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STRONG CONVERGENCE OF MONOTONE CQ ITERATIVE
PROCESS FOR ASYMPTOTICALLY STRICT
PSEUDO-CONTRACTIVE MAPPINGS

HONG ZHANG, YONGFU SU* AND MENGQIN LI

AssTraCT. T.H. Kim, H.K. Xu, [Convergence of the modified Mann’s it-
eration method for asymptotically strict pseudo-contractions, Nonlinear
Anal.(2007),d0i:10.1016/{.na.2007.02.029.] proved the strong convergence
for asymptotically strict pseudo-contractions by the classical CQ iterative
method. In this paper, we apply the monotone CQ iterative method to
modify the classical CQ iterative method of T.H. Kim, HK. Xu, and to
obtain the strong convergence theorems for asymptotically strict pseudo-
contractions. In the proved process of this paper, Cauchy sequences method
is used, so we complete the proof without using the demi-closedness prin-
ciple, Opial’s condition or others about weak topological technologies. In
addition, we use a ingenious technology to avoid defining that F{T) is
bounded. On the other hand, we relax the restriction on the control se-
quence of iterative scheme.
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1. Introduction

Let H be a real Hilbert space and C be a nonempty closed convex subset of
H. Let T : C — C be a self-mapping of C. We use F(I') to denote the set of
fixed points of 7" ; that is, F(T) = {z € C : Tx = z}. Throughout this paper,
we always assume that F(T) # 0.

Strict pseudo-contractions in Hilbert spaces were introduced by Browder and
Petryshyn [2]. Given a closed convex subset C of a Hilbert space H, a mapping
T :C — C is said to be a strict pseudo-contraction [2] if there exists a constant
0 < k < 1such that

T2 = Tyl|* < flo ~y)* + kI (I - Tz — (I - Thy|)* (1.1)
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forallz,y € C. If (1.1) holds, we also say that T is a k—strict pseudo-contraction.
These mappings are extensions of nonexpansive mappings which satisfy the in-
equality (1.1) with k = 0. That is, T : C — C is nonezpansive if

1Tz — Tyl < ||z - yll

for all z,y € C.

Given a closed convex subset C of a Hilbert space H, a mapping T : C — C'is
said to be an asymptotically k—strict pseudo-contraction if there exists a constant
0 < k < 1 such that

1Tz — T"y|I> < (1 +7a)llz =y + kI - TN~ I -T™yl*  (1.2)

for all z,y € C and all integer n > 1, where «, > 0 for all n and such that
¥, — 0 as n — oo. Note that if £ = 0 then T is an asymptotically nonexpansive
mapping, a concept introduced by Goebel and Kirk [5] in 1972. That is, T is
an asymptotically nonerpansive if there exists a sequence {7,} of nonnegative
numbers with v, — 0 and such that

1Tz = T™y|* < (1 + yn)llz — yll?

for all z,y € C and all integer n > 1.

Iterative methods for nonexpansive mappings and asymptotically nonexpan-
sive mappings have been extensively investigated; see [3, 5, 6, 7, 8, 9, 12, 14, 15,
17] and the references therein.

However, iterative methods for strict pseudo-contractions are far less devel-
oped than those for nonexpansive mappings though Browder and Petryshyn[2]
initiated their work in 1967. Needless to say, the development of asymptotically
strict pseudo-contractions. The reason is probably that the second term appear-
ing in the right-hand side of (1.1) impedes the convergence analysis for iterative
algorithms used to find a fixed point of the strict pseudo-contraction T. On
the other hand, strict pseudo-contractions have more powerful applications than
nonexpansive mappings do in solving inverse problems [16]. Therefore it is inter-
esting to develop the theory of iterative methods for strict pseudo-contractions.

As a matter of fact, Marino and Xu [13] recently show that if a k-strict pseudo-
contraction T has a fixed point in C, then starting with an initial zo € C, the
sequence {z,} generated by the following Mann’s algorithm [1]:

Tpg1 = 0nZn+ (1 —an)Tzy,n >0 (1.3)

converges weakly to a fixed point of 7', provided the control sequence {o}
satisfies the conditions that k < oy, < 1 foralln and 3 . o(an—k)(1—0ayn) = co.

