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FUZZY IDEALS OF PSEUDO BCI-ALGEBRAS
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ABSTRACT. The concepts of fuzzy pseudo ideals (resp. fuzzy pseudo p-
ideals, associative fuzzy pseudo ideals, fuzzy pseudo g-ideals and fuzzy
pseudo a-ideals) in a pseudo BCI-algebra are introduced, and related prop-
erties are investigated. Conditions for a fuzzy pseudo ideal to be a fuzzy
pseudo p-ideal (resp. fuzzy pseudo g-ideal) are provided. A characteriza-
tion and properties of an associative fuzzy pseudo ideal are given.
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1. Introduction

In [3], G. Georgescu and A. Torgulescu introduced the notion of a pseudo
BCK-algebra as an extended notion of BCK-algebras. Y. B. Jun [4] gave a
characterization of pseudo BCK-algebra, and provided conditions for a pseudo
BCK-algebra to be A-semi-lattice ordered (resp. N-semi-lattice ordered). In [6],
Y. B. Jun et al. introduced the notion of (positive implicative) pseudo-ideals
in a pseudo-BCK algebra, and then they investigated some of their properties.
W. A. Dudek and Y. B. Jun [2] introduced the notion of pseudo BCI-algebras
as an extension of BCl-algebras, and investigated some properties.

In [5], Y. B. Jun et al. introduced the concepts of pseudo-atoms, pseudo
ideals and pseudo BCI-homomorphisms in pseudo BCI-algebras. They displayed
characterizations of a pseudo ideal, and provided conditions for a subset to be
a pseudo ideal. Y. L. Liu et al. [8] extended the ideal and congruence theory to
pseudo BCK-algebras, and investigated the connections between pseudo BCK-
algebras and PD (GPD)-posets. In [7], K. J. Lee and C. H. Park introduced
the concepts of (associative) pseudo ideals, pseudo p-ideals, pseudo g-ideals and
pseudo a-ideals in a pseudo BCI-algebra, and investigated relative properties.
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In this paper, we introduce the concepts of fuzzy pseudo ideals (resp. fuzzy
pseudo p-ideals, associative fuzzy pseudo ideals, fuzzy pseudo g-ideals and fuzzy
pseudo a-ideals) in a pseudo BCI-algebra, and investigate related properties. We
provide conditions for a fuzzy pseudo ideal to be a fuzzy pseudo p-ideal (resp.
fuzzy pseudo g-ideal). We give characterizations and properties of an associative
fuzzy pseudo ideal.

2. Preliminaries

The study of BCK/BCl-algebra was initiated by K. Iséki in 1966 as a gen-
eralization of the concept of set-theoretic difference and propositional calculus.
Since then many researches worked extensively in this area .

An algebra (X;*,0) of type (2,0) is called a BCI-algebra if it satisfies the
following conditions:

() (Va,y,z € X) (((1: xy)* (T *2))*(2xy) = 0),
(I (Vo,y € X) ((x* (zxy))xy= 0),
(II) (Vz € X) (x+x =0),
(Iv) (Vz,y € X) (w*y:O& y*rzr=0 = x:y).
If a BCI-algebra X satisfies the following identity:
(V) (V& € X) (0%z =0),

then X is called a BCK-algebra. Any BCK-algebra X satisfies the following
axioms:

(al) (Vz e X) (xx0=12x),
(a2) (Vz,y,z€ X) (x<y=> z*x2<y*2, 2%y < z%x),

(83) (Vo2 € X) ((@ep) vz =(ax2) *v),
(ad) (Vz,y,z€ X) ((x*z)*(y*z)ﬁx*y)

where z <yifandonlyifz xy =0.
A non-empty subset I of a BCI-algebra X is called an ideal of X if it satisfies:

0el (1)

and
(Va:,yeX)(m*yEI&yEI::t»mel). (2)

A non-empty subset I of a BCI-algebra X is called a p-ideal of X (see [10])
if it satisfies (1) and

(Vm,y,zGX)((m*z)*(y*z)el&yel==>:c61). 3)

A non-empty subset I of a BCI-algebra X is called a g-ideal of X (see [9]) if
it satisfies (1) and

