexive and strictly convex Banach space having a uniformly
Gateaux differentiable norm.

Recently, Zegeye and Shahzad [32] considered the following iterative scheme
for a finite family of m-accretive operators 4; : C — E (i =1,...,k):

(1.2) Tnt1 = apu+ (1 — o) Skay, n >0,
where Sy = aol + a1Ja, + asJa, + - + apJa, with Ja, : (I + A;)7* for
0<a;<1(i=0,1,...,k), Zf:(] a; = 1, and under the control conditions:

(i) limy,—eo ap =0,
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(ii) >0, an = oo, or, equivalently, [[°2 (1 — a,,) =0,
Ian+1_an| — 0

(iil) D07 o [ang1 — an| < 0o, or (iii)* lim, e p—

showed that the sequence {z,} generated by (1.2) converges strongly to a
common solution of the equation A;x 3 0 for ¢« = 1,...,k in a reflexive and
strictly convex Banach space having a uniformly Gateaux differentiable norm
and satisfying that every weakly compact convex subset of F has the fixed
point property for nonexpansive mapping. On the other hand, as the viscos-
ity approximation method, Moudafi [21] and Xu [30] considered the iterative
scheme: for 7' a nonexpansive mapping, f € X¢ and «, € (0, 1),

(1.3) Tnt1 = Anf(2n) + (1 — an)T2y, n>0.

Under the conditions (i), (ii) and (iii) on {ay,}, Xu [30] showed in a uniformly
smooth Banach space that the sequence {x,} generated by (1.3) converges
strongly to a fixed point of T, which solves a certain variational inequality. The
results of Xu [30] extended the results of Moudafi [21] to a Banach space setting.
In 2006, Jung [10] considered the iterative scheme: for N > 1, Ty, Ts, ..., Tk
nonexpansive mappings, f € X¢ and «,, € (0,1),

(1.4) Tnt1 = anf(xn) + (1 — ap)Thi1T,, n >0,

where T}, := T}, mod &, and extended results of Xu [30] (and Moudafi [21]) to
the case of a family of finite nonexpansive mappings. In particular, under the
conditions (i), (ii) and the perturbed control condition on {a,,}

(iv) |ant+r — an| < olaptr) + on, ZZOZO op < 00,
he obtained the strong convergence of the sequence {x,,} generated by (1.4) to a
solution in ﬂle Fix(T;) of a certain variational inequality in a reflexive Banach
space having a uniformly Géateaux differentiable norm with the assumption
that every weakly compact convex subset of F has the fixed point property for
nonexpansive mapping, and gave an example which satisfies the conditions (i),
(ii) and (iv), but fails to satisfy the condition (iii) for k > 1; Y0 |tk —an| <
00.

In this paper, motivated by above-mentioned results, we introduce the vis-
cosity approximation method for a finite family of accretive operators: for
resolvent J,, of accretive operator A; such that ﬂle N(4;) # 0 and D(A) C
CCNsoRUIA+7A;) (i=1,...,k), f€Xc and {an}, {Bn} C (0,1),

ro=xz € C,
(IS) Yn = ﬂnxn + (1 - ﬂn)Skmnv
Tyl = anf(2n) + (1 — an)yn, n >0,

where Si = aol + a1J,fi1 + agJéF 4+ akJ;‘]‘c’“ with Jéi = (I +r;A;)~ 1
forr; >0,and 0 < a; <1 (i =0,1,...,k) and Zf:o a; = 1, and establish
the strong convergence of the sequence {z,} generated by (IS) to a common
solution of the equations A;z > 0 for ¢ = 1,...,k, in a reflexive and strictly
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convex Banach space having a uniformly Gateaux differentiable norm under
certain different control conditions on sequences {c,} and {8,}. The main
results improve the recent results of Wong et al. [29] and Zegeye and Shahzad
[32]. Our results also improve the corresponding results of [9, 16, 18, 19, 25] for
finite nonexpansive mappings to the case of finite pseudocontractive mappings.