In order to find a fixed point of an asymptotically k-strict pseudo-contraction
T, the modified Mann’s iteration method is studied in [7, 17, 18] which generates
a sequence {z,} via

Tnt1 = Qptn + (1 — )Tz, n>0 (1.4)
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It is well known that Mann’s iteration method (1.3) has only weak conver-
gence, in general, even for nonexpansive mappings(see the example in [4]). Sim-
ilarly, the modified Mann’s iteration method (1.4) is not convergent strongly for
asymptotically strict pseudo-contractions in general. So in order to get strong
convergence, one has to modify the iteration method (1.4). Some such mod-
ifications for Mann’s iteration methods (1.3) can be found in [1, 8, 9, 12, 13,
14].

Quite recently, T. H. Kim and H.K.Xu [10] proposed the following modi-
fication of modified Mann’s iteration method for an asymptotically k—strick
pseudo-contraction on a closed convex subset C in a Hilbert space H.

xg € C  chosen arbitrarily,
Yn = QnZn + {1 — )Tz,
Con={2€C: |yn —2|* < [lzn — o|?
+1k = an(l — a)]lzn — T @))% + 60},
Qn={2€C:{Tn— 2,26 — 2n) > 0},

Tnt1 = PcanniUOg

(1.5)

where 0, = A2(1—a,)ym — 0 (asn — ), A, =sup{|lz,—z|:2€ F(I)} <
0.

In the iterative method (1.5), the fixed points set F(T') is assumed bounded.
T.H.Kim and H.K.Xu have proven the following convergence theorem.

Theorem KX.[10] Let C be a closed convex subset of a Hilbert space H and
let T : C — C be an asymptotically k-strict pseudo-contraction for some 0 <
k < 1. Assume that the fizred point set F(T) of T is nonempty and bounded.
Let {x,}52. o be the sequence generated by the {CQ) algorithm (1.5). Assume that
the control sequence {a,} is chosen so that limsup,, . @, < 1—k. Then {zn}
converges strongly to Pr()xo.

In this article, we will also propose a modification for the algorithm (1.4).
The modified algorithm is obtained by applying additional projections onto the
intersections of two closed convex subsets which satisfying monotone condition
and is guaranteed to have strong convergence.

Our modification for the algorithm (1.4) produces a sequence {z,} by the
following algorithm:

zo € C' chosen arbitrarily,
Yn = QnZn + {1 — )T zy,
Crn={2€CnaNQn-1:lyn — 2|* < |lzn ~ z||?
—(1 = anYoun — k)||2n — T ||? + 6, ), (1.6)
Co={z€C:|lyo—2|* < [lwo — 2|
—(1 — ag)(eo — K)o — T xo|* + 6o},
Qn={2€Cho1NQn-1: (Tn — 2,20 — Tn) > 0},
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QO = Ca
Znt+1 = Pc,.nq,. %o,

6n, = (1 — an)ya(sup ||zn — z|[)2 = 0 ( n — co),
z€A

where

A={ye F(T): |y - Ppe)zoll < 1}.

It is easy to see that the algorithm (1.6) is different from the algorithm (1.5).
In the proved process of this article, the Cauchy sequence method is used, so
that without using the demi-closedness principle, Opial’s condition or others
about weak topological technologies, we complete the proof. In particular, in
the proved process, we use a ingenious technology to avoid defining that F(T')
is bounded. It is also worth mentioning that in our algorithm (1.6), the choice
of the control sequence {a,} is quite free than that in T. H. Kim and H. K.
Xu [10]. That is, relax the restriction on the control sequence {a,} from the
limsup,_,, o < 1—k to the limsup,, _,, an < 1.

2. Preliminaries

We will use the notation:

1. — for weak convergence and — for strong convergence.

2. wy(zn) = {z : Jz,; — z} denotes the weak w—limit set of {z,}.
In order to prove our main results, we shall make use of the following Lemmas.
(see [12] for necessary proof of Lemma 2.2)

Lemma 2.1. Let H be a real Hilbert space. There hold the following identities.

(i) llz—ul2 =12l ~ o> - 2z ~ v,9) Vz,y € H 2
() Jew s (0= 00l =l + 0= Ol = o1 = Ol —ul oy €
t e [0, 1].

