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CONVERGENCE THEOREMS FOR ASYMPTOTICALLY
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ABSTRACT. In this paper, we introduce a modified three-step iteration
scheme with errors for asymptotically nonexpansive mappings in the frame-
work of uniformly convex Banach spaces. Weak and strong convergence
theorems are established.
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1. Introduction and preliminaries

Let E be real Banach space and C a nonempty subset of E. Throughout
this paper, we always assume that N denotes the set of positive integers. Let
T : C' — C be a nonlinear mapping. In this paper, we use F(T) := {x: Tx = z}
to denote the set of fixed points of 7.

Recall that a mapping 7' : C — € is said to be asymptotically nonexpansive
if for a sequence {k,} C [1,00) with lim, .o b = 1, we have

IT"x — T y|| < knllz —yll, Vz,yeC,neN.
T : C — C is said to be uniformly k-Lipschitzain if for some k > 0,
[Tz — T"y|| < kllz —yll, Vz,ye€ C,neN.

It is easy to see that, if T is asymptotically nonexpansive, then it is uniformly k-
Lipschitzain. Recently, Mann iterative algorithm, Ishikawa iterative algorithm
and Noor iteration algorithm have been studied extensively by many authors.
In 1995, Liu {6) introduced iterative algorithm with errors as follows:

The sequence {x,,} defined by

t1=20€C, zppr=1—0an)r,+e Ty +t, n>1, {1.1)
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662 Changqun Wu and Sun Young Cho
where {a, } is a sequence in [0, 1] and {u,, } is a sequence in E satisfying Y oo [[tun||
< 00 is known as Mann iterative algorithm with errors. The sequence {z,} de-
fined by: ;1 =z € C and
ZTnt1 = (1 — ap)zn + anTYn + Unp, (1.2)
Yn = (1 - ﬁn)wn +ﬂnTxn +Un, M2 1

where {a,} and {3, } are sequences in [0,1] and {u,}, {v.} are sequences in
satisfying Y oo, lun]] < 0o and 3.7, |lun|| < oo is known as Ishikawa iterative
algorithm with errors.

While it is clear that consideration of errors terms in iterative schemes is an
important part of the theory, it is also clear that the iterative schemes with
errors introduced by Liu [6], as in (1.1) and (1.2) above, are not satisfactory.
The errors can occur in a random way. The conditions imposed on the error
terms in (1.1), (1.2) which say that they tend to zero as n tends to infinity are,
therefore, unreasonable. Xu [19] introduced a more satisfactory error term in
the following iterative algorithm

The sequence {z,} defined by

r1 =1z € C, y Ingl = anTxy + PnTn + Yntn, n2=>1, (13)

where {an,}, {8,} and {v,} are sequences in [0, 1] such that an, + Bn + v =1
and {u,} is a bounded sequence in C, is known as Mann iterative scheme with
errors. This algorithm reduces to Mann iterative algorithm if {y,} = 0.

The sequence {x,} defined by z; =z € C and

(1.4)

Tpn+1 = anTyn + ﬂnxn + YnlUn,
Yn = b Txy + 8,20 +YUn, n=>1,

where {an}, {8}, {1}, {&}, {8} and {7} are sequences in [0, 1] such that
Qp+ B+ =al, + 8, +v, =1 and {u,}, {v,} are bounded sequences in C,
is known as Ishikawa iterative algorithm with errors. This algorithm becomes
Ishikawa iterative algorithm if {v,} = {7,} = 0. Chidume and Moore (2] and
Takahashi and Tamura [18] studied the above schemes in 1999.

