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OF STRICTLY DIAGONALLY DOMINANT
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ABSTRACT. In this paper,we give the lower and upper bounds for inverse
elements of strictly diagonally dominant seventh-diagonal matrices, and
improve the bounds on [SIAM. J. matrix Anal. Appl.20(1999)820-837].
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1. Introduction

Seventh-diagonal matrices arise in many topics of numerical analysis including
boundary value problems approached by finite difference methods, interpolation
by cubic splines, three-term difference equations and so on. For many problemns,
it is helpful to have upper and lower bounds for the entries (or the absolute
values of the entries) of the inverse of a matrix. Shivakumar and Ji [1] gave the
upper and lower bounds for diagonally dominant tridiagonal matrices. Nabben
[3] established decay rates for the entries of inverses of certain banded matri-
ces. Nabben [2], Peluso and Politi [4] improved the upper and lower bounds of
Shivakumar and Ji have established. Later, Liu, Huang and Fu [5] obtained new
upper and lower bounds on the inverse elements of strictly diagonally dominant
tridiagonal matrices, they improved the related results in [1-4].

Let A = (aij)nxn € C™*™. For any positive integer number p, if a;; = 0 and
|i — j| > p, then we call A be a 2p + 1 banded matrix. In this paper, we only
consider the case of p = 3. Let A be a seven-diagonal matrix with order n, n > 7
and a;; # 0, for i = 1,2,... ,n. Let X = A™! = (@;;)nxn be the inverse of A.
Let z; = (x1,5, %25, -+ ,Zn ;)T (j = 1,2,...,n) be the jth column of X. It is
Az = ej, where e; is the jth fundamental vector of R™. Writing the first j — 1
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equations, with j > 2, we have
i+3
Y aintr;=0,i=12...,n—1j=i+1,...,n, (1)
k=i—3
where, a;x =0, zx; =0,k <0 or k > n. From (1) we have
a2 a3 ai.4

T1j=— —"Tgj— —_T3;j = T4
ai e11 ai1

) )

A
=—ai1%2,; — B1T35 — N1 T4,j,

az3 —az101 G24 = 021N azs

T2,5 = 3,5 4,5 — 5,5
a2 — 02,101 agg —az 100 a2 — Q2,101

A
= — 0235 — B2T4,; — V25,5,

_agq—(az2 —az101)B2 —azam

I3,; = 4,5
! as3— (az2 —as 00)az —az 181 7
as;s — (as,2 — as,101)72 2)
- Ts,5
az3 — (a3 2 — as101)az — asz 15
as.e

.’EG,'
a3.3 — (a3,2 - 03,10f1)012 - a3,1ﬁ1 I

A
= —a3ry; — F3T5,; — Y3Ts ;5

R Gi U Qi,i+3
Tig == pritli ~ p P2 T T Tt
K T ?

A
= — iy, — BiTit2,j — YiTit3,5
where,
P =@ — [ai,i—l - (ai,i—2 - ai,i—3ai—3)ai—2 - ai,i—3ﬁi—3]ai—1
- (ai,i—2 - ai,z‘—3ai—3)ﬂi-2 — Qj,i-3%—-3,
i =0 i+1 — [ai,i—l - ai,i—B,Bi—S - (ai,i—2 - ai,i—Bai—S)ai—2],6i—-1
- (ai,i—2 - ai,i—Sai—l)'Yi—2a
i =0Q5542 ~— [ai,i-l - ai,i—sﬂi—:’, - (ai,i—2 - ai,i—3ai—3)ai—2]')’i—l-
Now we can repeat the same procedure (2) from the system Az; = e;, with
i<n-1:
i+3
> aigwr;=0,i=n,...,2 j=i-1,...,1, (3)
k=i—3
where, a;x =0, zx; =0,k <0,0r k > n. From (3) we have
_OGnn—3 An,n—2 Opon—1