2. Preliminaries and lemmas

Let E be a real Banach space with norm || - || and let E* be its dual. The
value of f € E* at € E will be denoted by (z, f). When {z,} is a sequence
in E, then z,, — x (resp., z, — =, z, — x) will denote strong (resp., weak,
weak™) convergence of the sequence {z,} to x.

The norm of F is said to be Gdteaux differentiable if
o) ety ]

t—0 t

exists for each z, y in its unit sphere U = {x € E : ||z| = 1}. Such an F
is called a smooth Banach space. The norm is said to be uniformly Gateaux
differentiable if for y € U, the limit is attained uniformly for x € U. The space
E is said to have a uniformly Fréchet differentiable norm (and FE is said to be
uniformly smooth) if the limit in (2.1) is attained uniformly for (z,y) € U x U.
It is well known that if E has a uniformly Gateaux differentiable norm, J is
uniformly norm to weak* continuous on each bounded subsets of E ([7, 28]).

The (normalized) duality mapping J from E into the family of nonempty
(by Hahn-Banach theorem) weak* compact subsets of its dual E* is defined by

J(@) ={f € E" : {, ) = || = I £II"}

for each x € F. It is single valued if and only if E is smooth.

A Banach space E is said to be strictly convezif ||a1z1+asza+ - Fapzg| <1
forz; € E (i=1,2,...,k) with ||z;|| =1 (1 =1,2,...,k) and x; # =, for some
i # j, and for a; € (0,1) (¢ =1,2,...,k) such that Zle a; = 1.

Let D be a subset of C. Then ) : C — D is called a retraction from C' onto
D if Qr = x for all x € D. A retraction @ : C — D is said to be sunny if
Q(Qzr +t(x —Qx)) = Qz for all x € C and t > 0 whenever z +t(z — Qz) € C.
A subset D of C is said to be a sunny nonexpansive retract of C' if there exists
a sunny nonexpansive retraction of C' onto D for more details, see [8]. In a
smooth Banach space FE, it is known [8, p. 48]) that @ : C — D is a sunny
nonexpansive retraction if and only if the following condition holds:

(2.2) (x—Qx,J(z—Qx)) <0, ze€C, z€D.

We need the following lemmas for the proof of our main results. Lemma 2.1
was also given in [11]. Lemma 2.2 is Lemma 2 of [27] and Lemma 2.3 is
essentially Lemma 2 of [17].
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Lemma 2.1. Let X be a real Banach space and J be the duality mapping.
Then, for any given x, y € X, one has

2+ ylI* < ll2[* + 2(y. j(z +y))
for all j(x+y) € J(xz +vy).

Lemma 2.2. Let {z,} and {w,} be bounded sequences in a Banach space E
and let {y,} be a sequence in [0,1] which satisfies the following condition:

0 < liminf vy, < limsup~y, < 1.

n—00 n—00

Suppose that Tp11 = YnZn + (1 — vn)wy, n >0, and

limsup([|[wn+1 — wal| = [[Tn+1 — 20|) < 0.
n—oo

Then lim,_, ||w, — 2,|| = 0.
Lemma 2.3. Let {s,} be a sequence of non-negative real numbers satisfying
5n+1 S (]- - )\n)sn + )\nén + f}/na n Z 07

where {\,}, {0n} and {v,} satisfy the following conditions:

(1) {An} C[0,1] and Y07 o A = 00;

(i) lmsup, . 6, <0 or Y07 A\ud, < 00;

(iii) 7, >0 (n>0), D07 v < 00.
Then lim,,_, S, = 0.

By using the same method as Lemma 3.1 in [32], we can prove the following
lemma. So we omit its proof.

