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Abstract
Off-axis compressive deformation behavior of a unidirectional CFRP laminate at high temperature and its
strain-rate dependence in a quasi-static range are examined for various fiber orientations. By comparing the
off-axis compressive and tensile behaviors at an equal strain rate, the effect of different loading modes on the
flow stress level, rate-dependence and nonlinearity of the off-axis inelastic deformation is elucidated. The
experimental results indicate that the compressive flow stress levels for relatively larger off-axis angles of
30◦, 45◦ and 90◦ are about 50 percent larger than in tension for the same fiber orientations, respectively. The
nonlinear deformations under off-axis tensile and compressive loading conditions exhibit significant strain-
rate dependence. Similar features are observed in the fiber-orientation dependence of the off-axis flow stress
levels under tension and compression and in the off-axis flow stress differential in tension and compres-
sion, regardless of the strain rate. A phenomenological theory of viscoplasticity is then developed which can
describe the tension–compression asymmetry as well as the rate dependence, nonlinearity and fiber orienta-
tion dependence of the off-axis tensile and compressive behaviors of unidirectional composites in a unified
manner. It is demonstrated by comparing with experimental results that the proposed viscoplastic constitu-
tive model can be applied with reasonable accuracy to predict the different, nonlinear and rate-dependent
behaviors of the unidirectional composite under off-axis tensile and compressive loading conditions.
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1. Introduction

Reliable application of carbon fiber-reinforced polymer matrix composite (CFRP)
laminates to a wide range of structural members that can sustain not only predom-
inant tensile load but also mostly compressive load or combined compressive and
tensile load in bending is required for improvement in the overall performance and
durability of CFRP structures. To take full advantage of the superior properties of
CFRPs in the design of compression, compression–tension and tension members,
we need to properly understand the similarities and differences between their me-
chanical behaviors under tensile and compressive loading conditions. In addressing
the issue of distinguishing between the behaviors of CFRP laminates loaded in dif-
ferent directions, we should also consider their matrix-dominated behavior which
is the key to accurate evaluation of their performance and durability [1], since
composite laminates are locally subjected to off-axis loading either in tension or
compression during their service and some damage easily develops in such loca-
tions.

Matrix polymers in their glassy states show nonlinear responses to a shear load,
and the resulting shear deformations depend on the time and rate of loading, espe-
cially at a high temperature below the glass transition temperatures [2–6]. It is also
known that solid polymers often exhibit different behaviors in tension and com-
pression [7]. These facts on the deformation characteristics of polymers suggest
that the matrix-dominated deformation behavior of unidirectional CFRP laminates
under off-axis loading conditions is also significantly influenced not only by the
rate of loading and the orientation of fibers, but also by the mode of loading over
a wide range of temperature. For an efficient design by analysis of CFRP compo-
nents, therefore, it is a prerequisite to establish an engineering constitutive model
which allows accurate prediction of the matrix-dominated nonlinear rate-dependent
behaviors of CFRP laminates under off-axis tensile and compressive loading con-
ditions.

The effect of loading rate on the off-axis nonlinear stress–strain behavior of uni-
directional CFRP laminates has been examined in several studies [8–11]. Gates
and Sun [8] investigated the strain-rate dependence of the high-temperature tensile
behavior of unidirectional AS4/PEEK laminates using off-axis coupon specimens.
Kawai et al. [9] observed the high-temperature off-axis tensile behavior of similar
unidirectional AS4/PEEK laminates under stress-controlled conditions, and com-
pared it with that under strain-controlled conditions. In the studies by Sun and Yoon
[10], the effect of the change in strain rate on the off-axis tensile behavior of uni-
directional AS4/PEEK laminates was elucidated, together with the influence of test
temperature. Tsai and Sun [11] examined the strain rate dependence of the off-axis
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compressive behavior of unidirectional composites in a range of high strain rate by
means of SHPB testing.