Inj = — In-3,j  ——Tp-25 " —  Tn-1,j
’ Qn,n ’ Qn,n ’ Qn.n
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A
=~ HnTn-3;5; — VnTn-2; — WnTp—1,;j,

n—1,n—4 Ap—1,n—3 — Qpn—1,nltn

Tno1,j=— Y

Gp—1n—-1— An-1nWn On—-1,n—1 — On—1,nWn

n—1,n—2 —~ Qn—1,nVn

Tn—2,j
Un—1,n—1 — Ap—1,nWn

>

=" Hn-1Tn-45 — Vn-1Tn-3,5 — Wn—1Tn-2,5,

Gp—2n—5 Ap—-2n—4 — Tpn—21n—1
Wn—2 Pn_2

_ On—2n—-3 = UGn-2nHn — Tn—2Vn—1

wn—Z

—Hn—2Tn_5;5 — Un—2Tn—4,j — Wn-2Tn-3,j,

Tn-2,5 = — Tn—4,j

Tn-3,5

1>

. __ Gii-3 Giji=2 — Tillit1

i T T T Eis T e Ti—aj
¥ ¥

Qi1 — Sl — TiVin

Ti—1,5
(5 Y

== WiTi-3,5 — ViTi—2,5 — WiTi—1,5,

>

where,

§i =Qiit2 — Qii43Wits, Ti = Q41 — Gqi43Vite3 — SiWit2,
Vi =@ — TiWis1 — Giiyaftivs — Eilig2, i =n,n—1...,2.

According to (2) and (4), we obtain, for j = 3,... ,n — 2,

Tj—2,j = —Qj-2Tj-1,5 — Fi-2Tjj — Vj-2Tj+1,5;
Tj-1,§ = ~Qj-1%55 = B 11,5 — Vi-1%5 42,55
Tj+1,j = —Hj+1%5-2,5 = Vj4185-1,5 = Wit1Z5,5
Tj+2,5 = THj+2T5-1,5 — Vj+2Tj5,5 — Wi+2T541,5
Further,
Tj-2,j = VjoTjs Tj1,;= Y 1T,
Tiv1, = Pj1Zj 5, Tjve; = Pjeat;
where,
18— —wjp Hi+1Q5-2 — Vi1
Kij+1 =7 ) b+ =7 o
— Hj417Y-2 — Hi+175-2
Y1V — 01 _ Yj—1Wi2 — Bi—1
Pt = T -1 = T :
— Hy+27i-1 — Hj+2%-1

v, = Pt +Gi-1Kj41 B,y = Hi + Gi+1Pi-1
—1i 7 -

I—g—1tj41 1 =416

Cjro = —(1j+2¥)1 + Viga + wir2®j),

945

Tn—3,5
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Ui o =—(a;_2%;_1+ Fj—2 +7j—2Pj11).

2. Lower and upper bounds

Let A be a strictly diagonally dominant seven-diagonal matrix. Then the
elements of A satisfy the following conditions:
i+3
lasil > > lail,i=1,2,...,n (lai| =0, if j <0 or j > n).
j=i—3
First of all, we define

P =lai | = {llaiioa| + (@i i-2| + |aii—sl|@i—s])|&i—2] + |as,i-3]|Bi—s]]i-1

G =laiiy1] + [|aiiz1] + |asi_aBi_s| + (las,i—2| + Iai,i—3di—3|)|di—2”/3i—1
+ (Jaii—2| + |ai i—3&i—1])|Vi—z|,
M =|aiit2| + [|aii—1| + Iai,i—SBi-—-SI + (|as,i—2| + |as,i—30—3])|6i—2|]¥i-1,

5&1’ =&a Bz—&7 ’7@=M7 7'=172’

