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LEFT-INVARIANT MINIMAL UNIT VECTOR FIELDS ON
A LIE GROUP OF CONSTANT NEGATIVE
SECTIONAL CURVATURE

SEUNGHUN YT

ABSTRACT. We find all left-invariant minimal unit vector fields and stro-
ngly normal unit vector fields on a Lie group which is isometric to the
hyperbolic space.

1. Introduction

A smooth unit vector field on a Riemannian manifold (M, g) is a cross section
of its unit sphere bundle T (M) and hence can be viewed as a submanifold of
T*(M). If the manifold M is compact and T*(M) is equipped with a natural
Riemannian metric gs called the Sasaki metric, then the volume of the unit
vector field is defined as the volume of this submanifold.

For the problem of determining unit vector fields which have minimal vol-
ume, Gluck and Ziller showed that the unit vector fields of minimal volume on
S3 are precisely the Hopf vector fields and no others ([7]). But in the higher
dimensional spheres, S?"*1 k > 2, this is not the case ([4], [8], [10]).

The problem of finding unit vector fields of the minimum volume seems to
be very difficult, so it is natural to consider the problem of finding the critical
values or critical points of the volume functional.

Gil-Medriano and Llinares-Fuster proved that a unit vector field is a critical
point of the volume functional if and only if the corresponding immersion in
(T'M, gs) is minimal ([3]). So we call such unit vector fields minimal even
though the manifold is not compact.

Many examples of Riemannian manifolds and Lie groups equipped with left-
invariant minimal unit vector fields are provided ([1], [2], [3], [5], [6], [12], [13]).
But there are very few manifolds on which we know all the minimal unit vector
fields. Even for almost examples of the Lie groups, not all the left-invariant
minimal unit vector fields are provided but only some of them are found to be
minimal.

Received September 26, 2008.

2000 Mathematics Subject Classification. 53C20, 53C25, 53C42.

Key words and phrases. left-invariant minimal unit vector field, Lie group, hyperbolic
manifold.

(©2009 The Korean Mathematical Society
713



714 SEUNGHUN YI

The aim of this paper is to provide a Lie group with all the left-invariant
minimal unit vector fields as follows. For an integer n > 1, a Lie group G, is
defined as follows.

G, ;:{(1 0 >€GL(n,R)veR”1,s>0},

v sl,_1
where v € R*™! and I,,_; is the (n — 1) x (n — 1) identity matrix. Then the
Lie algebra g,, of G, consists of the n x n matrices of the form

(O 0 ),UER"_I,seR.
v sl,_1

Let {e1,€a,...,€,_1} be the usual orthonormal basis for R*~!. Put

0 0\ . 0 0
Ei_(ei 0>,z<n, E"_(O In1>.

Then the set {E1, Es,...,E,_1, E,} is an orthonormal bases for g,,.
The set of all left-invariant minimal unit vector fields on the Lie group G,
is as follows which is the main result of this paper.

Theorem 1.1. For the Lie group Gy every left-invariant unit vector field is
minimal. For the Lie group Gn,n > 2, the set of left-invariant minimal unit
vector fields is {+E,} U (SN E;L), where S is the unit sphere of gy,.

In Section 2 we give some basic notions and facts. In Section 3 we prove
the main theorem and in Section 4 we find the set of all strongly normal unit
vector fields on the Lie group G,,.

The author would like to express his deep gratitude to K. B. Lee for many
valuable discussions and to the anonymous referee for helpful comments.

2. Minimal unit vector fields

Let (M, g) be a smooth Riemannian manifold, V be the Levi-Civita connec-
tion on (M, g) and R be the associated Riemannian curvature tensor with the
sign convention Ryy = Vixy] — [Vx, Vy].

We assume that the set x'(M) of unit vector fields on M is non-empty. For
V e x'(M), let Ly be a tensor field defined by

where I is the identity map and (VV)* is the adjoint. Then Ly is positive

definite and symmetric. Put f(V) = (det Ly)2. For a closed manifold M, we
define the volume functional F : x'(M) — R by

FV)= [ g

where dv is the volume form on (M, g).
Now let Ky be a (1,1)-tensor field define by

Ky =f(V)-Ly' o (VV)*
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and a 1-form wy associated to V' by
wy (X) = tr(Z — VzKy)(X).