Macromechanical modeling of the nonlinear rate-dependent behavior of unidi-
rectional composites, which is required for efficient ply-by-ply basis analysis of
composite laminates and structures, has extensively been attempted by Sun and
coworkers. Gates and Sun [8] extended the one-parameter plasticity model [12] to
develop a plane-stress viscoplasticity model based on the overstress concept. Yoon
and Sun [13] extended the Bodner–Partom model [14] so as to describe the vis-
coplastic behavior of unidirectional composites with the help of the effective stress
and inelastic strain defined by Sun and Chen [12]. Wang and Sun [15] elaborated the
evolution equation of the scalar internal variable assumed in the Gates–Sun model.
The comparison with experimental results has demonstrated that the Gates–Sun
model [8], Yoon–Sun model [13] and Wang–Sun model [15] can adequately de-
scribe the nonlinear rate-dependent deformation of unidirectional PMC laminates
under off-axis monotonic loading conditions in a quasi-static strain-rate range. Re-
cently, it has also been elucidated that these rate-dependent plasticity models can
successfully be applied to description of the high strain-rate off-axis deformation
of unidirectional composites for the range of strain rate attainable in the SHPB ex-
periments [11].

To the best of the present authors’ knowledge, however, very few studies are
available in which the similarities and differences between the nonlinear rate-
dependent deformation behaviors of unidirectional CFRP laminates under off-axis
tensile and compressive loading conditions have been examined for different fiber
orientations. Thus, the extent of the off-axis flow stress differential at different
strain rates in tension and compression has not fully been quantified for unidirec-
tional CFRP laminates. Due to a dearth of available data, a unified constitutive
model that allows prediction of the different flow stress levels under off-axis ten-
sion and compression besides description of the rate-dependence, nonlinearity and
fiber-orientation dependence of the off-axis deformation behavior has not been es-
tablished. These facts suggest that further basic investigation is required on the
inelastic flow behaviors of unidirectional CFRP laminates under off-axis tensile and
compressive loading conditions, with a view to developing an efficient engineering
constitutive model that takes into account the loading mode dependence as well
as the rate-dependence in their matrix-dominated nonlinear inelastic deformation
behavior.

In the present study, the off-axis compressive deformation behavior of a unidi-
rectional CFRP laminate at high temperature and its strain-rate dependence in a
quasi-static range are examined for various fiber orientations. Off-axis compression
tests are performed at two different strain rates for each fiber orientation to observe
the strain rate dependence as well as fiber-orientation dependence of the off-axis
compressive deformation. To quantify the difference in flow stress level between the
off-axis tensile and compressive inelastic deformations, the off-axis compression
test results are compared with the off-axis tension test results obtained at the same
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strain rates. Then, a phenomenological viscoplasticity model that can describe the
tension–compression asymmetry in the off-axis nonlinear rate-dependent behavior
of unidirectional composites is developed. Validity of the proposed viscoplasticity
model is evaluated by comparing with experimental results.

2. Material and Experimental Procedure

2.1. Material and Specimens

The material used in this study was a unidirectional carbon/epoxy laminate fab-
ricated from the prepreg tape T800H/2500 (P2053F-17, TORAY). The lay-up of
virgin laminates was [0]12, and they were cured at 130◦C in an autoclave. The
thickness of as-cured laminates was 2 mm.

Six kinds of coupon specimens with different fiber orientations (θ = 0◦, 10◦, 15◦,
30◦, 45◦, 90◦) were cut from 400 mm by 400 mm unidirectional laminate panels.
For static tension tests, the specimen geometry and dimensions based on the test-
ing standard JIS K7073 [16] were adopted; as shown in Fig. 1(a), the dimensions
were length L = 200 mm, gauge length LG = 100 mm and width W = 20 mm
(W = 10 mm for θ = 0◦). For static compression tests, shorter specimens shown
in Fig. 1(b) were used to reduce the risk of buckling; the dimensions were length
L = 100 mm, gauge length LG = 10 mm and width W = 10 mm. The nominal
dimensions of the short specimens were determined on the basis of the testing
standard JIS K7076 [17] and the report of Haberle and Matthews [18] for suitable
compression testing on composite laminates. Rectangular-shaped tabs made of alu-
minum alloy were glued on both ends of specimens with epoxy adhesive (Araldite)
in order to protect the gripped portions of the specimens; the thickness of tabs was
1.0 mm for long specimens and 2.0 mm for short specimens. To obtain sufficient
adhesion, the adhesive was cured at 90◦C for 1 h in a heating chamber (Gravity
Oven LG-112, ESPEC).

