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On Fuzzy Strongly (r,s)-Irresolute Mappings
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Abstract

In this paper, we introduce the concepts of fuzzy strongly (r,s)-irresolute mappings and fuzzy strongly (r,s)-irresolute
semiopen mappings and investigate some properties of such mappings.
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1. Intorduction

The concept of fuzzy set was introduced by Zadeh
[12]. As a generalization of fuzzy sets, the concept of
intuitionistic fuzzy sets was introduced by Atanassov
[1]. Chang [2] defined fuzzy topological spaces using
fuzzy sets. Chattopadhyay, Hazra and Samanta [3] in-
troduced the concept of smooth fuzzy topological spaces
which are a generalization of fuzzy topological spaces.
Coker and Demirci [5] introduced intuitionistic fuzzy
topological spaces in Sostak’s sense as a generalization
of smooth fuzzy topological spaces [10] and in-
tuitionistic fuzzy topological spaces [4]. The concepts of
fuzzy (r,s)-open sets and fuzzy (r,s)-semiopen sets [7]
are introduced. Lee and Lee [9] introduced and studied
the concept of fuzzy strongly (r,s)-semiopen sets. Lee
and Kim [8] introduced and studied the concept of fuzzy
strongly (r,s)-semicontinuous and fuzzy strongly (r,s)
—-semiopen mappings. In this paper, we introduce the
concepts of fuzzy strongly (r,s)-irresolute mapping and
fuzzy strongly (r,s)-irresolute open mapping and in-
vestigate some characterizations for them.

2. Preliminaries

Let 7 be the unit interval [0,1] of the real line. A
member p of ¥ is called a fuzzy set of X. By 0 and
I, we denote constant maps on X with value 0 and 1,
respectively. For any p& 7%, u° denotes the comple-
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© fuzzy strongly (r,s)-irresolute, fuzzy strongly (r,s)-irresolute semiopen, fuzzy strongly (r,s)-irresolute

ment i—u. All other notations are standard notations of
fuzzy set theory.

Let X be a nonempty set. An intuitionistic fuzzy set
A is an ordered pair

A={< 2, pu2), v (2) >z e XY (simply, A=(pa:74))

where the functions p,:X — I and v, : X — I denote
the degree of membership and the degree of non-
membership, respectively, and 0 < p (z)+v,(z) <1 for
re X.

An intuitionistic fuzzy point =z, 5 in X is an in-
tuitionistic fuzzy set z(, 5=(t4,7v,4) where the func-
tions the functions p,:X — I and ~,: X — I are de-
fined as follows

(iu’A (y)7 Y4 (y) ) :{E(g’alﬁ)?, llf.fyy¢:£7

and 0<at+fg <1.

An intuitionistic fuzzy point z(, g is said to belong
to an intuitionistic fuzzy set A=(p,,7v4) in X, denoted
by z, 5 SA,if paz) >a and v,(z) <8 for 1€ X

An intuitionistic fuzzy set 4 in X is the union of all
intuitionistic fuzzy points which belong to A.

Definition 2.1 ([11) Let A=(u,,v,) and B=(pg, vz
be intuitionistic fuzzy sets on X. Then

(1) ACBiff py<py and 742 vp

(2) A=B iff A B and BS A.

(3) A€ =(y,14).

(4 AN B=(piy A pog, Ya N Vp)

(B5) AU B=(p vV pig, YaNV5)-

6) 0_=(0,1) and 1_=(1,0).



Let f be a map from a set X to a set Y. Let A=
(f4-74) be an intuitionistic fuzzy set of X and B=
(py-75) an intuitionistic fuzzy set of Y.

(1) The image of A under f, denoted by f(A4) is an
intuitionistic fuzzy set in Y defined by

FOA=(FQg), 1T-f(1-7)).

{2) The inverse image of B under f, denoted by

fYB) is an intuitionistic fuzzy set in X defined
by

fﬁl (B) :(fil(/l[f), fﬁl(’\y'/[f».

A smooth fuzzy topology [12] on X is a map
T:7+ 5 I which satisfies the following properties:
(1) T(O)=T(1)=1.
(2) T, A )= Tl AN Ty for py, =1
(3) T(V )= N Tp,) for p, &1

The pair (X.7) is alled a smooth fuzzy topological
space.

