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Abstract

Efficient DAG scheduling is critical for achieving high performance in heterogeneous computing environments. Finding
an optimal solution to the problem of scheduling an application modeled by a directed acyclic graph(DAG) onto a set of
heterogeneous machines is known to be an NP-complete problem. In this paper we propose a new list scheduling
algorithm, called the Heterogeneous Rank-Path Scheduling(HHRPS) algorithm, to exploit all of a program’s available
parallelism in distributed heterogeneous computing system. The primary goal of HRPS is to minimize the schedule length
of applications. The performance of the algorithm has been observed by its application to some practical DAGs, and by
comparing it with other existing scheduling algorithm such as CPOP, HCPT and FLB in term of the schedule length. The

2E2 2

comparison studies show that HRPS significantly outperform CPOP, HCPT and FLB in schedule length.

Keywords : list scheduling, heterogeneous, DAG scheduling, parallel processing, speedup
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Hg AHEg
Atd duEEF Aes Fs] A& o948 A
RSl o3 whEozl ol Tz e} Wixuiaz
HE F2E g3 J9ZE 8319 7|&9 YxF
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T FLBYst 4% v2g stsich vlm Ad B =8
A AQPst HRPS &1glE9 Aol & dudgEe
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dnEFE A VAAME HA AEHE
315%1*391 B ezl gleje] Az IF)
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o]7]F ZEAX p%ﬂ td A A (fully connected) 2
749 Y PE e & glom Z2AXNZ B
Ad 2 g %—Er—o}‘:}ﬂ st =3 7 L2 A4
Ae Bz F85 Fale] FAld o]Fofxn i
a7t e ¢ AW Fagle] Fyo] st
T &N O Z2AAN 2§ gltka 7Y

o)71F HAFY A2ddA A3 F Qe

1%1 lJ“’Jr 2ol c}o“* Bl 1Y Z(DAG)

F3h) v ol x=
2 Zd83. F= A ](commumcatlon edge) e9
7"%“]“1 XE vy, °ﬂ"1

% =EE AlFxZ(entry node) v, 2 St
=X 1048 AAxRETE e =EE SYEE(exit
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a3t} ek 270 ol e gExse) FYPx=rt o
H o]l x5S & 7 Siv YA = (pseudo node)E
F71d F dom oAtz At g3 BAEEL
BEF O3S 7ML o] xEE 2AEY Ao o}Fd o
& FA gt 7HAd

we X 134 Zo] k= gy, e V7 Z2AA p < Pl
A d¥yd Hel A]&(computation cost) w;,, = °
FoAZ (Vi |Pl 2719 AtulE PPoltt 2AZEY
dngFE FAs}] Ao Zt x=9 HE AN §&
Axtsfop gt=tl g B kMY Z2AMM xE
v; o BE AE we A0 2o

= Y L (1)
F Y Z2AA Alojo] AEEHE dHolgje Hlo]E
AFHEL kxk I7IE 7/HAE 88 RE ¥ EEH
Iz 22 A9 FA AZH]E(startup cost)S kXL
HE §E Foltt o] uf, ZZAA p ol 2AZY @
RE 4,25 Z2AA p o 2AZYE k= o7
pEtolE A7)9] HlolHE MEd W 19 33t d
A e, € B TAUE cmumE A (9} 7o) AT
T Ak

Cam)Gn) = {?S'm+ R 1, fth?mjzge @

A7 8, & Z2AM p, o] FA AFATHsec), py
E XEE o7 EH RE 0,2 A9HE doly A% ¢

ag 1. 107He =EE J71X|= DAG
Fig. 1. A example of DAG with 10 nodes.