(a)

(b)

Figure 1. Specimen geometry (dimensions in mm): (a) gauge length 100 mm; (b) gauge length 10 mm.
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2.2. Testing Procedure

Off-axis monotonic tension and compression tests were performed at 100◦C
under stroke control. Two different constant values of nominal strain rate, 10
and 0.1%/min, were chosen for both the off-axis tension and compression tests;
these nominal strain rates correspond to the constant crosshead rates of 10 and
0.1 mm/min for long specimens (LG = 100 mm), and 1.0 and 0.01 mm/min for
short specimens (LG = 10 mm), respectively. These static tests were conducted on
a closed-loop hydraulic MTS-810 testing machine. To raise the temperature of spec-
imens, a heating chamber with a precise digital control capability was employed.
The specimens were clamped in the heating chamber by the high temperature hy-
draulic wedge grips fitted on the testing machine. The specimens were heated up
to the test temperature of 100◦C in air keeping load at zero, and they were precon-
ditioned in the test environment for 60 min prior to being tested. The variation of
the specimen temperature in time from the prescribed value was less than 1.0◦C.
No attempt was made to control humidity in the chamber. The compression tests on
the short specimens were performed with no anti-bucking guides. The longitudinal
strain of specimens was measured by strain gauges with a gauge length of 2 mm
for tension and 1 mm for compression, and the strain gauges were mounted back to
back at the center of each specimen.

3. Experimental Results and Discussion

The in-plane specimen coordinate system is denoted as (x, y), and the x-axis is
taken in the loading direction. The principal axes of material anisotropy, i.e., the
fiber coordinate system, for unidirectional plies are expressed as (1,2); the 1-axis
being in the fiber direction.

3.1. Off-Axis Stress–Strain Relationships

Axial stress–strain relationships (σx–εx) obtained from the tension tests at a con-
stant strain rate of 10%/min are shown in Fig. 2 for all fiber orientations θ =
0◦,10◦,15◦,30◦,45◦ and 90◦. The longitudinal tensile stress–strain relationship
(θ = 0◦) was almost linear and smooth to final failure, while for the off-axis fiber
orientations θ = 10◦,15◦,45◦ and 90◦, remarkable nonlinearity was observed in the
range following the initial linear response. The off-axis stress–strain relationships
were in order of fiber orientation angle, and the flow stress required to continue the
off-axis deformation became lower with increasing fiber orientation angle. These
features of the off-axis tensile behavior are similar to those reported so far in refer-
ences [8–12, 15].

In the compressive stress–strain relationships shown in Fig. 3, similar nonlinear-
ity and fiber-orientation dependence can be seen. A feature that distinguishes the
off-axis compressive behavior in Fig. 3 from the off-axis tensile behavior in Fig. 2
is that the stress–strain relationship for θ = 90◦ crossed with that for θ = 45◦ in
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Figure 2. Off-axis tensile stress–strain curves (10%/min).

Figure 3. Off-axis compressive stress–strain curves (10%/min).

the compression tests. This phenomenon may be interpreted as follows. When ten-
sile load is given to the transverse direction (θ = 90◦) of a coupon specimen of
a unidirectional CFRP laminate, it is commonly fractured at a low strain just af-
ter transition from initial elastic response to the subsequent nonlinear one. In the
case of transverse compression, by contrast, the ultimate failure is retarded due to
the suppression of separation failure by the transverse compressive stress, which
allows the axial stress in the 90◦ specimen to ultimately reach a higher level than
in the 45◦ specimen. The effect of the suppression of separation failure due to the
action of transverse compressive stress is also reflected by the increase in failure
strains, especially for the fiber orientations θ = 30 and 45◦.