(Va:,y,zeX)(x*(y*z)éI&yelwx*zel). (4)
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A non-empty subset I of a BCI-algebra X is called an a-ideal of X (see [9])
if it satisfies (1) and

(Vm,y,zeX)((x*z)*(O*y)EI&zEI:>y*xé]). (5)
Definition 1. [3] A pseudo BCK-algebra is a structure X := (X, =%, %,0,0),

where “=<” is a binary relation on a set X, “x” and “¢” are binary operations
on X and “0” is an element of X, verifying the axioms: for all z,y, z € X,

(zxy)o(zxz) X zxy, (zoy)x(xoz)Xzoy, (6)
zx(zoy) 2y, zo(z*y) 2y, (7)

T =X, (8)

0=z, 9)

ry & yir = r=y, (10)
Ry <= zxy=0<=zoy=0. (11)

Definition 2. [2] A pseudo BCl-algebrais a structure X := (X, %, *,0,0), where
“<” is a binary relation on a set X, “4” and “o” are binary operations on X
and “0” is an element of X, verifying the axioms (6), (7), (8), (10) and (11).

Example 1. [5] Let X = [0,00] and let < be the usual order on X. Define

binary operations “«” and “¢” on X by

THY = %m T sy d 10 if z <y,
Y=Y Zarctan (ln(—)) if y<ag, NCTVIT gemn(E) if y<u,
T Y

for all z,y € X. Then X := (X, <, %,0,0) is a pseudo BCK-algebra, and hence
a pseudo BCl-algebra.

Proposition 1. [2, 5] In a pseudo BCI-algebra X the following holds:
(bl) =0 = z=0.

(b2) Xy = zxy X zxx, zoy J202.

(b3) z <y, y<2z =z <z

(bd) (z*xy)oz=(xzo2)*y.

(b5) zxy=<2z < zoz=y.

(b6) (z*y)x(zxy) 2ax2, (xoy)o(zoy) Jzxoz.
b)) 2=y = xx2=2y*xz, T02=yoz

(b8) zx0=2=x¢0.

(b9) zx (zo(zxxy)) =zxy andzo (z*(xoy)) =0y
(b10) Ox (zoy) 2yox

(b11) 0o (zxy) S y*=.

(b12) 0% (xxy) = (0oz)o (0*y).
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(b13) Oo(zoy)=(0xz)*(00y).

Proposition 2. {7] In a pseudo BCI-algebra X, we have O0xx = 0oz for all
T € X.

In what follows, let X := (X, <, %,0,0) be a pseudo BClI-algebra unless oth-
erwise specified.
For any non-empty subset J of X and any element y of X, we denote

w(y,J)i={zeX|zxyeJ} and oy, J):={x e X |zoye J}.
A non-empty subset J of X is called a pseudo ideal of X (see [5]) if it satisfies:
0eJ, (12)

(VyeJ) (x(y,J) CJ & o (y,J) € J). (13)
A non-empty subset J of X is called a pseudo p-ideal of X (see [7]) if it satisfies
(12) and
(xx2)o(yx2z)ed &yed = z €, (14)
(zoz)*x(yoz)ed & yeJ = xe€J
for all z,y,z € X.
A non-empty subset J of X is called an associative pseudo ideal of X (see [7])
if it satisfies (12) and
(zxyyozed &yozeld = zeJ, (15)
(zoy)yxzeJ & yxzeJ = zeJ
forall z,y,z € X.
A non-empty subset J of X is called a pseudo g-ideal of X (see [7]) if it satisfies
(12) and
rx(yoz)eJ &yed = zxze ] (16)
zo(yxz)eJ & yeJ = zozeJ

for all z,y,z € X.
A non-empty subset J of X is called a pseudo a-ideal of X (see [7]) if it satisfies
(12) and ‘
(xxy)o(0x2)eJ & yeJ = zoz €], (17)
(zoy)x(0c2)eJ & yedJ = zxxed
for all z,y,z € X.