E 1 AN v -z FF AL E(w,)
Table 1. Computation cost matrix(W#) and average
computation cost(w, ).

node n Py P w,
v 22 24 13 19.667
v, 5 5 17 9.0
v, 13 21 14 16.0
v, 21 22 10 17.667
vy 17 20 5 14.0
Vg 23 21 6 16.667
vy 5 4 22 10.333
Vg 15 13 24 17.333
v, 14 13 20 15.667
vy 16 16 19 17.0

(bytes) 283 R, & p, O 2FE p 7149 vlo|E 7
FAH] &(sec/byte)olth. ZRZAA p 3 p o] 2L Z2
AMY B AHEL 03k 7Y A2 fE ==
AAEE FAHEL A AFAER 4 ovlelE A7)
o) dolE7t g do T ALY Foz verd
& ok 29 19] 948 2WZ DAGAA A e, € F
of EdE Xt HE AL ;& A BF o183
o 7 %E ZHEE Aotk

q71A ' RE ZZAAY BF FA AIZAZ
o RE EE ZEAAC tF Hho|E B HE FAH]
&olth

_ k. S
_ S=X%
c’i,j= S+R . /‘t‘i,j 'U)he""e, _ mk=1 k R (3)
R: m,n
PIPIN x sy
I, 2 o

AF7A ATE P2E 2AEY EnYFL 98
ZHAZE deovt & =EAA AgtE HRPS 2AE% €
1EH A5 vLE 37 A3 AHeE F2E 2AS
8 431824 CPOP(Critical path on a processors),
HCPT(Heterogeneous  Critical  Parent  Trees),
FLB(Fast load Balancing)& 7+atatAl Adg3io).

CPOP(Critical path on a processors) : CPOP 2=A&
3 GAFE YubHQl Y2E 2AFYY B2
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FLB(Fast load Balancing) : FLB 4xa&< 7} ¢

ity 2AEH7] 43 FH]-:E(ready-node)S°] T
e FH-Y2E(ready-list) & o] &3t} 74 2]
“REE kB RE Ruvoil AFESE =28 on
st} 7 dAlvit RE T2 QA4 giE FHl-xre)
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o
rsL' ol

ZzAAY &9
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}% Z2AM AE AR o]FofA
Al = DAGS A F =247
oA iEﬂ}XM BAEE Tt TR B2
cHA wet k29 $ACHE 2RI TN &
3 GAME 718 AT AHEH T A7

A& gt Z2AAMC HaaE AT
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P R

E

g 2= DAGE °|F
2737 A=) FAR LI AL
ALY s A -?‘\_IH
2 YRR E AIZEA ANEY A ()9 2o
Ad 4 T UpRank(v,) & A3

max

UjESucc(vi){ci,j+ UpRank(vj)}

(4)

where, v; #* v,

AN suce(v,) & =E v,9 AHRE
¢, B A ¢,;9 BANES] HFo|n
Aate] &) Hitolth &=
7] e £8x=x9 UpRcmk(ve):
ARLE v & A ZE =29 A
Foxl DAGY A== v
*%-‘H #& UpRank(v) & °-88t] A7
AR FAEH 3 Ronk(v,) &
Akgiet,

y T UpRank(succ(v,))

o= _1_1___\:

U SUCC’U

®)

where, | = 1...|succ(v,)l

Rank,(v,) € v,8 AA=EY AF(suce(v,)) 2
F2 W8 Atk Rank(v,)dl 93 ARHE A=
=94 Z(Rank Path) RPZ R @t} & RPE F

Uy ro
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B 2 UpRawk(v,), Rank(v,), RP2 Z2} %
Table 2. Result value of pRmnk(v,), Rank(v,), RP,.
node | UpRank(v,)
2 | 58.667
3 | 56.333 || Runk(v,)| value | RP, path
4 | 68.334
5 | 57.667 | Bk (v,)|95.001| RP, |v,— v, — v~ v,
6 65.11 Hmk.z(vs) 92.777 | RP, |v,— vg— vy — v,
7 39.333 Rank,(v,)|81.334 | RP, U, "V~ U,
8 | 38.333
) 38 667 Rank, (v,)| 79.334 | RP, VU Yy,
10 17.0 ||Bank,(v,)| 79 |RB|v,~v,—v,—v,