Lemma 2.2 Let H be a real Hilbert space. Given a closed convex subset C C H
and points z,y,z € H and given also a real number a € R, the set

D:={veC:|y—v|*<|z-v|?+(z,v) +a}
is convex and closed.

Recall that given a closed convex subset K of a real Hilbert space H, the
nearest point projection Px from H onto K assigns to each x € H its nearest
point denoted by Pxx in K from z to K; that is, Pxx is the unique point in K
with the property

|z — Prz|| < |lz—y|| forallye K.

Lemma 2.3. Let K be a closed convex subset of a real Hilbert space H.Given
x € H and z € K. Then z = Pxx if and only if there holds the relation:

(x—2z,y—2) <0 foralyeK.
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The following proposition lists a useful property for asymptotically strict
pseudo-contractions.(See [10] for necessary proof)

Proposition 2.4 Assume that C is a closed convez subset of a Hilbert space H.
If T : C — C is an asymptotically k—strict pseudo-contraction, for each n > 1,

T satisfies the Lipschitz condition:
k+4/1 (L —k
[Tz — Tyl < Lyllz —yll  Vx,y € C. where L, = - 1+_fy];( )

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H
and let T : C — C be an asymptotically k—strict pseudo-contraction for some
0 < k < 1. Assume that the fized point set F(T) of T is nonempty and {on}or,
is a sequences in (0,1) such that imsup,, .. @n < 1. Define the sequence {zn}
in C generated by the following algorithm:
xg € C  chosen arbitrarily,
Yn = UnTpn + {1 — ap)T 2y,
Cn={2€Cn 1 NQn-1:lgn — 2[* < |l ~ z||?
(1= an)(an = k)llzn = T"zn[|* + 0n},
{Co=1{2€C:|yo—2||* < ||zo — 2|2 (3.1)
—(1 ~ ao)(ao — k)||zo — T @0l + o},
Qn=42€Ch1Qn-1: (T, — 2,20 — Tn) > 0},
Qo =0,
\ Tn4+1 = PC,LnQnﬂfo,

where

O = (1= an)ya(sup lzn — z[)? =0 (n — o0),

A={ye F(T): |y~ Preryzoll <1}

Then {x,} converges strongly to Ppmyzo.
Proof. Firstly, we observe that C,, is convex and closed for every n > 0 by
Lemma 2.2. Tt is easy to see that A = {y € F(T) : ||ly — po|| < 1} is a bounded
closed convex subset of H, where pg = Ppryzo. So we can obtain that A C F (T
and pg = Paxp.

Now,we show that A C C,, for all n > 0. Indeed, for all p € A and n > 0, we
have

Nyn — PHz =lan(zn —p) + (1 — ) (T 2, — p)
:an”g;n - }GH2 + (1 — an)||T”xn - p“2 - Ofn(l — Cln)“l'n — Tnl'nnz
<an|lzn — plI* + (1 = en)[(1+ ) |20 — P + Ellzn — T"@n|’]

- an(l - an)”xn - T’nwﬂuz

I
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=(1+ (1 — an)w)llzn — plI* = (1 — an)(an — k)||2n — T" x|
<||zn — p||2 — (1 —an)(an — k)||zn — Tnmnll2 + Oy
So that p € C}, for all n > 0. That is A C C,, for all n > 0.
Next, we prove that A C C,, N Q,, for all n > 0. It suffices to show A C @,
for all n > 0. We prove this by induction. Forn =0, A C F(T) Cc C = Qo

holds. Assume that A C @,. Since z,41 is the projection of zy onto C, N Qy,
by Lemma2.3, we have

(:I:n+1 — 2,9 — l‘n+1> >0 Vze(C,N Qn

As A C C,, N @, by the assumption of induction, the last inequality holds. In
particular, for all z € A. This together with the definition of Q,,+; implies that
AC Qny1. Hence, AC C,,NQ, for alln > 0.