3. Fuzzy pseudo ideals

Definition 3. A fuzzy set p in X is called a fuzzy pseudo ideal of ¥ if it satisfies:
(F1) (Vz € X) (1(0) > p(z)),
(F2) (Va,y € X) (u(z) > min {p(@+y), p(v) } & p(z) 2 minfu(zoy), u(y)})-
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Proposition 3. Let o be a fuzzy pseudo ideal of X. Then
w0+ (00z)) = p(00(0+z)) > p(z)
forallz € X.

Proof. Let x € X. By Proposition 2, p1(0 % (0o x)) = (00 (0 * z)). It follows
from (8), (11), (b4), (F1) and (F2) that

p(0% (0oz)) > min{u((0%(0ox))ox), u(x)
p((00x) x (00 z)), pu(x) p = min{p(0), p(x)} = p(z).

This completes the proof. a

= min

Proposition 4. Let u be a fuzzy pseudo ideal of X. If y < x, then u(y) > p(x).

Proof. If y = , then y *xz = 0, and hence p(y) > min{u(y * z), u(x)} =
min{u(0), p(z)} = p(=). 0

Theorem 1. Let u be a fuzzy pseudo ideal of X. If u¥ is a fuzzy set in X defined
by p*(z) = p(0x (0o z)) for all z € X, then ut is a fuzzy pseudo ideal of X and
G pt,

Proof. For any x € X, by using (F1), p(0) = u(0) > (0% (00x)) = p#(z). Let
z,y € X. It follows from (b12), (b13) and Proposition 2 that

prazxy) = p0*(00(zxy)) = p(0o (0 (z+y)))
M(OO((OOf’?) <>(O*y))) = p((0* (00x))* (00 (0%y)))
and p*(y) = p(0* (00y)) = (0 (0* y)). Then
min{(@ +y), p(y)} = min{u(O+ (002)) (00 (0+y)), p0o O+y)}
< w0+ (002)) = pia).
Now, by using (b12) and (b13) we have
,u”(a:oy) = u0% (0o (zoy)) = ( (0 ) * (Ooy)))
#((00 (0*z))o (0% (00y)))
and p*(y) = u(0* (0o y)), and so
min{pf(z 0y), u*(y)} = min {u((O o (0xx)) 0 (0x(00y))), u(0x (0o y))}
< p(00(0xz) = u0x(0ox)) = pH).
Hence p* is a fuzzy pseudo ideal of X. By Proposition 3,
() < p(0*(00x)) = pb(z)

{l
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for all z € X, i.e., p C u¥. This completes the proof. O

Definition 4. A fuzzy set g in X is called a fuzzy pseudo p-ideal of X if it
satisfies (F1) and

(18)

p(x) > min{ p((z * 2) ¢ (y * 2)), w(y) ¢
p(x) > min S p((z o 2) * (y o 2)), u(y)

for all z,y,2z € X.

Note that if X is a pseudo BCl-algebra satisfying zxy = zoy forall z,y € X,
then the notions of a fuzzy pseudo p-ideal and a fuzzy p-ideal coincide.

Theorem 2. Every fuzzy pseudo p-ideal of X is a fuzzy pseudo ideal of X.

Proof. Let u be a fuzzy pseudo p-ideal of X. For any z,y € X, it follows from
(18) and (b8) that

u() > min {u((@ * 0) o (y + 0)), p(y) } = min{u(= o), s®)},

u(e) 2 min {p((z 00) * (y 0 0)), u(y) } = minfu(z ), )},
and hence p is a fuzzy pseudo ideal of X. O

Proposition 5. Let u be a fuzzy pseudo p-ideal of X. Then
u(z) > p(0* (00a)) = p(0o (0% 2))
forallz € X.

Proof. Let z € X. By Proposition 2, u(0* (0oz)) = u(0¢ (0+x)). Taking y := 0
and z :=z in (18) implies that

w(z) 2 min{p((z 0 2) x (002)), u(0)} = u(0 * (002)).

This completes the proof. [
Combining Propositions 3 and 5, we have the following corollary.

Corollary 1. Let y be a fuzzy pseudo p-ideal of X, and let u* be as before in
Theorem 1. Then p = pt.

We give a condition for a fuzzy pseudo ideal to be a fuzzy pseudo p-ideal.
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Theorem 3. Fvery fuzzy pseudo ideal v of X satisfying the following conditions:
pzxy) 2 pl(zoz)x(yoz)),
pzoy) = p(zxz)o(y*z)

for all x,y,z € X, is a fuzzy pseudo p-ideal of X.