Lemma 2.4. Let E be a strictly convex Banach space. Let C' be a nonempty
closed convex subset of E and A; C Ex E (i =1,...,k) accretive operators in

E such that (\'_, N(4;) # 0 and D(A;) C C C oo R(I +rA;). Let Sy, ==
aol + a1J,ﬁ1 + o+ apJik with J;f?i = (I +r;A)7 Y forr; >0 (i=1,...,k),
0<a; <1 (@=0,1,...,k) and Zf:o a; = 1. Then Sy is nonexpansive and
F(Sk) = iz N(A).

3. Main results

Now, we study the strong convergence results for the iterative scheme (IS)
in Banach spaces.
We need the following result for the existence of a solution of the variational
inequality
(I=1)q),J(g=p) <0, [feXc, peF(T),
which Jung and Sahu [12] established recently.

Theorem JS. ([12, Theorem 2]) Let E be a reflexive and strictly convex Ba-
nach space having a uniformly Gateaux differentiable norm, C a nonempty
closed convex subset of E, A: C — C a continuous strongly pseudocontractive
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mapping with constant k € [0,1) and T : C — E a continuous pseudocontrac-
tive mapping satisfying the weakly inward condition. If T has a fixed point in
C, then the path {x.} defined by

x =tAz + (1 — )Tz, te(0,1)

converges strongly to a fixed point q of T, which is the unique solution of a
variational inequality:

(I —A)q,J(g—p)) <0 forall pe F(T).

Remark 3.1. (1) Theorem JS generalizes Theorem 3.1 of Song and Chen [26] to
a more general class of mappings. In fact, in Theorem 3.1 of [26], T : C — C
is a nonexpansive self-mapping and A = f is a contraction.

(2) In Theorem JS, if A(z) = u, x € C, is a constant and Qu = ¢ =
lim;_,¢ @, then it follows from (2.2) that @ is reduced to the sunny nonexpan-
sive retraction from C onto F(T),

(Qu—u, J(Qu—p)) <0, wveC, peF(T).
Using Theorem JS, we establish the following main result.

Theorem 3.1. Let E be a reflexive and strictly convex Banach space having
a uniformly Gateauz differentiable norm. Let C be a nonempty closed convex
subset of E and A; C E x E (i = 1,...,k) accretive operators in E such that
N, N(A;) # 0 and D(A;) € C C Moo BRI +7A). Let {an} and {B,} be
sequences in (0,1) which satisfy the conditions:

(C1) lim,— oo vy = 0;

(C2) 3o02pan = o00;

(C3) 0 < liminf, .o 3, <limsup, _ . Gn < 1.

Let f € ¥¢ and xg € C be chosen arbitrarily. Let {x,} be a sequence generated
by

rog=x € C,
(IS) Yn = BnTn + (1 - ﬁn)Skxna

Tp4+1 = O‘n.f(xn) + (1 - O‘n)yna
where S = agl + alJ;?l + e+ akJ;fli’c with J;?i = (I +7r;A)7 " forr; >0
(i=1,...,k),0<a <1(G=01,...k) and Y5 ja; = 1. Then {z,)}
converges strongly to q € F(Sy) = ﬂle N(A;), where q is the unique solution

of the variational inequality

((I-f)q),J(g—p) <0, feXc, peF(Sk).
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Proof. First, we note that by Theorem JS and Lemma 2.4, there exists the
unique solution g € F(S;) = ﬂle N(A;) of the variational inequality
(U= f)a),J(a—p) <0, feXc, peF(S),
where ¢ = lim; 0 z; and z; is defined by z; = tf(2¢) + (1 —¢)Skz for 0 < ¢t < 1.
We proceed with the following steps:

Step 1. We show that [z, — pl| < max{|lzo — pl, 71 |/(p) - pll} for al
n > 0 and all p € F and so {z,} is bounded. Indeed, let p € F(Sk) and
d = max{|lzo — pll, 72| f(») — pll}. Noting that

[yn = pll < Bnllen =l + (1= Ba)1Skzn = pll < ll2n = pll;

we have
lz1 —pll < (1 —ao)llyo — pll + ol f(w0) — Pl
< (1= ao)llzo — pll + ao(|lf(x0) = F(O)II + I f(p) — pII)
< (1= (1 =k)ao)|zo — pll + aollf(p) — pl
<(1-01-kay)d+ ag(l—k)d=d.