The sequence {z,} defined by z; € C and

2n = 0Tz, + Bz, + Yiwn,
Yn = OlilTZn + ,B:an + 'Y;;Una (1'5)
Tnt1 = anTyn + ,ann + YnUn, N Z 1

where {an}, {Bn}, {W}, {en}, {Bo}, {7}, {en}, {8} and {7} are sequences
in [0, 1] such that oy + B + Y = o, + B, + 7, = alr + B + v, = 1 and {un},
{v} and {w,} are bounded sequences in C, is known as Noor iterative algorithm
with errors. This algorithm becomes Noor iterative algorithm if {v,} = {v,} =

{m}=
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Recently, Khan and Fukhar-ud-din [4] generalized iterative scheme (1.4) to
the one with errors as follows: z1 = ¢ € C and

Lpt+1 = ansyn + BaTn + Yrnln,
Un = o, Txp + Blxn +Yovn, n2>1,

where {a,}, {Bn}, {7}, {oh}, {8} and {+,} are sequences in [0, 1] with 0 <
§<ap,al, <1=8<1, an+ B+ =0l +08,+7,=1and {u.}, {v,} are
bounded sequences in C.

Many authors starting from Das and Debeta [3] and including Takahashi and
Tamura [18] and Khan and Takahashi [5] have studied the two mappings case of
iterative schemes for different types of mappings. We now suggest an iterative
scheme with errors for three classes asymptotically nonexpansive mappings. It
worth mentioning that our algorithm can be viewed as an extension of all above
schemes.

In this paper, we generalize the algorithm (1.5) to the one with errors as
following: z; € C' and

Zp = O‘/yngnmn + 64{5571 + A}"an,
Yn = OC;LTQ?LZn -+ ﬁ;l,fzn + ”Y;LUM (1‘6)
Tny1 = anTgnyn + BnTn + Ynln, n2=>1,

where {an}, {8}, {m}, {anh {Bu}, {3} {on} {87} and {77} are sequences
in [Ov ]] with o, + 8 + vn = O‘;rz, + ﬁ;L + 7’;L = O‘x + ﬂ;{ + ,Y:L, =1 and {un}7 {Un}
and {w,} are bounded sequences in C. Weak and strong convergence theorems
are established in the framework of Banach spaces. The results presented in this
paper improve and extend the corresponding results in [4,5,9-14,17,18].

In order to prove our main results, we need the following definitions and
results.

Definition 1.1 [8]. A normed space F is said to satisfy Opial’s condition if for
any sequence {x,} in E, z,, — « implies that

limsup ||z, — z|| < limsup ||z,, — ¥l|
700 n—0C

for all y € E with y # «.

Definition 1.2 [8]. Let ' be a nonempty subset of a normed space E. A
mapping T : ¢ — F is said to be demiclosed with respect to y € F if for each
sequence {z,} in C and each z € E, z, — z and Tz, — y imply that € C
and Tx = y.

Lemma 1.1 (Schu [15]). Suppose that E is a uniformly convex Banach space
and 0 <p <t, <q<1 foralne& N. Suppose further that {z,} and {y,} are
sequences of E such that

lmsup ||z,]] < 7, limsup fjy,|| <7
n—od

n—oC
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and
lim {|t,z, + (1 —t)yn| =7
n—oo

hold for some r > 0. Then lim ||z, —yn| =0.
n—0

Lemma 1.2 (Tan and Xu [17]). Let {r,}, {sn} and {t,} be three nonnegative
sequences satisfying the following condition:

Tnt1 < (14 8p)rp +tn, foralln € N.

If Y0 1 8n <00 and Y oo | t, < 00, then lim,_o0 T exists.

Lemma 1.3 (Browder [1]). Let E be a uniformly convex Banach space satisfying
Opial’s condition and let C be a nonempty closed conver subset of E. Let T be
asymptotically nonexpansive mapping of C into itself. Then I-T is demiclosed
with respect to zero.

Recall that a mapping T : C — C is said to satisfy the condition (A) [10] if
there exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) =0, f(r) >0
for all » € (0,00) such that ||z — Tz|| > f(d(z, F(T))) for all x € C where
d(z, F(T)) = inf{||z — p|| : p € F(T)}.