3.2. Comparison Between Off-Axis Tensile and Compressive Stress–Strain Curves

Figure 4(a)–4(e) shows comparisons between the off-axis tensile and compressive
stress–strain curves obtained at the constant rate of 10%/min for all fiber orienta-
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(a) (b)

(c) (d)

(e)

Figure 4. Comparison of off-axis stress–strain curves in tension and compression (10%/min):
(a) θ = 10◦; (b) θ = 15◦; (c) θ = 30◦; (d) θ = 45◦; (e) θ = 90◦.

tions, respectively. The off-axis flow stress level is higher in compression than in
tension, regardless of the fiber orientation. More specifically, the off-axis compres-
sive flow stress level became larger by 32% (θ = 10◦), 46% (15◦), 63% (30◦), 69%
(45◦) and 48% (90◦), respectively. It was also observed that the ratio of compressive
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Table 1.
Apparent Young’s modulus in tension and compression
(10%/min)

Angle (◦) Eχ (GPa)

Tension Compression

0 163.5 146.6
10 65.4 72.0
15 38.1 39.2
30 14.7 17.7
45 8.8 10.3
90 6.5 6.9

flow stress to tensile one tends to become larger with increasing fiber orientation an-
gle.

The difference between the apparent elastic moduli in tension and compression
for a given fiber orientation is not clear on the figure at a glance. However, it be-
comes clear by comparison of the values of tensile and compressive Young’s moduli
that are listed in Table 1. The Young’s modulus for θ = 0◦ was about 10% lower in
compression than in tension, while it was larger in compression for the other fiber
orientations by about 10% (10◦), 3% (15◦), 20% (30◦), 17% (45◦) and 6% (90◦),
respectively.

A lower Young’s modulus in compression than in tension for loading in the fiber
direction was observed elsewhere, and it is likely to be influenced by fiber waviness
[19]. By contrast, a larger stiffness in off-axis and transverse compression may be
ascribed to the tendency of polymer matrix to exhibit a larger stiffness in compres-
sion and the action of transverse compressive stress along fibers besides a higher
end constraint on the deformation of the short specimens used for the compression
tests.

Note that the stress–strain curves plotted in Fig. 3 are those for the specimens
fractured in distinctive compressive failure mode. The same off-axis compression
tests were performed on four specimens for each fiber orientation. Only a single
kind of failure mode which consisted of in-plane and out-of-plane shear failure (i.e.,
transverse compressive failure) was observed for the fiber orientations θ = 30◦,45◦
and 90◦. For each of these fiber orientations, the stress–strain relationships obtained
from different specimens agreed well with each other. In contrast, two kinds of
different failure modes, an in-plane shear mode and an in-plane kink mode, were
observed for each of the specimens with small off-axis angles (θ = 10◦ and 15◦).
The compressive flow stress levels for the specimens fractured in those two kinds of
failure modes were significantly different; the off-axis compressive flow stress level
for the specimens failed in the in-plane shear mode was lower than those for the
specimens failed in the in-plane kink mode. It was also confirmed that the off-axis
compressive stress–strain curves for the specimens failed in the in-plane shear mode
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agreed well with those obtained from tension tests for the same fiber orientation,
which is presumably due to a similar mechanism of deformation. More detailed
discussion about the off-axis fracture strength and governing failure mechanisms in
tension and compression will be presented in a companion paper [20].

3.3. Strain-Rate Dependence of Off-Axis Tensile and Compressive Behavior

Comparisons of the off-axis tensile stress–strain curves obtained at two different
constant strain rates of 10%/min and 0.1%/min are shown in Fig. 5(a)–5(e) for
all fiber orientations θ = 10,15,30,45 and 90◦, respectively. The flow stress at the
strain rate of 0.1%/min was smaller than that at the higher strain rate of 10%/min for
all fiber orientations except for the fiber direction, clearly indicating the strain-rate
dependence of the off-axis matrix-dominated tensile deformation. More specifi-
cally, the axial flow stress level at the lower strain rate of 0.1%/min was reduced
by about 38% (10◦), 32% (15◦), 43% (30◦), 54% (45◦) and 49% (90◦), respec-
tively. It was noticeable that the strain range for initial linear response at the lower
strain rate of 0.1%/min was very narrow and the nonlinear deformation was induced
by a low stress, regardless of the off-axis fiber orientation.

The rate dependence of the off-axis nonlinear deformation behavior under com-
pression, which can be seen in Fig. 6(a)–6(e), was similar to that under tension.
The reduction in axial compressive flow stress at 0.1%/min relative to the value at
10%/min was about 42% (10◦), 41% (15◦), 34% (30◦), 33% (45◦) and 42% (90◦),
respectively. This observation revealed that the strain rate dependence of the off-
axis compressive behavior was comparable to that of the off-axis tensile behavior.