Using an induction, we obtain ||z,+1 — p|| < d. Hence {x,,} is bounded, and so
are {yn}, {Skxn} and {f(2n)}.

Step 2. We show that lim,, o |[|n+1 — zn]. To this end, set v, = (1 —
ap)Bn, m > 0. Then it follow from (Cl)and (C3) that

(3.1) 0 < liminf v, <limsup~, < 1.
n—00 n—00

Define

(32) Tnt1 = YnTn + (1 - ’Yﬂ)wn

Observe that

ITn+2 — Yn4+1Tn+1 Tpn4+1 — YnTn
Wn41 — Wp = -

L=Vt 11—,
(3.3) = g1 f(Tns1) + (1 — g 1)Yng1 — Yng1na
I =Yg
~anf(za) + (1= an)yn — Ynn
L=
_ (an+1f($n+1) _ Oznf(xn)>
N I —=Ynt1 1—,
— (1 — an)[ﬁnl'n + (1 — Bn)Skxn] — YnTn
1- Tn
+ (1 — ani1)[Brs1®nsr + (1 = Bnt1)SkTnt1] — Ynt1ZTni1
I —Ynt1

_ (Oén+1f($n+1) B Olnf(fn)> 4 A= one) (= Burr) Seni
1- Tn+1 1- Tn 1- Tn+1
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(1 - an)(]- - ﬂn)Skxn

1- Tn
i1 f(Tni1) O‘nf(l'n)>
= - + (Skxpi1 — Spxy,
< ]- - ’YnJrl 1 — Tn ( K 1 k )

Q1 Oy
— ST 1 + —— Sk
e T

It follows from (3.3) that

”wnJrl - wn” - Hxn+1 - an

3.4 Qp+1 «

B4 < O ()] 4 [Semsn )+ 22 ([ @) |+ [1Sezal)-
1- Yn+1 1—v,

Since {f(zn)} and {Skx,} are bounded, by (C1), (3.1) and (3.4) we obtain
that

lim sup(ffewn 1 = wnll = [|zn1 = 2a[)) < 0.
Hence by Lemma 2.2, we have
(3.5) nlLII;O |lwn, — 2, || = 0.
It then follows from (3.1) and (3.2) that
Tm [l 1 — ] = 0.

Step 3. We show that lim,— . ||€n — Sgxn|| = 0. Indeed, as a consequence
with the control condition (C1), by Step 1, we get

(3.6) [2nt1 = ynll < an(lf @)l + llynl) = 0 (n — o0).
Combining Step 2 and (3.6), we get
(3.7) lim ||, — yn| = 0.
n—oo
Observe that
(38) Yn — Tn = (1 - ﬁn)(skxn - xn)
It follows from (C3), (3.7) and (3.8)

lim ||z, — Skz,|| = 0.

n—oo

Step 4. We show that limsup,,_, .. (I — f)(q),J(¢ — z)) < 0. To prove
this, let a subsequence {z,,, } of {x,} be such that

i sup((7 = f)(g), J(q = 2n)) = lim (I = f)(q), J(q = 2n,))

oo

and
Tp, —p for somepe E.
Now let z; be defined by z; = ¢f(z:) + (1 — t)Sgz: for 0 < ¢t < 1. Then