Senter and Dotson [16] approximated fixed points of a nonexpansive mapping
T by Mann iterative algorithm, Later on, Maiti and Ghosh [7] and Tan and Xu
[17] studied the approximation of fixed points of a nonexpansive mapping 1" by
Ishikawa iterative algorithm under the same condition {(A) which is weaker than
the requirement that T is demi-compact. We modify this condition for three
mappings 71,72 and T3 : C — C as follows:

Three mappings Ty, T3 and Ts : C' — C, are said to satisfy the condition (A’) if
there exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) =0, f(r) >0
for all r € (0, 00) such that

allz — Tz + bllz — Taz|| + clle — Tsz|| > f(d(z, F(T)))

for all z € C where d(z, F(T)) = inf{||z — p|| : p € F(T1) N F(T2) N F(T5)} and
a, b and c are three nonnegative real numbers such that a +b+c¢ = 1.

Note that condition (A’) reduces to condition (A) when T} = Tp = T5. we
shall use the condition (A’) instead of compactness of C to study the strong
convergence of {x,} defined by (1.6).

2. Main results

In this section, we shall prove the weak and strong convergence of the iterative
algorithm (1.6) for asymptotically nonexpansive mappings T1, T5 and T5. We
first prove the following lemmas.

Lemma 2.1. Let E be a normed space and C a nonempty convexr subset. Let
T1,T5,T5 : C — C be asymptotically nonexpansive mappings with the sequence
{kn} such that 307 | (kn —1) < co. Let {z,} be the sequence as defined in (1.6)
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With Y00 10 <00 Yool <00 Yool A < oo If F(T1)NF(Ta)NF(13) # 0,
then limy, o0 |y, — pl| exists for all p € F(Ty) N F(T2) N F(T3).

Proof. Let p € F(I1) N F(Ty) N F(Ts). Since wy, v, and u, are bounded
sequences in C, we set

My = sup{Jlun —pll : n 21}, M = sup{[jv, = pll :n > 1},

Mz =sup{|lwn, —p|l :n>1}, M =max{M;:i=1,2,3}.

It follows from (1.6) that

lzn = pll = ll@nTT 20 + Bran + viwn — pf
< apll T @y ~ pll + By 2 = pll + 7 llwn — pl|
< apkallzn — pll + By llzn — pll + va llws — pl| (2.1)
< apknllen —pll + (1= a)llzn — pll + ynllwn — pll
< knllzn = pll + 9 M.
From (1.6) and (2.1), we get
lym —pll = UO/ T3 20 + ﬁ;xn + '7:;vn -l
apllT5 20 = pll + By llzn = pll + Yo llve — Pl
< ankniizﬁ —pll + Bpllzn — pll + v llon - pll
< dpknllzn —pll + (1 = a)llzn — pll + o llvn — pll
< apkn(knllzn — pll + M) + (1= a)zn — pll + Yollvn — pll
< kZ\@n — pl| + knvl M + ), M.
This implies that
“xn+1 - p” = HanTanyn + BaZn + Ynln — pl]
< anl|T5yn — pll + Ballzn — pll + mllun — il
< anknllyn —pll + Bollzn = pll + nllun — pl
< anknllyn —pll + (1 = an)llzn = pll + nllun — pi
< ankn(kpllza = pll + kv M +7,M) + (1 = af)|| 20 — pll + 7 M
< kpllen = pll + kava M + kv M+ M.

(2.2)

(2.3)
Note that Y0 (k2 ~ 1) < oc is equivalent to > o, (kn — 1) < c0. By Lemma
1.2, limy, o0 flay, — p]| exists for all p € F(Ty) N F(T5) N F{T3). This completes
the proof. g

Notation. From Lemma 2.1, we obtain that lim, . ||z, — p| exists. That is,
{zn} is bounded. Next, we set

ry = sup{llun — znll :n > 1}, ro =sup{||lv, — x| : n > 1},

rs = sup{||w, — 2.l i n > 1}, r=max{r;:i=1,2,3}.

