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ABSTRACT. We define a (74, 7;)-fuzzy strongly preopen set on a fuzzy bitopolog-
ical space and characterize a fuzzy pairwise strong precontinuous mapping and
a fuzzy pairwise strong preopen mapping{a fuzzy pairwise strong preclosed map-
ping) on a fuzzy bitopological space.
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1. Introduction

Singal and Prakash [8] introduced a fuzzy preopen set and studied character-
istic properties of a fuzzy precontinuous mapping on a fuzzy topological space.
Later, Sampath Kumar [7] defined a (7;, 7;)-fuzzy preopen set and character-
ized a fuzzy pairwise precontinuous mapping on a fuzzy bitopological space as a
natural generalization of a fuzzy topological space.

Krsteska (3, 4] also defined a fuzzy strongly preopen set and studied a fuzzy
strong precontinuous mapping(a fuzzy strong preopen mapping) on a fuzzy topo-
logical space.

In this paper, we define a (7;, 7;)-fuzzy strongly preopen set and study their
properties. And we investigate relationships between the fuzzy pairwise strong
precontinuous mappings{the fuzzy pairwise strong preopen mappings) and the
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fuzzy pairwise precontinuous mappings(the fuzzy pairwise preopen mappings)
on a fuzzy bitopological space. Then we characterize a fuzzy pairwise strong
precontinuous mapping and a fuzzy pairwise strong preopen(preclosed) mapping
on a fuzzy bitopological space.

2. Preliminaries
Let X be a set and let 7; and 7 be fuzzy topologies on X. Then we call
(X, 71, 72) a fuzzy bitopological space [fbts].

A mapping f : (X, 71,72) — (Y, 75, 75) is fuzzy pairwise continuous [fpc] if
the induced mapping f : (X, 1) — (Y, 7) is fuzzy continuous for k = 1, 2.

A mapping f: (X, m1,m2) — (Y, 75, 75) is fuzzy pairwise open [fp open] (fuzzy
pairwise closed [fp closed)]) if the induced mapping f : (X, %) — (Y, 75) is fuzzy
open (fuzzy closed) for k =1, 2.

Notations. (1) Throughout this paper, we take an ordered pair (7;,7;) with
i,7€{1,2} and i # j.

(2) For simplicity, we abbreviate a 7;-fuzzy open set p and a 7;-fuzzy closed

set p with a 7; — fo set p and a 7; — fc set p respectively. Also, we denote the

interior and the closure of u for a fuzzy topology 7; with 7; —Int g and 7; — Clpu
respectively.

Definition 2.1. [7] Let g be a fuzzy set on a fbts X. Then we call p;
(1) a (7, 7j)-fuzzy preopen [(1;,7;) — fpo] set on X if

u <7 —Int(r; — Cly) and
(2) a (7, 75)-fuzzy preclosed [(7;,7;) — fpc] set on X if

7, — Cl(r; —Int ) < .

Definition 2.2. [7] Let p be a fuzzy set on a fbts X.
(1) The (7, 15)-preinterior of p, (1;,7;) — pIntp is

V{I/ll/ <u, visa (r,1) — fro set}.

(2) The (7;, 75)-preclosure of p, (1, 7;) — pClu) is

/\ {1/|1/ > p, visa (m,7) — fpe set}.
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Definition 2.3. [7] Let f : (X, 71, 7) — (Y,7{,73) be a mapping. Then f is
called a fuzzy pairwise precontinuous [ fppc) mapping if f~*(v) is a (1;,75) — fpo
set on X for each 77 — foset von Y.

Definition 2.4. [7] Let f : (X, 7, 72) — (Y,7,75) be a mapping. Then f is
called,;

(1) a fuzzy pairwise preopen | fpp open] mapping if f(u) is a (7}, 75) — fpo set
on Y for each 7, — fo set pp on X and

(2) a fuzzy pairwise preclosed [fpp closed] mapping if f(u) is a (77, 77) — fpe
set on Y for each 7, — fe set y on X.

Proposition 2.5. [7] Let f : (X, 11, 12) — (Y,7{,75) be a mapping. Then the
following statements are equivalent:

(1) f is fppe.

(2) fl{ri,m5) — pCluy < 7 — CU f(p)) for each fuzzy set p on X.