An intuitionistic fuzzy topology on X is a family T
of intuitionistic fuzzy scts in X which satisfies the fol-
lowing properties:

LWo.,1._ =T
(2) If A, A, T, then A, N A, T.
3)If A€ T for all i< then U A,ET.

The pair (X.7) is called an intuitionistic fuzzy topo-
logical space.

Let 7F(X) be a family of all intuitionistic fuzzy sets
of X and let 7& 7 be the set of the pair (r.s) such that
rseland 0<r+s< 1.

Definition 2.2 ([6]) Let X be a nonempty set. An in-
tuitionistic fuzzy topology in Sostak’s sense (SoIFT for
short) T=(7), 7,) on X is a map 1T: (X)) —>I® [
which satisfies the following properties:
(1) T,(0_)=T(1.)=1 and 7,(0_)=7,(1_)=0.
2) VAN B = T4, T.(B) and

T,(AN B < T,(A)V T,(B).
(3 TyUA)= N T(4) and T,(U A) =V T,(4,).

The (X, D=(X, 7, Ty} is called an intuitionistic
fuzzy topological space in Sostak’s sense (SoIlFTS for
short). Also, we call 77(A) a gradation of openness of
A and 7,(A) a gradation of nonopenness of A.

The fuzzy (rs)-closure and the fuzzy (rs)-
interior of A, denoted by cl(A, r.s) and int(A4. r. s),
respectively, are defined as

(A4, r, ) =n{Be IF(X):

{r.s)—closed},
nt(A. r, s) =U{Be IF(X):
(r.s)-opent.

A€ B and B is fuzzy

BS A and D is fuzzy

Fuzzy Strongly (r,.s)-Irresolute Mappings & h o1

Definition 2.3 )[9)] Let 4 be an intuitionistic fuzzy set
in an SolFTS (X,7},7,) and (r,s) € /® I Then A is
said to be fuzzy strongly (r,s)-semiopen (resp., fuzzy
strongly (r.s)—semclosed) if

ACint(clnt(A4, r. s), ,8), r.8)

(resp., cllint(cl(A4, 7, 8), 7.8), )< A).

Let 4 be an intuitionistic fuzzy set in an SolbETS (X,
7,,7,) and (r,8)E1Q 1

The fuzzy strongly {(r.s)-semiclosure and the fuzzy
strongly  (r.s)-semiinterior of A, denoted by sscl
(A, 7, s) and ssint( A4, r, 5), respectively, are defined as

sscl(A, r, s)=N{BEIF(X): A B and B is {uzzy
strongly (r,¢)-semiclosed},

ssint(A, r. s)=U{B=IF(X): BC A and B is fuzzy
strongly (r,s) -semiopen}.

Definition 2.4. ([5, &, 111) Let a mapping

[HX T, 1) - (Y, U, Uy) be on SoIFTS's X, Y and

(r.s)E 71X I Then f is said to be

(1) fuzzy {r.s)-continuous if for each fuzzy (r.s)-open
set Bof V¥, f7Y(B) is a fuzzy (r.s)-open set in X,

(2) fuzzy strongly (r,s)-semicontinuous if for each fuz-
zy (rs)-open set B of Y, f7HB) is a fuzzy
strongly (r,s)-semiopen set in X,

(3) fuzzy (r.s)-open if for each fuzzy (r,s)-open set B
of X, f(B) is a fuzzy (r,s)-open set in ¥,

(4) fuzzy strongly (r.s)-semiopen if for each fuzzy
(r.s)-open set B of X, f(B) is fuzzy strongly
(r,s)-semiopen in Y.

3. Main Results

Definition 3.1. Let f:(X.7,.7,) > (Y. U,.U,) be a
mapping on SolFTS's X, Y and (r,s)& /X I Then f
is said to be fuzzy strongly (r,s)-irresolute if for each
fuzzy (r.s)-open set U of ¥, f7H(U) is fuzzy strongly
(r.$)-semiopen in X.