7P j2
Ty =|aii1] + @i ipabigs] + |&@ival, & = |aiita| + |aiiva@iys],
+ (lasi—2| + |@i i—sldi—3)Gi_a + |ai i—3|¥i—3},
Pi =lai il + 1Fa@ipa ]| + laiivafiira] + [Ebival,
s :|ai,f—3| b= la; i—2| -i: |ﬁ‘ﬂ¢+1|’
v ¥
o = |aii—1| + |Eifiito] + [Fitrita)
T T ~
(28 ’
WitrBi—z + iy o @2+ P
P —~ 1+1 — ~ P
1-@jp1%-2 T 1 —@j41%-2
< Yi—wivet a0 Y-+ 8-
Pj—1= R y Si—1 = —
1-wj2¥i-1 1 - wj2¥5-1

Kip1+0i01pi—1 = -
j+1 T Lj+1P5-1 - - -
——————— P10 = 129511 + Vji2 + Wiy,

.,n—1,

i=nn—1,...,2,

"%’j-l-l =

By =
J+1 = o
1 -1

(=1

-2 =Gj-2¥ia + Bio + %2, Vi1 = pio1 + G194,

®; = f:®i a3+ 0:din + @iy, Ui = @Vt + BiViys + 7V,
Theorem 2.1. Let A be a strictly diagonally dominant seventh-diagonal matriz,
and A7 = X = (z4j)nxn. Then for the elements of matriz X,

|zi,5] > (HoaWiga| — [BiWise + % Wigs|))|zs 51,
and
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a5 < (@1 + 8o + 7 Wiys)|a 4. (7)

PTOOf. According to (6), we obtain Tj—2,5 = \I/j_ngyj,l‘j_l’j = \I/j_ll’j,j. Fur-
ther, by (2), we have

Tj-3,5 = ~Qj-3%j-25 = Bj-3%j—1,5 — V3%
= —(aj3¥2+ B3V 1 +7j-3)5,; = ¥j_s7j,
Tj—4,j = —0j-4Zj-3,; = Bj-aZj 25 — Vj-4Tj-1,; ®)
= —(o-a¥ s+ Bj—aVWj2 + 74 ¥;_1)7;,; = V42,5,
Tij = —Olip1 g — Biiv2,j — Viiss,j
= —(; Vi1 + BiWiro + 7i¥ira)zy; = VU, ;.
Thus, we obtain the inequality (7). a

Theorem 2.2. Let A be a strictly diagonally dominant seventh-diagonal matriz,
and A=l = X = (®ij)nxn. Then for the elements of matriz X,

|Zi 5| > (lpi®is| — |vi®i2 + wi®; 1)z 4,
and (9)
i 5] < (126Pi3 + 7 ®i_a + @:i®i1)|zj 5.
PT’OOf. According to (6), we obtain Tj+1,5 = q)j_;_l.l'j’j, Tjy2,5 = q)j+2.’13j,j.
Further, by (4), we have
Lj+3,5 = THj+3T5,j — Vj+3Tj41,j — Wi43%j42,5

= (43 + Vj4a®in1 +wj13Pj10)755 = Pjrazy

Tjt+aj = “Hj+aTi+1,j = Vi+aljt2,j = Wij+aZj43,5 (10)
= —(1j4a®i1 +vjaPipe + wia®iis)7) 5 = Bypazy,
Lij = %35 — ViTi—2,j — Wili—1,j
= —(1iPi3 +vi®io + wi®; 1)z = iy
Thus, we obtain the inequality (9). O

Theorem 2.3. Let A be a strictly diagonally dominant seventh-diagonal matriz,
and A~ = X = (@4j)nxn. Then for the elements of matriz X,

1
ajj+ hy = [raal = aj; —h;’ )
where,
k=j—1 k=j+3
hi= > law@l+ Y laja®sl.
k=53 k=j+1

Proof. According to AX = I, we obtain the diagonal elements of X satisfy the
following relations
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(12)

k=j+3
Z Q5 kTk,j = 1.
k=j-3
Further, by (6),(8) and (10), we have
k=543
1—ajszi5l =1 Y. ajkze;
k=j—3,k#
k=j—1 k=j+3
< 3 laiaTezigl+ Y lage®rzl
k=j—3 k=j+1
k=j—1 k=343

< D7 laglrzigl+ Y laj izl

k=j—3 k=j+1

Thus, we obtain the inequality (11).