(19)

Proof. Let p be a fuzzy pseudo ideal of X that satisfies (19). For any z,y, z € X,
it follows from (F2) and (19) that

u(e) = min {p(@ + 1), u(y)} = minfu((@ o 2)  (y o 2)), w)},

u(a) = min {p(@ o), u(y) } = minfu((@ + 2) o (y * 2)), )}
Then p is a fuzzy pseudo p-ideal of X. O

Definition 5. A fuzzy set p in X is called an associative fuzzy pseudo ideal of
X if it satisfies (F1) and

(20)

for all z,y, z € X.

We provide a characterization of associative fuzzy pseudo ideals.

Theorem 4. A fuzzy set p in X is an associative fuzzy pseudo ideal of X if and
only if the level set U(p;t) == {xz € X | u(x) >t} is an associative pseudo ideal
of X for oll t € [0,1] when it is nonempty.

Proof. Let p be an associative fuzzy pseudo ideal of X and let ¢ € [0, 1] be such
that U(p;t) # 0. Then there exists z € U(u;t), and so u(0) > p{x) > ¢. Thus
0 € U(p;t). Let z,y,z € X be such that (z*xy)oz € U(u;t) and yoz € U(u;t).
Then p(z) > min {p((w xy) o z), puly o z)}, and so z € U(y;t). Similarly, if
(xoy)*z € U(pust) and y* 2z € U(u;t), then z € U(u;t). Therefore U(p;t) is
an associative pseudo ideal of X.

Conversely, assume that U(u;t) is an associative pseudo ideal of X when
U(p;t) # 0. If 4(0) < p(z) for some z € X, then there exists t € (0, 1) such that
p#(0) <t < p(z). It follows that 0 ¢ U(p;t), a contradiction. Hence p(0) > p(x)
for all z € X. Now, suppose there exist a, b, ¢ € X such that

pla) < min {u((a x b) o c), u(boc)}.

We can select ¢ € (0,1) such that p(a) < t < min {p((a* b) oc),p(boc)}. Then
(@xb)oceU(u;t)and boc € U(ust), but a ¢ U(u;t). This is a contradiction.
Hence p(z) > min {,u((a:*y)oz), ,u(yoz)} for all z,y, z € X. Similarly, we can
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induce the inequality p{z) > min{u({z o y) * 2), ply * 2)} for all z,y,2 € X.
Therefore p is an associative fuzzy pseudo ideal of X. a

Proposition 6. If u is an associative fuzzy pseudo ideal of X, then
() Zu((:v*y)oy) = p((zoy) *y) (21)
forallz,y € X.
Proof. Assume that p is an associative fuzzy pseudo ideal of X. Let z,y € X.
By taking z := y in (20), we have
u(e) = min{u((w xy) oy), uly oy)} = w((@ *y) 0y),
and the last equality in (21) holds by (b4). O

Proposition 7. Let p be an associative fuzzy pseudo ideal of X. Then
(@) > u(0+ ) = p(0 o 2)
foralzxe X.

Proof. For any z € X, we have u(z) > p((z*xx)ox) = p(0oz) = (0 x z) from
(21) and Proposition 2. U

Theorem 5. Every associative fuzzy pseudo ideal of X is a fuzzy pseudo ideal
of X.

Proof. Let p be an associative fuzzy pseudo ideal of X, and let z,y € X. Then

u(a) 2 min {u((@ +y) 00), uly 0 0) } = minfu(z * ), u(y)},

(@) = min {u((z o) *0), u(y +0) } = min{u(z o y), u(y)},
by using (20) and (a8). This means that u is a fuzzy pseudo ideal of X. O

Proposition 8. Every associative fuzzy pseudo ideal p of X satisfies the fol-
lowing assertions:

w(y) =z min{u(z oy), u(z)}
foralz,ye X.