It was seen that the fiber-orientation dependence of the off-axis tensile and com-
pressive deformation and the off-axis flow stress differential at the lower rate of
0.1%/min in tension and compression were similar to those at the higher rate of
10%/min. The apparent Young’s moduli obtained from the tension and compres-
sion tests at 0.1%/min are listed in Table 2. For reference, the lateral contraction
and expansion due to the Poisson’ effect are shown in Fig. 7(a) and 7(b) for the
fiber orientations θ = 15◦ and 90◦, respectively.

4. A Viscoplasticity Model Considering Tension–Compression Asymmetry

The test results mentioned above allow the quantification of the rate-dependence,
nonlinearity and tension–compression asymmetry of the inelastic deformation be-
havior of the unidirectional carbon/epoxy laminate under off-axis loading condi-
tions. This observation motivates one to develop an inelastic constitutive model that
can describe all of these characteristic features in a form applicable to structural
analysis of composite laminates. The macroscopic viscoplastic constitutive mod-
els developed so far were successfully applied to description of the rate-dependent
inelastic behaviors of different kinds of unidirectional composites [8–12, 21–24].
However, they cannot distinguish between the tensile and compressive viscoplastic
deformation behaviors for a given off-axis fiber orientation. This is because they
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(a) (b)

(c) (d)

(e)

Figure 5. Comparison of off-axis tensile stress–strain curves at different strain rates (10%/min,
0.1%/min): (a) θ = 10◦; (b) θ = 15◦; (c) θ = 30◦; (d) θ = 45◦; (e) θ = 90◦.

were formulated by means of the dissipation function based on the invariant using
a simple quadratic form of stress components.

To deal with the problem raised above in the present study, the effective stress and
effective plastic strain proposed by Sun and Chen [12] is modified so as to consider
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(a) (b)

(c) (d)

(e)

Figure 6. Comparison of off-axis compressive stress–strain curves at different strain rates (10%/min,
0.1%/min): (a) θ = 10◦; (b) θ = 15◦; (c) θ = 30◦; (d) θ = 45◦; (e) θ = 90◦.

the sign of transverse normal stress. By means of the extended effective stress and
the effective viscoplastic strain rate, the isotropic-hardening viscoplasticity model
[22–24] for unidirectional composites is generalized so that it is furnished with an
enhanced capability to describe the different nonlinear deformation behaviors of
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Table 2.
Apparent Young’s modulus in tension and compression
(0.1%/min)

Angle (◦) Eχ (GPa)

Tension Compression

0 163.3 119.3
10 48.4 58.1
15 24.7 28.8
30 9.0 16.7
45 5.2 9.8
90 4.8 5.8

(a) (b)

Figure 7. Overall axial and lateral behaviors under tensile and compressive loading at different strain
rates (10%/min, 0.1%/min): (a) θ = 15◦; (b) θ = 90◦.

unidirectional composites under off-axis tension and compression. No yielding is
assumed in the fiber direction as in the Sun–Chen plasticity model. The extended
viscoplasticity model is tested for predictive accuracy by comparing predicted and
experimental results.

A plane stress formulation is attempted in this study, and the associated stress
and plastic strain rate vectors are defined as:

σ = {σ11, σ22, τ12}T , (1)

ε̇p = {
ε̇

p
11, ε̇

p
22, γ̇

p
12

}T
, (2)

where vector components are taken with respect to the principal material coordinate
system. The inner product of two vectors x, y is denoted as x · y.
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4.1. Effective Stress and Effective Plastic Strain

The effective stress proposed by Sun and Chen [12] is expressed as:

σ̄SC =
√

3

2

[
σ 2

22 + 2a66σ
2
12

]
, (3)

where a66 is a material constant. To consider the effect of the sign of transverse
normal stress in the present study, the effective stress is modified as:

σ̄ =
√

3

2
σ · Bσ , (4)

where

B =
[0 0 0

0 b22 0
0 0 b66

]

=
[0 0 0

0 γ 0
0 0 2a66γ

]

, (5)

b22 = γ, (6)

b66 = 2a66γ, (7)

γ = (1 − c)H(σ22) + c. (8)

The sign of transverse normal stress is dealt with by means of the Heaviside func-
tion H(x) which is defined as:

H(x) =
{

1, x � 0,
0, x < 0.