Lemma 2.2. Let F be a normed space and C a nonempty convex closed sub-
set. Let T1, Ty and fg C — C be uniformly k-Lipschitzian mappings with the
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constant k. Define a sequence {x,} as in (1.6) with {w,}, {vn} and {u,} se-

quences in C and {an}, {Bn}, {m}, {0}, {82}, {m}, {an}, {Ba} and {v;
are sequences in [0, 1] with an + Bn +vn = o, + B, + 7 = a4+ B0+, = 1 set
din = |zn — TTzx||, di, = &0 — T3, || and dp = ||2n — T3'xn||. Then

|1 = Taznia |l < drpyq +kdy +k(k+1)(dn + 7y + k(dy, + 77 + kdy, + k7,7)),

€n41— ToTnyll < diyyy +kdyy + k(k+ 1) (dn + o7 + K(dy, + v, + kdy + k1))

and

[Zn41—T3Eni1 |l < dngr +kdn + k(k +1)(dn + Yo +k(d), + 7,7+ kdip + kvr)).

Proof. From (1.6), we obtain

[@n — znl| = ll&n — (0n T2 + Br2n + Ynwa) |l
= [lag(zn — T1'@n) + Yy (Tn — wn)l|
< lzn = T7'Tall + Y 20 — wnl
=d, + T

(2.4)

Similarly, it follows from (1.6) and (2.4) that

2 — Ynll = [|2n — (T35 20 + Brzn + 1ra) |
= @ (@n — T3 20) + 75 (Tn — va) |
<z = 1320l + Y llzn — vall
< lzn = Tnll + 11520 — T 2nll + Vallzn —onll - (2.5)
<d, +vr+kl|zn — zall
<dl, +y,r+k(d +vnr)
=d;, + v, + kd, + kv, r.

It follows that

|Zn — Zns1ll = l(an + Bn + n)Tn — (anTg’yn + BnZn + Yntn) ||
< lan(zn = T5'yn) + Ya(zn — un)|l
<zn = T5'Ynll +v0r
<Nzn = T3 Tn|| + |75 20 = TuI3 Ynll + o7
< dp +Var +Ellzn — yall
<dn +Ynr + k(d), + v, 7 + kdy, + k).

(2.6)
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Next, we consider

Zn+1 = T1Zngr ]l < |zner — 1 1n+1fl7n+l |+ i[T]TL+1x'nr+1 - Tlxn+1H

< dl o+ kT 201 — Toa |
<dipy +kl(@ngn — 2n)Hzn = TU ) HIV 20 — T 24|
<dh o+ k(k+ D) ||@ns1 — zoll + kd,.

(2.7)
Substituting (2.6) into (2.7), we obtain that

|Zns1 = Ti@ngr || < df oy +kdl + k(K + 1)(dn, +yor + k(d), +v,r +kd), + k7).
(2.8)

In a similar way, we can prove that

|Zn+1 = Totpgr || < dyyyy +kdl, + k(k + 1) (dn + Y7 + k(d], + 7,7 + kd;, + kv, 7))
(2.9)
and

Nonii — Tanit || < dpsa + kdy + k(k +1)(dy, +vur + k(d), + v, + kdp) + kvor))
(2.10)
This completes the proof of the Lemma 2.2. Cl

Lemma 2.3. Let E be o uniformly convex Banach space and C a nonempty
convez closed subset. Let T1,T5 and T3 : C — C be asymptotically nonexpansive
mappings with sequence {ky,} such that 3 o (k, — 1) < co. Let {x,} be the
sequence as defined in (1.6) with S oo | vl < 00, .00 14k <00 and Y .0 Yo <
oo and € < ap, o, o) <1l—€ foralln € N and some e > 0. If F(T1)NF(T5) N
F(T3) # 0, then
lim Tz, — xpll = lm |Thx, — x,]l = lm |The, — z,]] = 0.
100 71— 00 0
Proof. By Lemma 2.1, we suppose limy, . |2, — pl| = ¢. Now, Taking limsup
on both the sides in the inequality (2.1), we have
lmsup ||z, —pl| <c. (2.11)
N—20
Similarly, taking limsup on both the sides in the inequality (2.2), we have
limsup ||y, — pl| < ¢ (2.12)
—0Q

Next, we consider
IIT$yn =P+ Yn(tn — zn)|| < WT5'yn — p” + Y[t — 4|l
< kn“yn - pll + Y Ma.