o7 DAGY AZxERE 2YxTx|e BE A=
E YW gt} Rank, (v,) = Rank,(v,)... > Rank,g, .y (v,)
& ©EZE AL e dgsE £d44E:x
RP, > RP, ... 2 RP .,y & U539 RPE Foi7
DAGS ¥AZRE CP(Critical Path)©)th, ¥ 2= 18
194 |7 DAG 1#1Ze} ¥ 19] APAHE o] &
&l UpRank(v,), Rank(v,), REE ANE Ao|ch.

£ =39A Fo7 17 19] DAG 2Zo)A BE
R2EELS £974E rRP EFHY Yot FAT &4
ZA2d o] HA e =E=E°] EA3E= DAG 2
T Atk w2A SAAZ RP o &3
ORPN(Out Rank Path Nodes) 2.2 3 9]
&3 ORPN :=E%& UpRank(v,) 9 & o] &3t U
Yo g AEdtt WENeoR JEE ORPN =
=9 A%E R E A wEA oY Tz

CAFEY FE YERE o9 Adeze 4
lsucc(v,)| + 1°0] B} 2°8E& SHHZY] $UF B4

32 AAE 297 299 IFE 5, €52 B @
o 2 Fo #AFRY v =82 Ztzte] &
Hol push @k 2 28 5 s, 55,5,8,0 EAAE
RP,,RP, RP, RP,, RP, RF;¢] =E5°| ¥t} & 2
A FoiZ Al EHAEAZ RP;={ }9 & 2
<ok

H]oJ9l= Fqueue) LS WEIL 5, 2H5H top(s,)
2 olg3te] 2ule] HAglo] Y x| RRwE7)
LA A=A fEA et FrxEr BF Lo ¢l
& ALAE pop(s)) S ©1&3Y =g 5 22RE
popStI Lo AMJETh 9 ARYlatEE w9 BR
=27t o §1& Afde te 29e Agd
top(s)) & ©| &3] FRxEI LJYEA A #
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g o © o] Lo A1 =271 EAFVHE pope
o] &3 2HA AAY EE L€ x=7} Hlo]
A w7tA] WHEste] sk ® 2914 Lo AYEe
917329 &X= RP,RP,RP,RP,RP,,RP,O2
E53 old g3 2HE 5,8, 858,855 TOLE
Addgnt. 28 59 v, , v, Lol Agstz o
SO2 g, LA AYE o Lo v, 5
FAA v, vy =E7F QU] Wil ohE 289l s, &
gt} 5,9 v, =8 o7 Lo 7] "HE HUsA

B3 g =2 4 YL IR 5,9 =

o2
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ot — T
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23
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29 g3t 99 AR E 2go] BF H[ojd w7}
A 11.%?:5}‘:} 3] %7—‘1 o8 L2 {’Us » Ugy Vg» Vs Ugy Vg,

”3’1’77”8,”5}94 #E 7HAA "

4.2 Z2MAM MEH CA

2 $AEY 2 AN 4 =29 $AEY
AAs 1 Y9, 497 M 58 =28 Y F4E3
Z2ANE At @A gk 7€ dTelA
ZZAME HYdtd ==& 8337] A Wyge 2
A A4S 719 A ) AS] VIR AFor ys
Ak AY 71wk AL ghte] ZR A ojn] T
Hold F k& Apolo] ofF7e] i AP AGFE
HEITE =8 Aske Fdoln dwtyes A
o 716k A o] v] A]] 71dk A wla F&HQ A
32 B B =RdMe xE9 Ay g8 AT
o HAQ ZT2AA 7|&8o) AFHoN A4y 76 A
& ALgsle] =28 Z2A M &3t 4 (6), (7)
& =9 27] A& A7t estlearliest start time)T =
zo A8 97 Al7tect(earliest completion time)S <]
ujgt} A71A pred(v,) & v9 FExE9 g
S oJujdls pAlp | ZEAAN p oM =EE AYT

i

-

)