O

Theorem 2.4. Let A be a nonsingular diagonally dominant seventh-diagonal
matriz. Then the upper bounds established in Theorem 3.1, 3.2 and 3.3 give the
exact inverse of the comparison matriz p(A) = (m;;) of A, which is given by

mi; = |ai|, mi; = —|ai;|, for i # j.

Proof. Since p(A) be an nonsingular diagonally dominant M-matrix, by (3), we

have
a1 la1,1]
—|a
1<y =20 5 0 <o m <o
la1,1]
—1<as= —laz,a — (—laz,1])B _ laz 3| + |a2,1|,?1 -y <0,
lag2| — (—|az,1])es las 2| — |az,1|d1
1< By = —lagal = (ZlazalIm _ _ lezal+ la2,1|?1 _ <o
|a2,2| - (—|a2,1|)a1 Iaz,gl - |a271|a1
_la a )
~l<m= T S Y. Y
laz 2| — (—|az])a: laz.2] — |az.|éa
—1<as+B2+72 <0.
Since
(lez] + |B2lar| < |eul, (Jez| + 82| + Ir2l)ea] < Jeul,
then

—las,a| — [~laa 2| — (=laz1)ea]Bz — (~laza|)m

—-1<a3 =

las,al — [~las2| — (=|az1|)ea]az — (—|as 1)) B

_ lazal + [lase| + lasa|64]B2 + lasa % _&

las 3| — [(|as 2] + |as,|G1)dz + las ]
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—las sl = [—las 2| = (=|az1|)a]ye

—1< —
%= Taa— Clasel— (Clasalaras - (a1
- |a3,5] + (las o] + lesal@)¥e 5
laz 3| — [(las2| + |as,1|d1)ds + |as,1]51]
—|as ¢l
1< — )
= a3l — [~las 2] — (—las 1])ar]es — (—|as,1])Bs
_ lase| — 4y <0,

|as,al = (las 2| + |as|é1)de + |as,| B
-1 < a3+0s+7v <0.

and
Py =laii| — [~laii—2| = (=|aii—s])oi—s]Bi—2 — (—|aii—3|)vi-3
—{—laii—1| = [~laii—2| = (=las,i—s|)i—s]os—o — (—|aii—s|) Bi—a i1
=laii| — {{|aii—1| + (|aii—2| + |aii—s|d—3)d 2 + |ai,i73|ﬂ~i73]di—1
+ (|aii—a| + @i 3ldi_3)Bi—s + la;,i—3|Yi-s}
_p,
G =-— |Gi,i+1| - (_1ai,i—2’ - (—|ai,z‘—3|)ai—1)%—2
—{~lasi—1| — (—|ai,i-3])Bi—s — [~|ai,i—2| — (—|ai i—3])ai—s]ai—2}Bi—1
= — [lasia| + llaii-1| + |aii—3lBi—s + (i i—2| + |as,i—3|@i—3)d_2]Bi—1
+ (laii—2| + |aii—s|di—1)¥i—2]
&,
ni =—laiite] — {—|aii-1| — (—]aii-3])Bi—3

- [_Iai,i—2| - (—|az‘,i~3|)%—3]011‘—2}%‘4
=— {|aiit2| + [laii1| + |aii—s|Bi_s + (lasi—2| + |aii—3}@i—3)&;i—2]¥i-1}
= — {f]i'

According to induction inference, we obtain

Gi G . Ul T >
=« Pz Pi az_o 1*5 Pi PZ 5
~ |04 Qi .
—1<y= ';;i“":—' g3|=_%go, ~1<a;+ B+ <0.