(3) fHrr = Clv) < (7, 75) — p(]l(f‘l(v)) for each fuzzy setv on'Y.

(4) [ = Intv) < (1, 75) — plnt(ffl(u)) for each fuzzy setv on'Y.

Proposition 2.6. [7] Let f : (X, 7, 72) — (Y, 77,75) be a bijection. Then f is
fopc if and only if for each fuzzy set p on X,

rt = It f () < f((ri,75) — pInty).

Proposition 2.7. {7] Let f : (X, 71, 72) — (Y, 7], 75) be a mapping. Then the
following statements are equivalent:

(1) f is fpp open.

(2) f(ri — Intp) < (77, 77) — pInt(f(1)) for each fuzzy set yu on X.

(3) 7 — Int(f~1{v)) < ffl((n,rj) — pIntV) for each fuzzy setv onY.

Proposition 2.8. [7] A mapping [ : (X, 71,72) — (Y,77,75) is fpp closed if
and only if for each fuzzy sel y on X,

(i, 7) = pCU £1)) < F(r = Clp).

Proposition 2.9. [7] Let f : (X, 7, 72) — (Y,7],75) be a bijection. Then f is
fop closed if and only if for each fuzzy setv onY,

() = pOW) < 7 = U W)).
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3. Fuzzy pairwise strong precontinuous mappings

In this section, we introduce a fuzzy pairwise strong precontinuous mapping
and a fuzzy pairwise strong preopen mapping which are stronger than a fuzzy
pairwise precontinuous mapping and a fuzzy pairwise preopen mapping respec-
tively. And we characterize a fuzzy pairwise strong precontinuous mapping and
a fuzzy pairwise preopen mapping.

Definition 3.1. Let i be a fuzzy set on a fbts X. Then we call y;
(1) a (m, 75)-fuzzy strongly preopen [(1:,7;) — fspo] set on X if
uwT— Int((‘rj,n) - pCl,u) and
(2) a (74, 7)-fuzzy strongly preclosed [(Ti, ;) — fspc] set on X if

7i = C1( (73, 7) — plnt ) < .

It is clear that a 7; — fo set is a (7, 7;) — fspo set and a (7;,7;) — fspo set
is a (13, 7;) — fpo set on a fbts X. But the converses are not true in general as
the following example shows.

Example 3.2. Let yy, g2, p3 and py be fuzzy sets on X = {a, b, c} with

pi(a) = 0.9, u1(b) = 0.9, pa(c) = 0.9
piz(a) = 0.7, ua(b) = 0.7, pa(c) = 0.7
us(a) = 0.6, u3(b) = 0.6, us(c) = 0. 6 and
,u4(a) = 0.5,/.L4( ) = 0. 5 ,U4(C) 0.5
Let 7, = {Ox, u3, 1x}, 72 = {0x, p2, 1x} be fuzzy topologies on X.

Then y; is a (7i, 7;) — fspo set but not a 7; — fo set. And pq is a (73, 75) — fpo
set but not a (7;, 7;) — fspo set.

Proposition 3.3. (1) A union of (r;,7;) — fspo sets is a (1;,7;) — fspo set.
(2) An intersection of (i, 7;) — fspc sets is a (1, 7;) — fspc set.

Proof. (1) Let {ux} be a family of (r;,7;) — fspo sets on a fbts X. Since
px <1~ Int((Tj, ;) — pClu,\) for each A, we have

Vi <V (7 = Int((75,7) = pClun) ) < 75 — It (73, 7) = pCU\/ 1a) ).
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Hence \/ py is a (73, 7;) — fspo set.
(2) The proof follows easily from complements of (1). O

An intersection of two (7;,7;) — fspo sets need not be a (7;,7;) — fspo set.
And a union of two (7;,7;) — fspc sets need not be a (7;,7;) — fspo set as the
following example shows.

Example 3.4. Let pu1, pa, i3, ft4 and ps be fuzzy sets on X = {a,b, c} with
pi{a) = 0.9, u(b) = 0.5, pa(c) = 0.9,
pz(a) = 0.5, pa(b) = 0.7, pa(e) = 0.5,
3(a) = 0.8, u3(b) = 0.5, us(c) = 0.8,
( ( (
5(a) ( (

=

iy a)—08 pa(b) = 0.5, pta(c) = 0.7 and
L 0.3, us(b) = 0.4, pa(c) = 0.3.