2t — xn = (1 =) (Skze — xn) +t(f(2) — xn).
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Applying Lemma 2.1, we have
lze = 2al® < (1= 8)?(|Skze — @nll® + 26(f (2¢) — n, I (2 — 20))-
Putting
a;j(t) = (1 = )*[1Sk@n, — @u,ll2llze = 20, || + [Sk2n; — 20, [1) = 0 (j — o0)
by Step 3 and using Lemma 2.1, we obtain
lze = @n,lI* < (1= )2kt — @, [I* + 26(f (2) = 2y, I (2t — @)
< (1= )*(1Skze — Skn, || + 1Skan, — ;)
+2t(f(2¢) — 21, J (2t — ;) + 2t|| 2 — xnsz
< (L= 1)z — @, II* + a;(1)
+ 26(f (20) — 21, J (2t — T, ) + 2t 20 — 2, |2
The last inequality implies

(22 = F(2), Tz = 20, )) < llee =, P+ oa5(0)

2t
It follows that
t
j—o0
where M > 0 is a constant such that M > |z, — z,||? for all n > 0 and
€ (0,1). Taking the limsup as ¢ — 0 in (3.9) and noticing the fact that the
two limits are interchangeable due to the fact that the duality mapping J is
norm to weak® uniformly continuous on bounded subset of F, we have

limsup((I — £)(@). J(q — 2a,)) < 0.

j—oo
Indeed, letting ¢ — 0, from (3.9) we have
lim sup lim sup(z; — f(z¢), J (2t — xn;)) < 0.

t—0 j—o0 -

So, for any € > 0, there exists a positive number §; such that for any ¢ € (0, 07),

. €
limsup(z; — f(20), J (2 — xn,)) < 5.
Moreover, since z; — q as t — 0, the set {z; — x,,,} is bounded and the duality
mapping J is norm to weak® uniformly continuous on bounded subset of F,
there exists d2 > 0 such that, for any ¢ € (0, d2),

(g = fq), J(q = an;)) — (20 = [(21), T (20 — n, )|
< ( ) (q - xnj)_ J(Zt - xﬂj)>+<q - f(q) - (Zt - f(Zt)),J(Zt - wnJ)>|
< g = f@), (2t — an,) = J(q — @, )+ la = f(@) = (2 = f(2e) ||z — n, |

A

€
>
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Choose 6 = min{dy, 62}, we have for all t € (0,6) and j € N,
(@ = F(@), T(q = @0,)) < (2t = Fz0), Tz =20, )) + 5
which implies that
limsuplg — £(q), J(q = 2a,)) < limsup(z — f(z1), J (2 = 20,)) + 5.

j—oo j—o0o
Since limsup,_, (2t — f(2t), J (2t — xp;)) < §, we have

limsup(q — f(q), J(q — zn;)) <&

J—0o0

Since ¢ is arbitrary, we obtain that

limsup((1 — f)(q), J(q — xn,)) < 0.

j—ro0
Step 5. We show that lim,, . ||z, — ¢|| = 0. By using (IS), we have
Tnt1 = ¢ = an(f(zn) = @) + (1 = an)(yn — ).
Applying Lemma 2.1, we obtain
[2n41 = gql* < (1= an)?lyn — all* + 200 (f(zn) — ¢, T (Tnt1 — q))
< (1= an)?zn — all* + 220 (f(z0) = F(@), T (@1 — )
+2an(f(q) — @, I (Tnt1 — @)
< (1= an)?zn — ql|* + 2kanlzn — gll|lznt1 — gl
+ 200 (f(q) — @, J (Tn41 — q))
< (1= an)?lzn — all* + kan(lzn — ql® + 2041 — al?)
+2an(f(q) — ¢, J (Tnt1 — q))-