By the similar way to the above proof, we have
1<y =—p<0,9=3,...,n—1,
—1<y,=—0,<0,i=3,...,n—2,
—1<w,=—w;<0,i=3,...,n—2,
1< y+vi+w; <0,71=3,...,n—2.
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Further,
_ BiBi—2 — w1 fit1Bi-2 t Wit
Rijtl = = = = = Kj41
7+ 1 - 1 ) 7+1;s
— Hi+17Yi-2 — Hi+175-2
_ Hinoy-e —Vivr  Biyi0-et Ui
[2 = = — = Llj1]
j+1 1 1 - J+1
— Hj+17j-2 — Hi+175-2
_Yi—Viy2 — a1 Yi—iVitet &1
pj_l - 1 - 1 ~ ~ - pj—h
— Hj4275-1 — Hj4+275-1
Vi—1Wit2 = Bi-1 _ Yi-1@ire + B _
Sj—1= = = = Sj-1,
L — pjq27i-1 = fj2%51
Kj+1 +Ljr1pj—1  Kjpl +Lip1Pi-1 =
Q= = =@,
1—416 1 — 2541551
Djp2 = —(1542V5-1 + Vjt2 +wj129541)
=f12Y5 1+ Ujpo+ 0129541 = 40,
_ Pi—1 -1k pg 1+ ].K']-‘rl
j-1=

1—-¢j_1tj11 1-Gljn
Vjo=—(a;_ oW1+ Bj_2 +vj—2Pj41)
= dj—2®j—1 + Bj 2 +7j-29501 = ¥,
Ui = ai%is + Bi%iss + % Virs = & Vi + Bi¥igo + 70y = U,
B = pi®; 3+ vi®i_o +wi®i1 = i Pios + 5i®is + &%y = Py,

k=j—1 k=j+3
= > laale+ Y lajkl®s
k=j—3 k=j+1
k=j—-1 k=j+3
Z laj, K| U + Z |a;, K| Pk =
k=j—3 k=j+1
Thus,
Ti :(I)i.’lljj :(ii.’lfjj, i=1,...,n—1, j=1+1,...,n
Zq,j5 =\I/i$jj =\i/i$jj, ’i:2,... ,n, ]= ].,... ,i—l,
1 1
T = = —, 7=12,...,n.
7,3 Iaj|'—hj Iajl—hj, < ’
Then we obtain the exact inverse of the comparison matrix u(A) of A. O

Theorem 2.5([3,Theorem 3.12]). Let A be a 2p + 1 banded M-matriz, and
A7l = X = [zs]. Then for any s,t withs € {(i— )p+2,...,ip+ 1} and
te{-1p+2,....9p+1} G=1ifs=1,7=1ift =1) withi # j,

. .
0, x4:0; < Pll gy, 0, 250, < PI Iz,
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where p = p(D™'N) is the spectral radius of D~'N with D = diag(A) and
N=D-A,0={61,...,0,} denote the eigenvector corresponded with p.

Since we obtain the exact inverse in Theorem 3.4, and the bounds in Theo-
rem 3.5 [Theorem 3.12,3] are relate to the spectral radius p and eigenvector 6
which corresponded with p of nonnegative matrices D! N, it is very difficult
to calculate spectral radius and eigenvector, the rate of calculating the bounds
be extremely slow. Then, when A be a nonsingular diagonally dominant seven-
diagonal matrix, the bounds in Theorem 3.4 are better than the bounds in
Theorem 3.5 [Theorem 3.12,3].