Remark 3.2. let f:(X,7,.7,) —(Y,U.0,) be a
mapping from SolFTS's X, Y and (r,s)E IR I Every
fuzzy strongly (r,s)-irresolute mapping is fuzzy
strongly (r.s)-continuous but the converse need not be
true.

fuzzy (rs)-continuous = fuzzy strongly (r.s)-
semicontinuous <= fuzzy strongly (r,s)-irresolute

Example 3.3. Let X={z,y, 2} and let 4, and A, be in-
tuitionistic fuzzy sets of X defined as

A(a)=(07, 0.2), A{y=(0.3, 0.2), 4:(z)=(06, 0.1);
Ay(2)=(0.2, 0.8), A(1)=(0.1, 0.9), A>(2)=(0.1, 0.7).

Define an SoIFT 7 I(X) — I® I by
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T(A):( T1<A), TQ(A))

(1,0, ifA=0_,1_
1 .
= (5,§> lfA:AlaA-_);
(0,1), otherwise;

and an SoIFT U: I(X) —I® I by

CA=(U,(A), U(A)
(1,0), ifA=0_,1_,

11, .
- (55) lfA:Ap
(0,1), otherwise.

Let f:(X, T) — (X, U) be the identity mapping.

- 11 . .
Then f is fuzzy strongly (3,5)*Semlcontmuous
.. 1 1. .
but it is not fuzzy strongly (5,3)*1rresolute.

Theorem 3.4. Let f:(X.7,.7,) > (Y. 0,.0,) be a

mapping on two SolFTS’'s X, Y and (r,s)E7R I

Then the following statements are equivalent:

(1) fis fuzzy strongly (r.s)-irresolute.

2) fHUB) is fuzzy strongly (r.s)-semiclosed for each
fuzzy strongly (r.s)-semiclosed set B of Y.

(3) flsscl(A,r,s)) S sscl(f(A4),r,s) for each intuitionistic
fuzzy set A4 in X.

@ sscllf HB),rs)S f Hescl( B, s)) for each in-
tuitionistic fuzzy set B in Y.

(5) f (ssint(B,r,s)) Sssint(f 1 (B),rs) for each in-
tuitionistic fuzzy set B in Y.

Proof. (1) = (2) It is obvious.

(2) = (3) Let 4 be any intuitionistic fuzzy set in X.
Since sscl{f(A4),r,s) is a fuzzy strongly (rs)
—semiclosed set in ¥, by (2), f 'sscl(f(A),r, ) is
fuzzy strongly (r.s)-semiclosed. Thus we have

sscl(A,r, s) S sscl(f 1 f(A)),r, s)
< f (sscl(f(A),r, 8)).
It implies f(sscl(A,r,s) S sscl(f(A4),r, s).

(3) = (4) Let B be any intuitionistic fuzzy set in Y.
Then, from (3), it follows

flsscl(f 1 B),r, 8)) Ssscl(f(f BN, 8)
< sscl(B,r, s).

Hence we have sscl(f '(B),r,s)C f "(sscl(B,
r,8)).
4 = (B) Let B be any intuitionistic fuzzy set in Y.
Then, from (4), it follows

fHssint(B,r, s)=1_-(f Hsscl(1_-B,r, s)))
c 1 -sscl(f M1 -B)rs)
=ssint(f*(B),r, 5).

Hence F '(ssint(B,r,s)) < ssint(f~ (B, s).
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(5) = (1) Let V be a fuzzy strongly (r,s)-semiopen
set of Y. From (5), f X (W= '(ssint( V,r,s)) S ssint
(Y W,rs). This implies that f (V) is a fuzzy
strongly (r,s)-semiopen set.

Theorem 3.5 Let f:(X,7,,T,) — (Y, U;, U;) be a bi-
jective mapping on two SolFTS's X, Y and (r,s)E
I® I Then f is fuzzy strongly (r,s)-irresolute if and
only if ssint(f(A),r,s)< f(ssint(A4,r, s)) for each AE
IF(X).

Proof. Suppose that f is fuzzy strongly (r.s)
~frresolute. For any intuitionistic fuzzy set A of X,
since f '(ssint(f(A)r,s)) is fuzzy strongly (r,s)
—semiopen, from Theorem 3.4 and injectivity of f,

M (ssint(f(A),r, 5) € ssint(fFH(f(A)),r, 8)

=ssint(A4,r, s).
And from surjectivity of f, it follows

ssint( £ (A),r, s)=f(f~(ssint(f(A4),r, 5)))
< f(ssint(A,r, ).