Let 7 = {Ox, pa, 15, 1x}, 72 = {Ox, 13, 45, 1x } be fuzzy topologies on X.
Then uy and po are (74, 7;) — fspo sets but py A g is not a (73, 75) — fspo set.
And p§ and p§ are (15, 7;) — fspe sets but u§ V g is not a (7i, ;) — fspe set. O

Definition 3.5. Let u be a fuzzy set on a fbis X.
(1) The (7, 7;)-strongly preinterior of u, (7:,7;) — spIntp is

\/ {z/ |v <, visa (r,7;) — fspo set}.
(2) The (r;, 75)-strongly preclosure of w, (7s,7;) — spClp) is

/\ {v |v>p, visa (1, 75) — fspe set}.

Obviously, (7;,7;) — spClyu is the smallest (7;,7;) — fspc set which contains
t, and (73, 7;) — spInty is the largest (73, 7;) — fspo set which is contained in p.
Therefore, (1;,7j) —spClu = p for every (7;, 7;)— fspe set p and (7, 7;) —spIntp =
w for every (7i,7;) — fspo set p.

Moreover, we have

7 — Intp < (73, 75) — splntp < (74, 7;) — plntp < p,

w < (i, 75) — pClp < (73, 75) —spClp < 71 — Clp.

We also have the following lemma from the above definition, which will be
used later.
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Lemma 3.6. Let u be a fuzzy set on a fbts X. Then
(15, 75) — spInt(p°®) = ((7i, 75) — spClu)°

and
(73, 75) — spCUp®) = ((7i, 75) — spIntp)”.

Proof. Let p be a fuzzy set on a fots X. Then

(1i,75) —spClp = /\ {uc |ve > p, visa (r,7;) — fspo set}
= (VAW 11 2, wis a (rim) — fopo set))

= ((Ti,Tj) - spInt(,uc))C.

Hence (7;,7;) — spInt(p®) = ((T,-,Tj) — spClu) . Similarly we can prove the
second equality. [0

Definition 3.7. Let f: (X, 7, 72) — (Y, 7y, 75) be a mapping. Then f is called
a fuzzy pairwise strong precontinuous [ fpspc] mapping if f~1(v)isa (1, 7;)— fspo
set on X for each 7 — foset von Y.

It is clear that every fpc mapping is a fpspc mapping and every fpspc map-
ping is a fppc mapping on fbts. But the converses are not true in general as
the following example shows.

Example 3.8. Let uy, po, ps and pg be fuzzy sets on X = {a, b, ¢} with

pi(a) = 0.9, p1(b) = 0.9, pa(c) = 0.9,
p2(a) = 0.7, p2(b) = 0.7, p2(c) = 0.7,
us(a) = 0.6, uz(b) = 0.6, us(c) = 0.6 and
pa(a) = 0.5, pa(b) = 0.5, pa(c) = 0.5.

Let
71 = {0x, 3, 1x}, 72 ={0xp2,1x} and
71 = {0x, p1, 1x}, 75 ={0x,1x}.

be fuzzy topologies on X.

Then we can show that the identity mapping ix : (X, 71, 72) — (X, 75, 75) is
fpspc but not fpe and p, is a (7, 7;) — fspo set but not a (7;,7;) — fpo set.
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Example 3.9. Let py, g2, pa and pg be fuzzy sets on X = {a, b, ¢} defined as
in Example 3.8. And let

71 = {0x, p3, 1x}, 72 = {Oxp2, 1x} and

1 ={0x, e, Ix}, 73 = {0x, 1x}
be fuzzy topologies on X.

Then we can show that the identity mapping ix : (X, 71, 72) — (X, 77, 75) is
fppc but not fpspc and p4 is a (75, 7;) — fpo set but not a (7;,7;) — fspo set.

Theorem 3.10. Let f : (X, n1,72) — (Y,7f,75) be a mapping. Then the fol-
lowing statements are equivalent:

(1) f is fpspe.

(2) The inverse image of 7} — fc set on'Y is a (7;,7j) — fspc set on X.