Proof. Let z,y € X. It follows from (20), (b4), Propositions 3 and 7 that

v

uy) > min{u((y o) oy), u(z+y)} = minfu((yoy) «o), u(@ *y)}
min { (0 + 2), u(@ xy) } 2 min{u(0¢ (0 %)), p(z +y)}

min{u(z), u(z *y)},

v
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uy) = min{u((yo) ), uzoy)} = minfu((yy) ox), p@oy)}
= min {002, pwoy)} = min{u(0 (0 0a), u(oy)}
> min{u(z), p(zoy)}.
This completes the proof. a

Definition 6. A fuzzy set p in X is called a fuzzy pseudo g-ideal of X if it
satisfies (F1) and

p(xx2) > min{ p(z = (y o 2)), u(y@, 23)

o z) = mind (o (y2)), aly)
for all z,y, 2z € X.

Note that if X is a pseudo BClI-algebra satisfying zxy = xoy for all z,y € X,
then the notions of a fuzzy pseudo g-ideal and a fuzzy ¢-ideal coincide.

Theorem 6. Every fuzzy pseudo q-ideal of X is a fuzzy pseudo ideal of X.

Proof. Let p be a fuzzy pseudo g¢-ideal of X. Taking z := 0 in (23) and using
(b8), we have

(@) = p(z % 0) > min{u(x * (y ©0)), p(y)} = min{u(z *y), p(y)},

u(z) = p(x 0 0) > min{pu(z o (y *0)), p(y)} = min{u(z oy), u(y)}
for all z,y € X. Then p is a fuzzy pseudo ideal of X. O

Proposition 9. Every fuzzy pseudo g-ideal p of X satisfies the following asser-
tions:

wzxy) > plzx(0oy)),

24
uwzoy) = plzo(0xy) Y

forallxz,y € X.

Proof. Let z,y € X. Putting z := y and y := 0 in (23) and using (F1), we have
ple xy) = min {u(z « (00y)), p(0)} = pl@* (0oy)),
pwoy) 2 min{u(z o (0+y), w(0)} = plzo(0+y).

This completes the proof. O

Proposition 10. Every fuzzy pseudo q-ideal u of X satisfies the following as-
sertions:

wa* (yo2)),
(o (y * 2)) (25)

forallx,y,z € X.
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Proof. Let z,y,z € X. From (7), we know that
zo(z*(yoz)) Syoz and xx(ro(y*2)) Syxz
It follows from (8), (b4), (b7) and Proposition 4 that
(@) s 002) 0 (e (yo2)) = u(((@+y) 0@+ (yo2) x (002))
= p(((zo(zx(yo2)))xy) *(002)) 2 u(((yoz)*y) x(002))
= u((y*y) 02+ (002)) = p((002) * (002)) = u(0)
and
p((@oy) 00+ 2) x (ro(y+2)) = n(((woy) x (o y+2)) 0 (0+2))
- ug«x*(wo(y*z)))oy)o(@*z)) > u(((y<2)0y) o (0% 2))

= p(((yoy) x2) o (0%2)) = w((0+2)0(0%2)) = ().
Then
uzxy)xz) > pl({z*y)*(002))
> min{u(((@+y)* 002) o (@ % (y ), wle* (yo2) }
> min{u(0), p(z + (yo2)}
= uz*(yo2)
and
w(zoy)oz) > pl(xoy)o(0x2)
> min{u(((zoy) 0 (0% 2) * (z oy + ), plzo(y+2)}
> min{p(0), u(o (y+2)}
= plzo(yx2),
by using Theorem 6 and Proposition 9. This completes the proof. O

Now we provide conditions for a fuzzy pseudo ideal to be a fuzzy pseudo
g-ideal.
Theorem 7. If a fuzzy pseudo ideal p of X satisfies the following conditions:

p{(xz*y)oz) > plzo(y*2)),
W(zoy)*2) > plzs(yo2)) (26)

for allz,y,z € X, then u is a fuzzy pseudo g-ideal of X.