For the converse, let BE IF(Y) be fuzzy strongly
(r.s)-semiopen. From the hypothesis and surjectivity of
f, it follows

flssint(f~1(B),r, s)) S ssint(f(f~HB)),r, 5)
=ssint(B,r, s)
=B.

Since f is injective, it is ssint(f ' (B),rs) < f (B
It implies ssint(f *(B),rs)=f "(B3). Hence [ is fuzzy
strongly (r,s) —irresolute.

We recall that: Let (X, 7) be an SoIFTS. An in-
tuitionistic fuzzy set 4 in X is said to be fuzzy (r,s)
~compact [11] if for every fuzzy (r,s)-open cover A=
{A, € IF(X): i€ J) of A, there exists J,={1,2,--,n}
€ J such that A< UiEJUAi.

Definition 3.6 Let (X;7) be an SolFTS. An in-
tuitionistic fuzzy set A in X is said to be fuzzy strong-—
lv (r,s)-semicompact if for every fuzzy strongly (r,s)
-semiopen cover S={ A, [F(X): i€ J } of A, there
exists Jy=1{1,2,---,n} ./ such that A< U, , 4.

Theorem 3.7 Let f:(X,T,,T) —(Y,U;,05) be
strongly (r,s)-irresolute on two SolFTS’'s X, ¥ and
(r,s)eI®I If A is a fuzzy strongly (rs)
-semicompact set, then f(A) is also fuzzy strongly
(r,s)-semicompact.

Proof. Let { B, €IF(Y): i€ J } be a fuzzy strongly

(r,s)-semiopen cover of f(A4) in ¥. Then { f '(B):
i€ J } is a fuzzy strongly (r,s)-semiopen cover of A
in X. By definition of fuzzy strongly (r.s)



—-semicompactness, there exists
such that A< U, - (f (B
This implies

J=11.2.--n

FlA < (U2 (- UB)))
=Uie fOF 1B
C U,%J”B

7.

Hence flA)= U, _, B,

Theorem 3.8 Let f:(X.7,.7,) = (Y.U,,0,) be a
strongly  (r,s)-semicontinuous mapping on two
SolFTS's X, YV and (rs)E/R® 1 If A is a fuzzy
strongly (r.s)-semicompact set, then f(A) is fuzzy
(r,s)—compact.

Proof. It is similarly proved from the above Theorem
3.7.

Definition 3.9 Let f:(X.7,,7,) > (Y. U,.U,) be a
mapping on two SolFTS's X, Y and (r.s)EIR I
Then f is called a fuzzy strongly (r.s)-irresolute semi-
open (resp., fuzzy strongly (r.s)—irresolute semiclosed)
mapping if for every fuzzy strongly (r.s)-semiopen
(resp., fuzzy strongly (r.s)-semiclosed) set A in X, f
(A) is fuzzy strongly {r,s)-semiopen (resp., fuzzy
strongly (rs)-semiclosed) in Y.

Remark 3.10 Tet f:(X.7,,7,) —{(Y.U,0,) be a
mapping on two SolFTS’'s X, ¥ and (r,s)EIR® 1
Every fuzzy strongly (rs)-irresolute semiopen (resp.,
fuzzy strongly (r,s)-irresolute semiclosed) mapping is
fuzzy strongly (r.s)-semiopen (resp., fuzzy strongly
(r,s)-semiclosed) but the converse need not be true.

fuzzy (r.s)-open = fuzzy strongly (r.s)-semiopen
& fuzzy strongly (r,s)-irresolute semiopen

Example 3.11 In Example 3.3, consider the identity
FX7T)— (X U) is a fuzzy strongly (r,s)-semiopen
mapping but not fuzzy strongly (rs)-irresolute
Seniopern.

Theorem 3.12 let f:(X.7,.7,) —(Y,U,,0,) be a
mapping on two SolFTS’'s X, Y and (r.s)E7® I The
the following are equivalent:

(1) f is fuzzy strongly (r,s)-irresolute semiopen.

(2) f(ssint(A),r, s) Sssint(f(A4),r.s) for A< IF(X),

(3) ssint(f Y B),r.s) S f "ssint(B,rs)) for esch BE
IF(Y).

(4) For BEIF(Y) and each fuzzy strongly (r,s)
-semiclosed set 4 of X with fH{B)S A, there
exists a fuzzy strongly (r,s)-semiclosed set C of
Y such that B< C and f1(O)C A.