(3) % — Cl((rj,n) - plnt(f_l(l/))) < f7Hrr — Clv) for each fuzzy set v on

(4) flri — Cl((Tj,Ti) - p[ntu) < 71F — Clf(p)) for each fuzzy set yu on X.

Proof. (1) implies (2): Let v be a 7 — fc set on Y. Then v°is a 7 — fo set
on Y. Thus f~'(v°) is a (7, 7;) — fspo set on X. But f~1(v°) = (f~1(v))".
Therefore, f~1(v) is a (7, 7;) — fspc set on X.

(2) implies (3): Let v be a fuzzy set on Y. Then f~!(r} — Clv) ia a (13, 7j) —
fspc set on X. Hence

7 = C1( (75, ) — plnt( f—l(u))) <ri— c1((Tj, ) — plnt(F 1 (rF — cw)))
< fHrr - Q).
(3) implies (4): Let u be a fuzzy set on X. Then
7y = Cl (73, 7) = PInt(F 1 (F) ) < £ (5 = CUF() ) -
This implies that f(n — Cl(ry,7) — pIntp)) < — Clf ().
(4) implies (1): Let v be a 77" — fo set on Y. Then v° is a 7} — fe set. Hence
£ (= QUG m) = pInt(r 1 w)) < 77 = Q£ )
<77 — QU
=v°.

Thus 7; — Cl((Tj,Ti) - pInt(f_l(VC))> = (f~Y(v))° and therefore, f~*(v) is a
(75,7j) — fspo set on X. O
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Theorem 3.11. Let f : (X, 7, 72) — (Y,7],75) be a mapping. Then the fol-
lowing statements are equivalent:

(1) f 4s fpspc.
(2) f((Ti,Tj) - SpClu) <7} — Clf(p)) for each fuzzy set n on X.

(3) (7i,75) — SPOl(f Y )) < f7Y (1} — Cl) for each fuzzy setv on'Y.
(4) 77 = Intv) < (7, 75) — spInt(f~1(v)) for each fuzzy setv on'Y.
Proof. (1) implies (2): Let u be a fuzzy set on X. Then f~* (Ti* - Cl(f(u))) is
a (7, 7;) — fspc set on X. Thus
(s 73) = spClps < (73, 75) = spCU(f 2 (F(1)) )
< (ri,73) = pC (S (7 = CUFW))))
= §7 (v = ()
Hence
£(tm73) = spCWr) < £ (172 = CUFW)))
< = QU w)).
(2) implies (3): Let v be a fuzzy set on Y. Then
£((rm) —spCUF ) <7 = QA(F( ) < 77— Clo,
Hence
(7i,73) = spCI(F () < £ (73, 75) — sCUFT ()
< fHr - Cl).
(3) implies (4): Let v be a fuzzy set on Y. Then
(7, 73) = spCIS ™ (09)) < £ (5 = Q).
Hence, by Lemma 3.6,
7 = Tntw) = £71((7 = CU(weY)
< ((rm) = spCUF T 7))
= (7, 7;) — spInt(f " (v)).
(4) implies (1): Let v be a 7 — fo set on Y. Then

f1(w) = F Y = Inty) < (1, 75) —splnt(f~(v)).
Hence f~1(v) is a (Tl,T]) fspo set on X and therefore, f is fpspc. O
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Theorem 3.12. Let f : (X, 7, m2) — (Y, 77,73) be a bijection. f is fpspc if
and only if 77 — Int(f(p)) < f((Ti, ;) — spInt,u) for each fuzzy set p on X.

Proof. Let u be a fuzzy set on X. Then, by Theorem 3.11,
£ (= me(f () < (i 75) — sptne (£ (1))

Since f is a bijection,
= Inb(f0) = £(7 7 = Te(F())) < F((7i,75) — splnt).
Conversely, let v be a fuzzy set on Y. Then

7 =Dt (F(F7 @) < F((m) — splne(f @)

Recall that f is a bijection. Hence

77 —Inty = 77 — Int (f(f‘l(u))> < f((n, ;) — SpInt(f_l(V))>.
and

7N = Tntw) < £ (£ ) = spInt(F 7 ()

= (15, 75) — splnt(f~* (v)).
Therefore, by Theorem 3.11, f is fpspc. O

Definition 38.13. Let f : (X,n,m2) — (Y,77,75) be a mapping. Then f is
called;

(1) a fuzzy pairwise strong preopen [ fpspopen] mapping if f(u) is a (77, /) =
fspo set on Y for each 7; — fo set yon X and

(2) a fuzzy pairwise strong preclosed [fpspclosed| mapping if f(u) is a (77, i)~
fspc set on'Y for each 7; — fc set pon X.