For an orthonormal basis {E1, Ea, ..., E,} of the tangent space, wy (X) is
given as follows.

n
wr(X) = 3 g((V i, K )(X), E).
i=1
In [3] it is shown that a unit vector field V' is a minimal immersion if and
only if the 1-form wy annihilates the distribution H" consisting of tangent
vectors orthogonal to V. Moreover it is shown that V is a critical point of the
volume functional if and only if the map V : M — (T'M, g;) is a minimal
immersion, where (T'M,g,) is the unit tangent bundle T'M equipped with
the Sasaki metric g,. For this reason we define minimal unit vector fields on a
manifold which is not necessarily compact as follows.

Definition 2.1. A unit vector field V on a Riemannian manifold (M, g) is
called minimal if wy (X) = 0 for all X € H".

From now on we consider left-invariant unit vector fields on Lie groups.
Let G be an n-dimensional connected Lie group equipped with a left-invariant
metric and g be its Lie algebra. Let S be the unit sphere of g with respect to
the inner product (,) which is determined by the left-invariant metric on G.
Since V € §,VV, Ly, Ky and wy are invariant by left translation, the function
f can be considered as a function on S.

The distribution H" is invariant by left translation and can be identified
with the orthogonal complement V- of V in g and thus V- may be naturally
identified with the tangent space Ty S of the unit sphere S at V. Thus a
left-invariant unit vector field V' is minimal if and only if the 1-form wy on g
vanishes on V4 2 Ty, S([13)).

Proposition 2.1 ([13], Proposition 2.1). For X € TyS we have
wy(X) = —dfy(X) —tradg, x
and V is minimal if and only if
dfv(X) = —tradg, x
forall X € Ty S.

Thus on a unimodular Lie group G, i.e., tradx = 0, for all X € g, a left-
invariant unit vector field V' is minimal if and only if V is a critical point of
the function f on S.

For a non-unimodular Lie group G with a left-invariant metric, we denote
by U its unimodular kernel, i.e.,

U={X eg|tradx = 0}.
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Then U is an ideal of codimension 1 since tradx is a linear functional.
For a unit vector H which is orthogonal to U, the linear transformation ady
restricted to U is a derivation of U. So we have the following.

Proposition 2.2 ([13], Proposition 2.5). Let U be the unimodular kernel of a
non-unimodular Lie group such that adgl|y is a symmetric endomorphism of U
with respect to {,). Then a left-invariant unit vector field V' is minimal if and
only if it is a critical point of the function f on S.

We shall use this proposition 2.2 to find all the left-invariant minimal unit
vector fields on the Lie group G, which is isometric to the hyperbolic space
H™.

3. Proof of the main theorem

For an integer n > 1, define a Lie group G, as follows.

N ;{<1 0 >€GL(n,R)vER”1,s>O},

v sl 1
where v € R"~! and I,,_; is the (n — 1) x (n — 1) identity matrix. Then the
Lie algebra g,, of G,, consists of the n x n matrices of the form

(O 0 >,veR”1,seR.
v sl,_1

Let {e1,€a,...,€e,_1} be the usual orthonormal basis for R*~!. Put

0 0\ . 0 O
Ei_(ei O>,2<n, E”_(O In—l).

Then we have [E;, E;] =0 for 1 <1i,j <n, and [E,, Ey] = Ej for 1 <k <n.
Let G, be equipped with a left-invariant metric such that {Ey, Fa, ..., E,}
is an orthonormal basis for g,,.
Let V be the Levi-Civita connection of G,,. Then for X,Y, Z € g it satisfies
the following identity([9]).

1) (Vx¥,2) = L{IX, Y], 2) —{[V, 2], X) + {[Z,X], )},
For 1 <i,5 <n, 1 <k <n,itis easy to show that
(2) Ve FE;=6j;FE, VgFE,=-E;, Vg,E,=0.
Thus Kg,ag, = (R(E;, E;)E;, E;) = —1 and the Lie group (Gn, (,)) has con-
stant negative sectional curvature —1. In fact it is simply connected and
complete. Thus the Lie group (G, (,)) is isometric to the hyperbolic space
H™([11]).
Proof of the Theorem 1.1. For X = Y| a,E;, we have
tradx = Z(adXEj,Ej> = na,,.

Jj=1
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So the unimodular kernel U is the set {X € g|X = Z?:_ll a;F;} and a unit
vector orthogonal to U is E,,.

And for an element X € U we have ady(X) = X and thus adg|y = Id|y.
Therefore ad |y is a symmetric endomorphism of U with respect to (,). So by
the Proposition 2.2, a left-invariant unit vector field V' is minimal if and only
if V' is a critical point of f on S.