(9)

The modified effective stress takes different values according to the sign of the
transverse stress component, and they are calculated as:

σ̄ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

√
3

2

[
σ 2

22 + 2a66σ
2
12

]
, σ22 � 0,

√
3

2
c
[
σ 2

22 + 2a66σ
2
12

]
, σ22 < 0.

(10)

The additional parameter c represents the degree of different behaviors in tension
and compression. In a particular case that c = 1, the modified effective stress is
reduced to the original form given by Sun and Chen. Note that similar modification
can be considered in a more general context for extension of a three-dimensional
constitutive model.

4.2. An Extended Viscoplasticity Model

An isotropic hardening model that can describe the different nonlinear rate-
dependent behaviors of unidirectional composites under tensile and compressive
loading conditions is formulated on the basis of the irreversible thermodynamics
with internal variables [25–27]. A dissipation potential from which the evolution
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equations of assumed variables are derived is defined as a function of the mod-
ified effective stress presented above. Unidirectional fiber-reinforced composites
are treated as homogeneous, transversely isotropic media. In the present paper, we
limit our discussion to a quasi-isothermal inelastic process in which temperature
and temperature gradient terms are negligible. An infinitesimal deformation is as-
sumed, and the total strain is then expressed by the sum of the elastic and inelastic
components; ε = εe + εp.

4.2.1. Internal Variable and Associated Thermodynamic Force
A nonlinear characteristic of the viscoplastic deformation of homogenized trans-
versely isotropic media is described by means of a scalar internal variable ρ.
Assuming uncoupling between elasticity and viscoplasticity, we can express the
Helmholtz free energy ψ to define the thermodynamic force associated with the
internal variable as:

ψ = ψe(ε
e) + ψp(ρ). (11)

The free energy components in the right-hand side of equation (11) are specified as

ψe(ε
e) = 1

2
εe · Qεe, (12)

ψp(ρ) = h(ρ), (13)

where Q is the elastic tensor of the material. The positive scalar function h(ρ) plays
a role to define a hardening variable that describes the nonlinearity of stress–strain
relationship, and a particular form is assumed later on.

From the Helmholtz free energy function, we can derive Hooke’s law and a rela-
tionship between the internal variable ρ and the associated thermodynamic force r

(i.e., a hardening variable) as:

σ = ∂ψ

∂εe = Q(ε − εp), (14)

r = ∂ψ

∂ρ
= ∂h

∂ρ
. (15)

Using the effective stress and the hardening variable r , we can define an effective
overstress �H as:

�H = σ̄ − r − r0, (16)

where r0 characterizes an initial elastic response, and it may be treated as an initial
value of r . The effective overstress �H represents the magnitude of a net stress that
determines the magnitude of viscoplastic strain rate.

4.2.2. Evolution Equation
The evolution equations of the viscoplastic strain and internal variable are pre-
scribed so as to satisfy the condition of positive mechanical dissipation:

D = σ · ε̇p − rρ̇ � 0. (17)
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To meet this inequality, a convex dissipation function is defined as:

� = m

m + 1

〈 �H
K

〉(m+1)/m

, (18)

where K,m are material constants. The angular brackets in equation (18), often
called the Macaulay brackets, represent the function defined as 〈x〉 = max{0, x} = x

(x � 0); 0 (x < 0). Using the normality condition for the dissipation function, we
can derive the viscoplastic strain rate and internal variable rate as follows:

ε̇p = ∂�

∂σ
= λ̇

3

2

Bσ

σ̄
, (19)

ρ̇ = −∂�

∂r
= λ̇, (20)

where:

λ̇ =
〈 �H
K

〉1/m

. (21)

The rate of viscoplastic work is given as:

Ẇ p = σ̄ ¯̇εp = σ · ε̇p, (22)

proving that the effective viscoplastic strain rate ¯̇εp should agree with the positive
multiplier λ̇:

¯̇εp = λ̇. (23)

Taking into account that the effective stress and effective viscoplastic strain rate
are energy conjugate with each other, we can derive the expression of the effective
viscoplastic strain rate as:

¯̇εp =
√

2

3

[
1

b22
(ε̇

p
22)

2 + 1

b66
(γ̇

p
12)

2

]
. (24)

Note that for tensile loading in a given off-axis direction the extended effective
stress and effective viscoplastic strain rate coincide with the definitions given by
Sun and Chen [12]. It is also important that the assumption of no plastic strain
appearing in the fiber direction has been preserved in the present formulation of
viscoplasticity.