Note that the definition of @, actually implies x, = Pg, zo. This together
with the fact A C @, further implies

lzn — zol| < [lp —zol| for all p € A.
In particular, {z,} is bounded and
|z = @oll < llpo — @oll po = Pazo. (32)
Furthermore z, = Pg, x¢ which together with the fact that z,41 € Ch, N Qy
implies that
20 = zol| < [l€nt1 — Zoll. (3.3)

This further implies that the sequence {||z,, — zol|} is increasing. Since {z,} is
bounded, so that lim, . |2, — Zo|| exists.

Note again that z, = Py, zo, hence for any positive integer m, we have
Tontm € Qnim—1 C Qn which implies that (Zp4m — Tn,Zn — x0) > 0. This
together with Lemma2.1(i) follows that

1Tn4m — xnllz =[(n+m — x0) — (Tn — 5’70)”2

=||Tntm — $0”2 = |lzn — 370”2 — 2{Znym — Tn, Tn — To) (3.4)
S”xn—f—m - l‘0”2 - ”xn - 11)0”2.
From the result (3.4), we know that {z,} is a Cauchy sequence in C, so that

there exists a point p € C such that lim,_, . z, = p.
Next, we prove

lim ||z, —T"z,| = 0. (3.5)
n—r00
In fact, on the one hand, by the fact 2,41 € C,, we get
2041 = ¥nll? < Znt1 = 2all* = (1 — an)(an = B)l|Tn = T2 | + 6n- (3.6)

On the other hand, since y, = apz, + (1 ~ an)T"x,, using (3.6) we have
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(1= )|z — T"0)|* = |lyn — @nlf?
<lyn — Tn+1 HQ + Tyt — wnllz + 2{lyn — Tnt1 [llZnt1 — @nll
<(k = e )(1 = an)|zn — T za|* + 6n

+ 2([|ns1 — anQ + 1yn = Tosr izt — zal)-
It follows that

=B = an)llzn =T za|* < 2(|2ns1 = 2all® +l1gn — 2nrilllzns1 — Zall) +0n.

Since @, <1 — ¢ for some ¢ >0, §, — 0 and >0
T flens = zall =0, (35)
So that limy, o ||zn — T"z,|] = 0 holds. By using (3.8) again, we get
Jim |jyn — 2p s = 0. (3.9)
Next we show (3.5) implies that
nh_}n;o len — Tz, = 0. (3.10)
As a matter of fact, we obtain
I2n = Tanll <llzn = T@nll + |70 — T el + 1T 20 — T (3.11)
<1+ Li)|zn — T2l + | T 20 — Tz ||
By the definition of y,,, we have
IT" 20 = T"  anl| [T %0 = ynll + lyn — Tnia
Flnar =Tz | + T 2n — T | (3.12)

Sanl[en = T"zp || + [[yn — Tnsall
F | #ns1 = T gl + Lo 2041 — 2.
Combining(3.11) with (3.12), yields
[2n = Tznl| < (1 + an + Li)llzn — Tl + lyn = Tna |

Hent1 = T 2pi1]| + Loga | a1 — z]l-
Now, together (3.5)(3.9) and (3.8) implies (3.10). We have proved that {z,}
converges in norm to point p € C which together with (3.10)implies that p is a
fixed point of T we claim that p = py = Pp(1y2o. If not, we have ||zg — p|| >
llzo — poll. There must exists a positive integer N, if n > N, then ||zg — z,|| >
lzo — pol|, which leads to

l|lzo — poll? =|lzo — Tn + zn —P0||2
=||xo = Zall* + |Zn — pol|® + 2(zn ~ Po, T0 — Tn)-

It follows that (z,—po, zo—2n) < 0, implies that py ¢ @, This is a contradiction,
hence p = pg and the proof is complete. O
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Remark. Theorem 3.1 improves and extends Theorem KX of T. H. Kim and
H. K. Xu [10] in several respects:

(1). From CQ iterative method modified to monotone CQ iterative method,
so that new method of proof is used. In addition, since monotone CQ method
satisfies the following relation

Cn+ann+l C Canna vn Z Oa

so that the monotone CQ iterative method has more desirable property;

(2). Without assuming that fixed points set is bounded;

(3). Relax the restriction on the control sequence {c,} from the lim sup,, _,
oy < 1 —k to the limsup,,_, . an < 1.

This project is supported by the National Natural Science Foundation of
China under grant(10771050)
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