L =y
s i

& 9E A% 7bs Ae ujath AL Al w5}
0 ify, =v,
est(v, p,) = vezlrzz(v_){PA[pm],max(ect(vj)—}—k . cjﬁ.)} (6)

otherwise

)

ect(vi,pm ) = est(vi,pm)+wi,m

ZZAA p A ABE AL est(v,,p,) =09
7FA A "B} ma.x(ect(vj)+k . cj,i)% v, o R&

&
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Set the computation costs of node and communication cost of edges with mean values.
Compute UpRank(v;) and Rank,(v,) for each node according to Eqns. (4) and (5).
determine B, ()41 Using Rank,(v,) and UpRank(v,)
build S|y, ) +1 USING 2P g0ty (o) +1
L={}
=1
While S is not empty do

if there is an unlisted parent of top(sl) then

it I =lsucc(v,)|+1 then

=1

else
[=1+1

else

n=pop(s,)

if n& L then
enqueue N to L

endwhile

while there are unscheduled node in the list Z do
Select the first node, v;, from the list scheduling.

for each processor p,, in the processor set do
compuite est(vi,pm) value using the insertion-based scheduling policy.

assign node v; to the processor p; that minimizes ect of node v;.
endwhile

a3 2. HRPS ¢z|E9 oAtz

Fig. 2. pseudo code of the HRPS algorithm,
- . T HRPS ¢ x2|%53% HCPT, CPOPY] 2AE dol§ 1¥
o I E ‘ @ ,; 1¢] DAG =} £ 19 AN §-& o] &3t At
+ i @ o= T e 3 Azlg RojErh 1ol HRPSE 73¢9 A34E &
i Rps= ] R I o] 77¢] HCPT$ 839 CPOPETH A% o] & A
of LoH THEE 2 s+ an
ARn L — : V. M5 24 % B}

o= 12 assan 7 ket 50 ol R wWxnlm Tz IASIRE AAE
32 3. HRPS, HCPT, CPOP gxz|&el A#HZ Zo| DAGS olg3td Atst duEEs 719 dugF

3. The schedule length generated by HRPS, ol HCPT. CPOP. FLBS} A% wli A7 7]&3th

HCPT, CPOP.

oA 7H A dolEE Agsts =58 9n|eH 51 Hlm 7|&

A7\ AF ke BRERET 2 T2 A 3 AdnFEEY A% HIZE Y3 FLE0] /& A
Qe A 09 gha 7S 2 el 19 g2 7PA Ng ) gt 2 mReME tge 71EE 95
gt = A3 948 A ectE =T AlF A7 7+ SgEl=e AL sty

APATEEI HoZ FHAY T w29 Z2

A AEE ect(v,p,) 7 A27t He Z2ANE A + Makespan

gato] =EE 95 "o 19 28 HRPS ¢1g makespane 5017 4% T Z DAGS S| ¢
9 mzolty. Y 3& B =AM Ak 29 Az uisty g 2ol vAY k= 4 7}

(367)
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makespan = ect (ve,pm)

8

- Schedule Length Ratio (SLR)

d12FY 4% 4L makespand FE WHoR
ol&gt} A A g £4& 7 %9
DAG Z#ZEo] o|-&57] w&dl, Schedule Length
Ratio(SLR)zt &&= 33 lower bound) #HOE
makespang X F3A A gt} d1eF9 SLRILS

+ Ao2 Holdr}

jriXe]
‘%-___

SIR= makespan
E minmeP{wi!m} (9)
wECP
TEE Fol7 DAG 2#HZAN YAHRE o|F=
wEEY Ha AN EY Fol d ke Rz
A837] ol o YA olgAHAE ¢
&9 SL IEE} Zold & ok U FE FAA
7P ¥ SLRE ©HEY Y& 2AEY dugdZEo| 7}
3 ze »3%4 F2) %o A,