4.2.3. Hardening Variable
To establish a practical form of the evolution equation of the hardening variable,
we need to give the state relation between ρ and r which is specified by the scalar
function h(ρ) in (13). Following Chaboche [28], we assume the scalar function as:

h(ρ) = Qρ − Q

b
[1 − e−bρ], (25)
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where Q characterizes the saturation value of r , and b determines how quickly the
isotropic hardening saturates with the accumulation of viscoplastic strain. From the
definition, we can obtain the state relation of the exponential form:

r = Q(1 − e−bρ), (26)

where:

ρ = ε̄p =
∫

¯̇εp dt. (27)

Differentiation of (26) with respect to time leads to the following evolution equation
[28]:

ṙ = b(Q − r) ¯̇εp. (28)

The accuracy of prediction of the nonlinear hardening behavior can be enhanced
by superposing the same type of variables characterized by the evolution equations
with different nonlinearities [28]:

ṙ =
∑

a

ṙ(a) =
∑

a

b(a)(Q(a) − r(a)) ¯̇εp. (29)

Normally, two or three components are sufficient to accurately reproduce the non-
linear stress–strain behavior under simple proportional loading conditions.

4.2.4. Formulae for Off-Axis Loading
On simple loading along the x-axis, the effective stress and effective viscoplastic
strain rate can be expressed as:

σ̄ = σxh(θ), (30)

¯̇εp = 1

h(θ)
ε̇

p
x, (31)

where σx, ε̇
p
x stand for the axial stress and axial viscoplastic strain rate, respectively,

and

h(θ) =
√

3

2

[
b22 sin4 θ + b66 cos2 θ sin2 θ

]
. (32)

Using these formulae, we can express the total strain rate in the loading direction
as:

ε̇x = 1

Ex

σ̇x + h(θ)

〈
h(θ)σx − r − σ0

K

〉1/m

, (33)

where Ex is the Young’s modulus in the loading direction. Note that the viscoplas-
ticity model presented in this study differs from the Gates–Sun model in the defin-
ition of the effective stress and strain and it leads to a different form of orientation
function h(θ), although they share a common form of the uniaxial formula given
by (33).
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Table 3.
Engineering elastic constants for the unidirectional T800H/2500 carbon/epoxy composite at 100◦C

Test conditions Engineering elastic constants

E1 (GPa) E2 (GPa) G12 (GPa) υ12

10%/min Tension 163.5 6.5 3.0 0.379
Compression 146.6 6.9 3.8 0.322

0.1%/min Tension 163.3 4.8 2.0 0.382
Compression 119.3 5.8 3.5 0.303

4.3. Verification

4.3.1. Material Identification
In the case of tensile loading, the parameter γ takes the value of unity; γ = 1.
The modified effective stress is then reduced to the original form given by Sun
and Chen, and the viscoplasticity model that considers the tension–compression
asymmetry is reduced to the tension–compression symmetry model tested in the
previous studies [22–24]. As a result, all the material constants involved except
for the additional constant c can be determined on the basis of the off-axis tensile
behavior. The detailed procedure for their identification can be found in the previous
reports [22–24]. The value of c is roughly evaluated first by comparing the yield
stress levels in tension and compression, and then it is modified so as to improve
the accuracy of prediction of the compressive stress–strain curve for θ = 90◦. The
values of the material constants involved by the tension–compression asymmetry
model developed in this study were finally identified as K = 81 MPa min, m =
0.19, r0 = 0 MPa, Q1 = 45 MPa, Q2 = 40.5 MPa, Q3 = 18 MPa, b1 = 40, b2 =
10, b3 = 5, a66 = 2.2 and c = 0.78. The engineering elastic constants obtained from
the tension and compression tests at 10%/min and 0.1%/min are listed in Table 3.