Proof. (1) = (2) For A€ IF(X),

——
N
N
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flssint(A,r, s))
=flu{ BeIF(X): BcA, B is fuzzy strongly
(r.s) -scmiopen )
=Uu{ f(merr(y): f(BCf(A),
strongly (r,s)-semiopen )
C Ui UeIFR(Y): Ucf(A),
(r,s)-semiopen }
=ssint(f(A4),r, s).

f(B) is fuzzy

U is fuzzy strongly

Hence f(ssint{A,r. s)) S ssint(f(A),r, s).

(2) = (3) For BE IF(Y), {from (2), it follows that
Flssint(f U B r s)) S ssint(f(f 1B, s)
C ssint(B,r, s).

Hence ssint(f *(B),r,s) = f '(ssint(B,r s)).

(3) = (4) Let A4 be a fuzzy strongly (r.s)-semiclosed
set of X with f{(B)S A for BEIF(Y). Then 1_-A4
1 - HB=f1'1_-B and so ssint(1_-Ars)=1_
-ACssint(f (1 -B)r,s)
And by (3), we have
1 -ACssint(f "1 _-B)r.s)
< Yssint(1 .- B),r, ).
Thus A=21_~(f ssint(1_-B,r )
=f Y1 _-ssint(1_-B,r.s))
=f Ysscl( B, ).

Set C=sscl{ B,r,s). Then Cis a fuzzy strongly (r.s)
~semiclosed set of ¥ such that Z3C ¢ and 7 YO C A.
Hence the statement (4) is satisfied.

(4) = (1) Let A be fuzzy strongly (r,s)-semiopen in
X. Then f~1(1_-f(A)N=1_-f HflA)=1_-A.

Since 1_-A is fuzzy strongly (r,s)-semiclosed, by
(4), there exists a fuzzy strongly (r.s)-semiclosed set
C such that 1_-f(A)C C and fH(C)S1_-4. It im-
plies that 1_-C< f(4) and

FDS fOfHON=f A —oNEl —C

Hence f(A) is a fuzzy strongly (rs)-semiclosed set
m Y.

Theorem 3.13 Let f:(X, 7. 7,) = (Y. U, l,) be a
mapping on two SoIFTS's X, Y and (ns)EI® L
Then the following are equivalent:

(1) f is fuzzy strongly (r.s)-irresolute semiclosed.

(2) sscl(f(A)r ) S Flsscl(A,r,8)) for Ae TF(X).

(3) For BEIF(Y) and each fuzzy strongly (r.s)
-semiopen set A of X with f71(53)E A, there exists
an fuzzy strongly (r.s)-semiopen set € of Y such
that BC C and f ' O)S A,

Proof. It is similarly proved from Theorem 3.12.
Theorem 3.14 Let f: (X, Ty, T,) — (Y. U}, U,) be a bi-

jective mapping on two SolFTS’s X, Y and (r,5)&
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I® I Then

(1) f is fuzzy strongly (r,s)-irresolute semiopen if and
only if ssint(f 1(A),r, s) < f ssint(A,r s)) for each
A€ IF(Y).

(2) f is fuzzy strongly (r,s)-irresolute semiclosed if
and only if f'(sscl(A,rs))Ssscl(f A, s) for
each A IF(Y).

Proof. (1) Suppose that f is fuzzy strongly (r.s)
-irresolute semiopen. For any intuitionistic fuzzy set
A of Y, from Theorem 3.12 and surjectivity of f,

flssint(fH(A),r, 8) Sssint(f(f 1 (AN, 8)
=ssint(A,r, s).

It implies ssint(f~'(A),r, s) S f~ (ssint(A4,r, ).

Conversely, let BE IF(X) be fuzzy strongly (r.s)
-semiopen. Then from hypothesis and injectivity of f, it
follows

ssint(f71(f(B)),r, s)=ssint( B,r. s)
c fUssint(f(B)r, s)).

And from surjectivity of f, we have the following

fssint(B,r, )< f(f Hssint(f(B),r.5)))
=ssint(f(B),r, s).

Hence from Theorem 3.12, f is fuzzy strongly (r.s)
—irresolute semiopen.
(2) Tt is similar to (1)
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