It then follows that

1—(2—k)a,+a? 9
=0 L %, g

e @) = 0. T~ 0)
1-(2-k)a,
T
20,
1—ka,

nt1 = gll* <

(3.10)

lm —all? + —1 1
1—ka,

<(I - f)(Q)’ J(q - J?n+1)>,

IN

+

where M = sup,,>q ||z, — ¢|[*. Put

21 — k)ay,

An = 1= ka, and
M n
=50 - Bt 1ik<<1 — )(a), J(q = Tns1)).
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From (C1), (C2) and Step 4, it follows that A, — 0, >>° /A, = oo and
lim sup,, o, 9n < 0. Since (3.10) reduces to
[@ns1 — qH2 < (= A)llzn — q||2 + Andn,

from Lemma 2.3, we conclude that lim, . ||z, — ¢|| = 0. O

Corollary 3.1. Let E be a uniformly conver and uniformly smooth Banach
space. Let A; (i =1,...,k) be m-accretive operators in E such that C = D(A;)
is convex and ﬂle N(A;) #0. Let J& (i =1,...,k), Sk, {an}, {Bu}, [, w0
and {x,} be as in Theorem 3.1. Then the conclusion of Theorem 3.1 still holds.

Remark 3.2. (1) Theorem 3.1 supplements Theorem 3.3 of Zegeye and Shahzad
[32] in several aspects. In particular, Theorem 3.1 develops Theorem 3.3 of
Zegeye and Shahzad [32] to the viscosity method and removes the assumption
imposed in Theorem 3.3 of Zegeye and Shahzad [32] that every nonempty closed
bounded convex subset of E has the fixed point property for nonexpansive

mappings. Moreover, by using the iterative scheme (IS), Theorem 3.1 removes
|an+1 _anl

o). o' .
the condition ) " |ap41—ay| < 0o orlim, . o

{a,,} in Theorem 3.3 of Zegeye and Shahzad [32].
(2) Using the iterative scheme (IS), Theorem 3.1 also develops Theorem 6.3

\0w+1 Otn\
Qn41

(3) In general, the conditions (C3) in Theorem 3.1 and the condition

imposed on sequence

of Wong et al. [29] without the condition lim,,

Z |ﬁn+1 - ﬁn| < 00
n=0

are not comparable; neither of them implies other.

As a direct consequence of Theorem 3.1, we obtain strong convergence to a
common fixed point of a family of pseudocontractive mappings.

Theorem 3.2. Let E be a reflexive and strictly convex Banach space having
a uniformly Gateauz differentiable norm. Let C be a nonempty closed convex
subset of E andT; : C — E (i = 1,..., k) pseudocontractive mappings such that
(I —T;) is m-accretive on C with ﬂle F(T)#0. Let Jr, := I+ (I —T;)) !
=@2I-T;)7 "t fori=1,...,k. Let {a,} and {B3,} be sequences in (0,1) which
satisfy the conditions:
(C1) limnHoo oy = 0;
(C3) 0< lim 1nfnﬂOQ Brn <limsup,,_, . On < 1.
Let f € ¢ and xg € C be chosen arbitrarily. Let {x,} be a sequence generated
by
xg=a € C,
Tp+1 = anf(zn) + (1 — an)yn, n>0
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where Sy, == aol + a1Jpr, + -+ + apJp, for 0 < a; <1 (1 =0,1,...,k) and
Zf:o a; =1. Then {z,} converges strongly to q € F(Sy) = ﬂle F(T;), where
q 1s the unique solution of the variational inequality

(I=f)a),J(g=p) <0, fEZc, p€EF(Sh)

Proof. Let A; := (I —T;) for each ¢ = 1,...,k. Then clearly, F(T;) = N(A;)
and hence ﬂle N(4;) = ﬂle F(T;) # 0. Moreover, each A; fori =1,...,k
is m-accretive. Thus the results follows from Theorem 3.2. g

Remark 3.5. (1) Theorem 3.2 complements Theorem 3.9 of Zegeye and Shahzad
[32] to the viscosity method together with certain different control conditions
in more general Banach space.

(2) Theorem 3.2 also develops the corresponding results of [9, 16, 18, 19,
25] for finite nonexpansive mappings to the case of finite pseudocontractive
mappings.

(3) We point out that our results are applicable to, in particular, in all LP
spaces, 1 < p < 00.

Acknowledgement. The author would like to thank the anonymous referee
for his valuable comments and careful reading of the paper.
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