Let W =307 2By with Y277 22 = 1and V = 2B, +yW with 22 +3% = 1.
Then for j <n, Vg,V =yz;E, —xFE; and Vg,V = 0. So we have

n—1
VV =3 (yz ®a; — 2E; @ ay),
i=1
where {aq, aa,...,a,} is the dual coframe field of {F4, Es, ..., E,}. The ma-
trix form of VV is as follows.

—x 0 0 0
0 -z 0 0
vV = .
0 0 —T 0
yz1 Yz2 0 Yzpo1 O

So we have

n—2

F(V) = /det(I + (VV)*VV) = V2(1 + 2%)"7".
If n = 2, the function f becomes a constant function and thus every left-
invariant unit vector field is minimal.
Assume that n > 2 and let
f(x7y7zl7 e ,anl) = (1 + :L.z)T?
gl(x’y7z17"'7zn—1) = 12 +y2 -1= Oa
92(5571/72'17--~»an1) = Z% + - +ZZ,71 —-1= 07
where r = 22
By the Lagrange multiplier method, we have to solve the following simulta-
neous equation.
Vf=AVgi +uVgs
g1=0
g = 0.
Since
Vf=2rz(1+2%)"10,...,0),
Vg1 = (22,2y,0,...,0),
vy? = (Oa 07 2217 LR 2277,—1)7
the above equation becomes as follows:

(2rz(1+22)"710,...,0) = (2\z, 2\y, 2021, . . ., 220 1).
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So we have the following:

22z = 2rz(1 + x2)" 1,
2 \y =0,
2z; =0, 1=1,...,n—1,

~ Y~~~
S A
_ = D D

22 4y =1,
z%—|—~-~+z,2171:1.

In the equation (5), if u # 0, then we have z; =0,i=1,...,n — 1, and it
contradicts to the equation (7). So we have u =0,

In (4), we have A\ =0 or y = 0.

(i) If A =0, then x = 0 and thus y = £1.

(ii) If A # 0, then y = 0 and thus = +£1, A = 2r.

Therefore the set of critical points of f are as follows.

{(:t1707 Rly-eos Zn—l)a (05 t1,21,.. ., Zn—l)}7

where 21, ..., 2,_1 are arbitrary real numbers which satisfies the equation (5).
This completes the proof. (I

4. Strongly normal unit vectors

A unit vector field V' on a Riemannian manifold (M, g) is called normal if
Rxy preserves HV for all X,Y € HY, ie., g(RxyZ,V) =0 for all X,Y, Z €
HY. And V € x1(M,g) is called strongly normal if g(VxAy)Y,Z) = 0 for
all X,Y,Z € HY. Here, Ay = —VV. A vector field V is called killing if Ay
is skew-symmetric. It is easy to see that strongly normal unit vector field is
normal and a unit Killing vector field is strongly normal if and only if normal.

The set of all strongly normal unit vector fields on G,, is given as follows.

Theorem 4.1. For n > 2, the set of all strongly normal unit vector fields on
the Lie group Gy, is {£E,} U (SN E;), where S is the unit sphere of g, .

Proof. Let X = 1L a;B;, Y = 30 b;E;, Z = >0 apEy, and V =
Z;L:l piEy. And assume that a;, by, ¢, p; satisfies the conditions

X1 =1IY] =12l = V]| =1

and

(X,V)y=(Y,V)=(Z,V)=0.
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Then
(VxAv)(Y) = —Vx(VyV) + VvaV
n—1
=1
= (Z aibi)ann-
1=1
So we have

(VxAv)(Y). Z) = (3 aibi)eapn.
=1

If p, = 0, then V is strongly normal. Thus every vector in the set S N E;-
is strongly normal. If py = ps =--- = p,_1 =0, then a, = b, = ¢, = 0 and
thus FE,, is strongly normal.

Now assume that p,, - p; # 0, for some i, 1 < i < n. Put

1
X=Y=7=———=(—pEi +p.Ey).

Vit
Then (VxAv)(Y),Z) = p, - p; # 0. So the vector V = Y7 | p;E; with
Pn P 70,1 <i < n, is not strongly normal. This completes the proof. O

By the Theorem 1.1 and the Theorem 4.1, for n > 2, the set of minimal unit
vector fields and the set of strongly normal unit vector fields on the Lie group
G, are the same.
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