Taking limsup on both the sides in the above inequality and using {2.14), we get
that

limsup [| 75"y — p + mlun —2n)| < €

n-—00
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and
lzn — P+ Yo (tn — T2)|| < ll2n —pll + Yolltin — Ta|

which imply that
limsup ||z, —p +Yn(un —zn)| < c

n—oo
Again, lim ||zn+1 — p|| = ¢ means that
Jim Jlan(Tyn —p+ 3a(un = @0)) + (1 = an)(@n — p+n(un = za))| = .
Hence applying Lemma 1.1, we have
lim ||T3yn — zn| = 0. (2.13)
Notice that . .
|z = pll < 1T5Yn — 2nll + | T5'yn — pl|
ST yn = znll + knllys — pll;
which yields that
¢ < liminf ||y, — p|| < limsup ||y, —p| <ec
n=—00 n—oo

That is,
lim |y, —p| =c
n—o0

Again, lim ||y, — p|| = ¢ is expressible as
n—0

i o, (T3 20 — P+ (Vs — @) + (L~ ) (w0 9+ 7 (v — )| = €. (2.14)
On the other hand, we have
175 20 — p+ ¥ (vn — za) || < 1 T5720 = Pl + Yllvn — 2all
< knllzn = pll + ¥n M3.
Taking limsup on both the sides in the above inequality and using (2.11), we

have
lim sup | T3 2n — p + 7, (vn — 2a)ll < ¢ (2.15)

n—0o0
and ) ,
[z — P+ 7, (vn = Zo)|| < |20 — Pl + Vollvn = Zall
< ”xn _p” + ’Y’:LMé’
which yield that

limsup ||z, —p + 7, (vn — za)|| < c (2.16)
n—o
Applying Lemma 1.1, it follows from (2.14), (2.15) and (2.16) that
lim ||T5' 2, — zn] = 0. (2.17)
n—oo

Again, notice that
l&n = pll < 75"2n — Znll + 17520 — P
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which yields that
¢ < liminf ||z, — pl| <limsup ||z, —p|l < e
n—o0

m su <
That is,

Jm e =l =
Again, lim |z, — p|| = c is expressible as

.l (TV @ —p+9, (wn—2n))+(1 =) (@n —p+7s (W —n)) =Pl = c. (2.18)
Moreover, we have
1T7 20— p + 1 (wn = z) || < | TT %0 = Pl + Vil wn — Znl|
< knlln — )l + Y0 M2,
which implies that
limsup [Tz, — p+ Yo (wn — zn)|| < c. (2.19)

T— 00

Similarly, it follows from

l2n = p+ 70 (wn = o)l < [l2n —pll + 7 llwn — znll
< Ny — pll + My
that
limsup ||, — p + ¥, (wn — z0)|| < ¢ (2.20)
Combine (2.18}, (2.19)nwi§1 (2.20) yields
lim [T, ~ 4]l =0 (221

Observe that
lzn — T3 @nl <NT50n — T3'2all + | 1520 — 2]
< knllon — znll + 11520 — nl
knllzn — (@ TT@n + Byzn + Ypwn) || + 1520 — @n||
knllog (T ~ &) + Yy (Wo = To) || + 17520 — @0 |
kullTT @ — @nll + knyy My + T3 20 — zn-
From (2.17) and (2.21), we have
Tim ([ T72, — @l = 0. (2.22)
By the same method, we get
lzn = T3 znl < N300 — T5'yn |l + |75 Yn — al|
< kn“ua = Yull + 175" Yn — @l
< kalltn = (015 20 + Bpn + Y vn) | + 1 T5'n —
< n,\l%(i’g‘zn - xn) + 'Y;z(vn - 33‘”)” + HT:;Lyn - '»Enu
< kol T3 2 — x|l + kny, M5 + T3 yn — Zn-
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From (2.13) and (2.17), we arrive at

lim |9z, — x| = 0. (2.23)
n—o0
Hence, we have
Um ||T7'2y — zn|| = lim |3z, — 2] = lim |T3%, — zn| = 0.
n—o0 n—oo n—r00