Proof. Let p be a fuzzy pseudo ideal of X that satisfies (26). For any z,y, 2z € X,
it follows from (F2), (b4) and (26) that

p(x*2) 2 min{p((z*2)oy), ply) p = min{u((z o y) * 2), u(y)}
> min{u(z * (Yo 2)), u(y) (s
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v

p(zoz) > minqp((xo2)*y), ply) ; = min{u((z*y) o 2), uy)}

min 4 iz o (y * 2)), p(y) -
Then p is a fuzzy pseudo g-ideal of X. O

Y%

Theorem 8. Let u be a fuzzy pseudo ideal of X which satisfies:

mzxy) 2 px) and plroy) = u(@) (27)
for all x,y € X. Then pu is a fuzzy pseudo q-ideal of X.
Proof. Let x,y,z € X. Using (F2) and (27), we have

o« 2) > ple) = min{p(e « (yo2)), plyo2)} = min{u(e+ y2)), uy)},

iz oz) > p(e) > min{p(o (y+2)), ply+2) b > min {p(@ o (y+2)), uly) },
which means that p is a fuzzy pseudo ¢-ideal of X. O

Theorem 9. Let i be a fuzzy pseudo ideal of X that satisfies (25) and
(Ve,y,ze X)((zxy)xz=(z*x2)xy & (xoy)oz=(xoz)0Yy). (28)

Then p is a fuzzy pseudo g-ideal of X.

Proof. For any z,y, z € X, we obtain that

p(z*2) 2 mingp((zx*2) *y), p(y) p = min{p((z *y) *2), py)}
> min{p(z = (y o 2)), uy)

and
p(xoz) = minqp((zoz)oy), uly)r = min{p((zoy)oz), uy)}
> min (e o (y * 2)), u(y)
by using (F2), (25) and (28). Hence p is a fuzzy pseudo ¢-ideal of X. O

Definition 7. A fuzzy set p in X is called a fuzzy pseudo a-ideal of X if it
satisfies (F1) and

p(z xx) = minqp((zoy) * (002)), n(y)
w(zow) 2 min{ p((w xy) o (0% 2)), uly)
for all z,y,z € X.

Note that if X is a pseudo BCI-algebra satisfying z*xy = zoy forall z,y € X,
then the notions of a fuzzy pseudo a-ideal and a fuzzy a-ideal coincide.
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Proposition 11. If i is a fuzzy pseudo a-ideal of X, then
u(x) = p0xz) = p(0ox)

forallz e X.
Proof. Let z € X. By using (8), (b8), (F1) and (29), we have

w0+ 2) > min{p((z00) x 00)), 4(0)} = nia)
and

p(00) = min{ (e £0) 0 (0x0)), p(0)} = u(a),
which implies that

pla) = p(eo0) 2 min{u((0+0)0 (0 +2)), u(0)}
= w00 (0xx)) = p(0*x)

and
u(@) = wlxx0) > min{u((000) * (00a)), u(0)}
= p(0x(00z)) > p(0oz).
Therefore p(z) = p(0*xz) = p(0ox) for all z € X. O

Theorem 10. Every fuzzy pseudo a-ideal of X is a fuzzy pseudo ideal of X.
Proof. Let u be a fuzzy pseudo a-ideal of X, and let x,y € X. Then

#(x) = w0oz) > min {u((x *y) ©(0%0)), u(y)} = min{u(z *y), u(y)}
and
we) = pO*2) 2 min{p((@oy) x (000)), u(y) | = minfu(z o), uy)},

by using (8), (b8), (29) and Proposition 11. This means that p is a fuzzy pseudo
ideal of X. O

Proposition 12. Every fuzzy pseudo a-ideal u of X satisfies the following as-
sertions:

y(@o2) 2 Mé(W)* <0<>-y)§, (50)

plyo(zx2)) 2 p(zxz)o(0*y)
foralz,y,z€e X.
Proof. Let z,y,z € X. It follows from (b8), (F1) and (29) that

Wy (@o2) > min{u(((z02)00)+ 0oy)), u(0)}
pl(zoz)*(00y)),

plyo(@+2)) = min{u((@+2) x0)o (0%y)), w(0) |

(@5 2) 0 0+ ).
This completes the proof. 0

I

]
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Taking z := 0 in (30) and using (b8), we have the following corollary.

Corollary 2. Every fuzzy pseudo a-ideal p of X satisfies the following asser-

tions:
ply»2) 2 ple = (009)), 31)
plyox) > p(x o (0*y))
forallz,y € X.
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