- Average Speedup

speedup> A A3 AjZH(sequential execution
time)e ¥ A3 AlZH(parallel execution time)o.E
e #ez Aodn. &3 48 S
< AR Fol Havt He Bl Z2AN &3
dhs W R Ateta HE A8 A7+ makespanS

ojul @k, webd Speedupe] 4% Aol O FL& @

27T = 0C

AZE RE xEF

adgoz ¥ 4 Utk
mlnp = E I t,m
Speedup = ml;{kes;nw } (10)
dugEte g
T+ Y2E 2AEY 42dFEY makespand HIL
oo B Y iz diFA oj=Axe o=
o dal o & 4%S UehEXdd W§ vlao))

1I8K7Hel 948 I ZE 33t oj® dmgZo] v}
2 ¢3gF 83} makespano| o £& AL NS
(better), T4 & H$(equadd] Mg, v RS
(worse)®l N+E AEste vluste A A%

£H0| Z|AE AHE
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5.2 93 Ja= M

£ =0dA AR duEd vluse dags
& 25 o|7]|F Z2AAN AN FYEHE DAG ¢
g Iz 2AESHYE FRE 3 Yoz AEF
oldE HalAe HAd o|7|F A DAG =
g Aol grt. dagEe] ¥ HWE
A& 71E9] AFA A18-E DAG :LaH &34
om ¥F ©ejA3 Y E(Standard Task Graph,
STDGP)™ 1 ZzAEdqA AZs:s aedA ¥F
DAG Z#j = olefje] ui7ig-E H &3t 7t5x] 1
HEZE A3t A Ed oS AT

Fl

Be
4 4%
E

5.2.1 7SR JEHT NS st ozES

STDGPIIA A1F3He &% DAGE SAIM &7 A4
H&o gk ARE glu 9 2YZ U9 w59 7]
Fsh mEge] BARE ATRY B == 4
EA0] 8, A4l g0 488 DAGE 44s7] 913 o
29 iAWSES dRHog Woloh du.

- BN o) AL ¥E (CCR). BT FAIM]
£ oig FFE AL v ot} Y CCRre] W
T 9o ol dAF FAQ] &§ ZEadelzn &
F Jem CCer>>1 o|H BAl Aol AA|Ee Hl&
o] AIAIZE HE FUjHoR Eries Ag udth
CCR=1{05,1.0,5.0,10.0,20.0} & AAs Yk

PN

- ZEAAC g o]dA wWiAWES (). ZEAA
£50 3 ojAA Hzolth E F& ZEuE oy
=EE AT o Z2AHNE 2] AN SN B
o1& 7HAA Ha Fe ghg Zevhd Al2gde] o
H Z2 A FFEolx =29 A go] A

A& oujste wigigott. 2HZ oA Z
v, Q) AME S B, F w,E FY B
D.2xwpdHA WA oz Aegn). 7)o
Wpee TR TYZ A9 FAFLR o&
AEHod T2 YA ez dFd. neEA
Alzd Y] ZF Z2AA p A 7 =E 48] A
£ HHe & B9 Yol &34 "k
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=
=
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¥ =RdME £=1{01,0510,1520} 28 A3}
Agstst.

- DAG Z# 2] =259 § (v). 7]EY AlEd o
AolA AHgE =9 g Hd 1407 7AAT Bl
gou E =RodAe Hdl 5071 =25 o] 83ty
AlgdolA 3t STDGP T2 A ENA A|Fses &
ZF DAG ZZ FM x=x9] =71 50, 100, 300,
500, 75091 1A ZE Q1&3sHsTh

STDGP ZRAENNE w==9 +3 180719 2
ZR%e ATt A WEs corst gEE A
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