Lemma, 2.2 reveals that
lim |Tyz, — z,,|| = lim ||Toz, — z,|| = lim || T3z, — 2] = 0.
n—00 n—00 n—oo
This completes the proof of the lemma 2.3. O

Next, we prove the weak and strong convergence theorems of iterative algo-
rithm (1.6) for the three classes of asymptotically nonexpansive mappings.

Theorem 2.4. Let E be a uniformly convexr Banach space satisfying the Opial’s
condition and C, Ty, Ty and T3 and {x,} be as taken in Lemma 2.1. If F(T1)N
F(T2) N F(Ts) # 0, then {z,} converges weakly to a common fized point of Ty,
T2 and T3.

Proof. Take p € F(T1) N F(Ty) N F(Ts). As proved in Lemma 2.1, we have
limy, 00 ||Zn—p|| exists. Now we prove that {x,} has a unique weak subsequential
limit in F(T1) N F(Ty) N F(T3). Towards this end , let 41, 62 be weak limits of
the subsequences {z,;} and {z,;} of {z,}, respectively. By Lemma 2.2, and
I—-T;, I—T, and I — T3 are demiclosed with respect to zero by Lemma 1.3,
therefore, we obtain 716, = 01, 7261 = é1 and T36; = ;. Similarly we can prove
that d; € p € F(T1) N F(T2) N F(T3). If §; # d2, by Opial’s condition

lim ||z, — &1 = lim ||zn, —&i] < lm ||z, — 02
n—o0 n;—00 n;—00
= lim ||z, — d2f| = lim ||z, — b2
< lim ||zn, — 81 = lim |z, — 01

This is a contradiction. Hence {z,} converges weakly to a point p € F(T1) N
F(T3) N F(T5). This completes the proof. 0

Theorem 2.5. Let E be a uniformly convex Banach space and C, T1,T3,T3
and {z,} be as in Lemma 2.1. Further 77,7, and T3 satisfy condition (A’). If
F(Th) N F(Ty) N F(T3) # 0, then {x,} converges strongly to a common fixed
point of 11, T and T5.

Proof. By Lemma 2.1, we have lim,,_,, ||z, — p|| exists for all p € F = F(T1) N
F(T5) N F(T3). Let it be ¢ for some ¢ > 0. If ¢ = 0, there is nothing to prove.
Suppose ¢ > 0. By Lemma 2.3, lim,, oo || T1Zn — Zn|| = limp oo |T22n — o] =
lim, 00 | 520 — zn|| = 0, and (2.3) gives that

inf |znt1 — pll < [L+ (k3 — 1)] inf ||zn — pl| + K290 M + knyp M + v, M.
peF pEF
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That is,

gives that lim, e d(z,, F) exists by virtue of Lemma 1.2. Now by condition
(A"), lim,, 00 f(d(z,, F)) = 0. Since f is a nondecreasing function and f(0) = 0,
therefore limy, .o d(zn, F') = 0. Now we can take a subsequence {z,,} of z,, and
sequence y; C F such that ||z,, — y;}| < 279. Then following the method
proof of Tan and Xu [17], we get that y; is a Cauchy sequence in F' and so it
converges. Let {y;} — y. Since F is closed, therefore y € F' and then z,, — ¥.
As limy, o0 ||zn, — p| exists, z, — y € F = F(T1) N F(1y) N F(T3) thereby
completing the proof. ]
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