It is clear that every fp open(fp closed) mapping is a fpsp open(fpsp closed)
mapping and every fpsp open(fpsp closed) mapping is a fpp open(fpp closed)
mapping on fbts. But the converses are not true in general as the following
example shows.

Example 3.14. In Example 3.8, the identity mapping ix : (X,7f,73) —
(X, 71, 72) is fpsp open(fpsp closed) but not fp open(fp closed).

Example 3.15. In Example 3.9, the identity mapping ix : (X,7f,75) —
(X, 7, 75) is fpp open(fpp closed) but not fpsp open(fpsp closed).
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Theorem 3.16. Let f : (X, 11, 72) — (Y,7,75) be a mapping. Then the fol-
lowing statements are equivalent:

(1) f is fpsp open.
(2) f(rF — Intp) < (13,7;) — spInt(f(p)) for each fuzzy set p on X.

@) -yt ((T{‘,T;‘) — spIntl/) for each fuzzy set v on'Y .

Proof. (1) implies (2): Let u be a fuzzy set on X. Then 7; — Intp is a 7, — fo
set on X. Since f is fpsp open, f(r; —Inty) is a (77, 7;) — fspo set on Y. We
also have f(r; — Intp) < f(u). Hence

f(ri = Intp) = (77, 77) — splnt (f(T,— - Int,u))
< (7, 77) — spInt(f ().

(2) implies (3): Let v be a fuzzy set on Y. Then f~1(v) is a fuzzy set on X.
Thus

F(r — (7 0)) < (77, 7) - splnt (F(£71 ()

< (7/,7;) — splntv.
Hence
f
<f! (('ri*, i) — spIntV).

(3) implies (1): Let 1 be a 7; — fo set on X. Then 7 — Inty = p1 and f(u) is
a fuzzy set on Y. Since :

p=ri~Intp < i — Tnt (£ (F(w))

< (72,7 = spInt(f (),
we have
) < (572 (2, 7) = splnt(F@)) ) ) < (7,75) = spInt(F(w))-

Hence f(p) is a (77, 77) — fspo set on Y and therefore, f is fpsp open. U



Fuzzy pairwise strong precontinuous mappings 735

Theorem 3.17. A mapping f : (X,71,72) — (Y,77,73) is fpsp closed if and
only if (1, 7}) — spCl(f(1)) < f(ri — Clp) for each fuzzy set p on X.

Proof. Let f be a fpsp closed mapping and let & be a fuzzy set on X. Then
f(ri = Clp) is a (77, 7F) — fspc set such that f(u) < f(r; — Clp). Hence

(77,77) = spCl(f(w)) < (77, 7]) = spCI(f(7: ~ Clp) = f(7: — Clp).
Conversely, let 4 be a 7; — fc set on X. Then
flp) < (77, 77) = spCU(f (1)) < f(7 — Clps)-
This implies that f(u) = (7", 7}) — spCl(f(1)). Hence f(n) is a (77, 7;) — fspc
set on Y. Therefore, f is fpsp closed. []
Theorem 3.18. Let f : (X, 7y, m2) — (Y, 77,73) be a bijection. f is fpsp closed
if and only if f‘l((ri*,T;) — spClv) < 7 CU(f 1 (v)) for each fuzzy set v onY .

Proof. Let v be a fuzzy set on Y. Then, by Theorem 3.17,

(ﬁﬂvj)—spChwﬁf(ﬁ'“CMf_%V»)'

Since f is a bijection,

17 (7 = spCiw) = 17 ((77,75) = spCUFC )
< (fn - @)
=7 = I ().

Conversely, let ¢ be a fuzzy set on X. Then

(r7,77) = spCIF () = £(£71((77) = spCUF ()

< f(7 - QU (Fw))
= f(m — Clp).

Therefore, by Theorem 3.11, f is fpsp closed. O
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