4.3.2. Comparison with Experimental Results
Comparisons of the predicted and observed off-axis tensile and compressive stress–
strain curves at the two strain rates of 10%/min and 0.1%/min are shown in
Fig. 8(a)–8(e) for all fiber orientations, respectively. We can see that the charac-
teristic features of the off-axis nonlinear behavior, i.e., the different behaviors in
tension and compression, the fiber-orientation dependence of stress–strain curves
and their strain rate dependence, have successfully been predicted using the pro-
posed viscoplasticity model. It is emphasized that all these predictions have been
obtained by means of a single viscoplasticity model.

Validity of the proposed viscoplasticity model for applicability to different kinds
of polymer matrix composites should be tested further. For a class of carbon/epoxy
system similar to the material used in this study, however, it is expected that the
proposed viscoplasticity model may be used in a preliminary design-by-analysis of
composite elements subjected to off-axis tension and compression. The mechanism
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(a) (b)

(c) (d)

(e)

Figure 8. Predicted off-axis tensile and compressive stress–strain curves at different strain rates
(10%/min, 0.1%/min): (a) θ = 10◦; (b) θ = 15◦; (c) θ = 30◦; (d) θ = 45◦; (e) θ = 90◦.
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devised to modify the effective stress in this study may also be used for develop-
ing a multiaxial constitutive model that takes into account the tension–compression
asymmetry of the viscoplastic behavior of unidirectional composites under more
general loading conditions.

5. Conclusion

The similarity and difference in flow stress level, nonlinearity of stress–strain re-
sponse and strain-rate dependence between the off-axis tensile and compressive
deformation behaviors of a unidirectional T800H/2500 carbon/epoxy composite at
100◦C were elucidated. Formulation of a viscoplastic constitutive model for uni-
directional composites that can describe not only the fiber-orientation dependence
of off-axis nonlinear rate-dependent behavior but also the off-axis flow stress dif-
ferential in tension and compression was attempted. The validity of the proposed
viscoplasticity model was evaluated by comparing predicted and observed off-axis
tensile and compressive behaviors at different strain rates. The results obtained can
be summarized as follows:

(1) The off-axis tensile and compressive deformation behaviors showed similar
nonlinearity and fiber-orientation dependence. A feature that distinguished the
off-axis compressive behavior from the off-axis tensile behavior was that the
compressive stress–strain relationship for θ = 90◦crossed with that for θ = 45◦.
In the case of transverse compression, the ultimate failure is retarded due to the
suppression of separation failure by the transverse compressive stress, which
allows the axial stress in the 90◦ specimen to ultimately reach a higher level
than in the 45◦ specimen. The effect of the separation failure suppression due
to the action of transverse compressive stress was also reflected by the increase
in failure strain especially for the fiber orientations θ = 30◦,45◦.

(2) The off-axis flow stress at a lower strain rate becomes smaller than the value at
a higher strain rate both in tension and compression, regardless of the fiber ori-
entation. Similar rate dependence was seen in the off-axis nonlinear behaviors
under tensile and compressive loading conditions.

(3) The off-axis compressive flow stress was larger than the off-axis tensile flow
stress, regardless of the off-axis fiber orientation. Such a tension–compression
asymmetry was observed at different strain rates. There was a tendency for the
ratio of the compressive flow stress to the tensile one to increase with increasing
off-axis angle.

(4) The off-axis behaviors at the different strain rates of 10%/min and 0.1%/min
were overall similar in nonlinearity, fiber-orientation dependence and tension–
compression asymmetry.

(5) A viscoplasticity model to describe the tension–compression asymmetry in the
off-axis nonlinear rate-dependent behavior of unidirectional composites was
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developed. The formulation was based on a modified form of the effective stress
introduced by Sun and Chen, and a simple mechanism to allow a different mag-
nitude of the effective stress in tension and compression was considered.

(6) The fiber-orientation dependence, the tension–compression asymmetry and the
strain-rate dependence in the off-axis nonlinear deformation of the unidirec-
tional carbon/epoxy laminate at 100◦C can be predicted using the proposed
viscoplasticity model.
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