On the other hand, by the following numerical examples, we can illustrate
the upper bounds is the exact inverse of A in Theorem 3.4, and better than the
bounds that Nabben obtained in Theorem 3.5 [Theorem 3.12,3]:

Example 1. we consider the bounds for nonsingular banded diagonally dom-

inant diagonal M-matrix with p = 3 and order n = 7, where a;; = 30
(i = 1, ,n), aii+1 = —2, Aitrl,s = —4 (7, = 1,... ,n— 1), i i4+2 = —3,
Q42,5 = —6 (’L = 1, NN 2), ai 43 = —4, ;43,0 = —7, (’L = 1, ey — 3)

We denote the matrix of upper bounds in [3], upper bounds and lower bounds
in this paper of A~ by V = (0; j)nxn, V = (@i j)nxns V = (Vi j)nxn, respec-
tively. Use the Matlab to program calculation on the microcomputer(the preci-
sion is 1.0e — 7), we obtain

0.0367 0.0051 0.0057 0.0067 0.0022 0.0017 0.0012
0.0079 0.0376 0.0061 0.0070 0.0067 0.0022 0.0017
0.0108 0.0091 0.0390 0.0077 0.0070 0.0067 0.0022
0.0134 0.0124 0.0108 0.0411 0.0077 0.0070 0.0067 = A"
0.0067 0.0133 0.0122 0.0108 0.0390 0.0061 0.0057
0.0065 0.0068 0.0133 0.0124 0.0091 0.0376 0.0051
0.0053 0.0065 0.0067 0.0134 0.0108 0.0079 0.0367

<i
Il

0.0367 0.0277 0.0214 0.0101 0.0100 0.0058 0.0058
0.0498 0.0376 0.0291 0.0137 0.0135 0.0078 0.0078
0.0668 0.0505 0.0390 0.0184 0.0181 0.0105 0.0105
0.0526 0.0397 0.0307 0.0411 0.0405 0.0234 0.0234
0.0507 0.0383 0.0296 0.0396 0.0390 0.0226 0.0226
0.0298 0.0225 0.0174 0.0233 0.0229 0.0376 0.0376
0.0291 0.0220 0.0170 0.0227 0.0224 0.0367 0.0367

Obviously, V = A~ < V.

<)
H

3. Numerical examples

In this section, we consider some examples for different matrices A and com-
pare the entries of A~! with our bounds. Denote V, V as in example 1, and
denote 6 = max{f)iyj — 'xi,j|}7 &= max{lxi7j| — Ui’j}.

Example 3.1 In this case, we consider the bounds for a strictly diagonally
dominant seven-diagonal matrix with a;;=27(i=1,...,n), Aiit1 = 2, Qi1



952 Zhuohong Huang, Ting-Zhu Huang

:4 (Z = 1,... ,n—l), ai7i+2 = —3, ai+2,,- = 6 (’L = 1, ,n—2), ai7i+3 = —4,
i3, = —7, (l = 1,... ,77,—3).

The lower and upper bounds as follows:

n 7 70 700

61 1.75x 1072 | 5.86 x 1072 | 5.88 x 1072
§[1.05x107%[1.49 x 1072 | 1.49 x 1072

Example 3.2 In this case, we consider the bounds for a strictly diagonally dom-
inant seven-diagonal matrix with a;; =40 (i = 1,...,n),a;,41 = —1, @iy1, =
—1(’i = 1,... , N — 1), Qi i+2 = 2, Ai424i = 2 (Z = 1,... yn — 2), Qi 343 = 3,
G434 = 3, (Z = 1,... ,n—3).

The lower and upper bounds as follows:

n 7 70 700
o | 1.61260 x 107* | 1.7580 x 10~* | 1.7580 x 10~*
5| 9.4046 x 107% | 9.5411 x 107 % | 9.5411 x 10~ *

Example 3.3 In this case, we consider the bounds for a strictly diagonally
dominant seven-diagonal matrix with a;; =12 (i = 1,...,n), ;41 = 1, @it14
=1(G=1,...,n~1), Giize=1, @ipo, =1 (I =1,...,n—2), @i 43 = 1,
i3, = ]., (Z = 1, ,TL—3).

The lower and upper bounds as follows:

n 7 70 700
6|54x107% [ 58x107% [ 5.8x 10°
5|73x107°[76x107°[76x10"°
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