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Abstract

In this paper, we introduce the concept of IVF weakly M -continuity and investigate some characterizations for IVF
weakly M -continuous mappings between an IVF minimal space and an IVF topological space.

Key words :
compact, nearly IVF M-compact

1. Introduction

Zadeh [7] introduced the concept of fuzzy set and in-
vestigated basic properties. Gorzalczany [1] introduced the
concept of interval-valued fuzzy set which is a general-
ization of fuzzy sets. In [3], the author introduced and
studied an IVF minimal structure as a generalization of
interval-valued fuzzy topology introduced by Mondal and
Samanta [6]. The author and Kim [5] introduced the con-
cepts of interval-valued fuzzy M -continuity and interval-
valued fuzzy M *-open mappings defined between an IVF
minimal space and an IVF topological space. And we
studied some characterizations and basic properties of such
mappings. In this paper, we introduce the concept of IVF
weakly M -continuous mappings and study some charac-
terizations.

2. Preliminaries

Let D[0, 1] be the set of all closed subintervals of the in-
terval [0, 1]. The elements of D[0, 1] are generally denoted
by capital letters M, N, - - - and note that M = [M*, MY],
where M* and MY are the lower and the upper end points,
respectively. Hspecially, we denote 0 = [0,0],1 = [1,1],
and a = [a, a] for a € (0,1). We also note that

(1) For all M, N € D[0,1],
=NV,

M=N& M:=NL MY

(2) For all M, N € DJ0, 1],
M <N ME< N MY <NV,

For every M € DJ0, 1], the complement of M, denoted
by M¢,is definedby M€ =1—M = [1 — MY 1 - ML].
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Let X be a nonempty set. A mapping A : X — DJ0, 1]
is called an interval-valued fuzzy set (simply, IVF set) in
X. Foreach z € X, A(z) is a closed interval whose lower
and upper end points are denoted by A(x)Y and A(x)Y,
respectively. For any [a,b] € D|0, 1], the IVF set whose

value is the interval [a, b] for all z € X is denoted by [a, b].
In particular, for any a € [a,b], the IVF set whose value
isa = [a,a] for all x X is denoted by simply a. For a
point p € X and for [a,b] € D[0,1] with b > 0, the IVF
set which takes the value [a, b] at p and 0 elsewhere in X
is called an interval-valued fuzzy point (simply, IVF point)
and is denoted by [a, b],. In particular, if b = a, then it is
also denoted by a,. We denote the set of all IVFE sets in X
by IVF(X).
For every A, B € IVF(X), we define

A =B <& (Vz € X)([A(z)]Y = [B(z)]* and
[A@)]” = [Bx)]),

ACB <& (Vz e X)([A(z)]F C [B(z)]* and
[A@)]” € [B(@)]").

The complement A€ of A is defined by, for all z € X,
[A°(2)]" =1 — [A(2)]” and [A°(2)]Y = 1 — [A(2)]".

For a family of TVF sets {A; : i € J} where J is an
index set, the union G = U;cjA; and F = N A; are
defined by

(Vo € X) ([G(2)]" = sup;c s[Ai(2)] ",

]
[G(2))Y = sup;e s[4 (2)]7),
(Vo € X) ([F(2)]F = infie s [A;(2)]",
[F(2)]” = infies[Ai(2)]7),

respectively.
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Let f : X — Y be a mapping and let A be an IVF set
in X. Then the image of A under f, denoted by f(A), is
defined by

[F(A) )] = { SUD y() =y [A(2)]F,if 71 (y) # 0,

0, otherwise ,

[F(A)(y)Y = { SUD p () =y [A(2)]Y, i f71(y) # 0,

0, otherwise ,

forally € Y.

Let B be an IVF set in Y. Then the inverse image of B
under f, denoted by f~1(B), is defined by

1 BY@)E = [BU@)E, [ B)@Y -
[B(f(z))]Y) forall z € X.

Definition 2.1 ([6]). A family 7 of IVF sets in X is called
an interval-valued fuzzy topology on X if it satisfies:
1Ho0,1er.

QA BeT=ANBET.

P Foric J A eT= Uig,]Ai cT.

Every member of 7 is called an IVF open set. An IVF
set A is called an IVF closed set if the complement of A is
an IVF open set. And (X, 7) is called an interval-valued
fuzzy topological space.

In an IVF topological space (X, 7), for an IVF set A in
X, the IVF closure and the IVF interior of A [6], denoted
by cl(A) and int(A), respectively, are defined as

cl(A)=n{B e IVF(X):B°€c rand A C B},

int(A)=U{B € IVF(X): B &€ 7Tand B C A}.

Theorem 2.2 ([6]). Let A be an IVF set in an IVF topo-
logical space (X, 7). Then 1 — cl(1 — A) = int(A)

An IVF set A in an IVF topological space X is said to
be IVF compact [6] if every IVF open cover A = {A4; : i €
J} of A has a finite IVF subcover. And an IVF set A in X
is said to be almost IVF compact (resp., nearly IVF com-
pact ) [4] if for every IVF open cover A = {A4; : i € J}
of A, there exists Jo = {1,2,---,n} C J such that
A C Ujegocl(4;) (resp., A C Uie g int(cl(4;))).

Definition 2.3 ([3]). A family M of interval-valued fuzzy
sets in X is called an interval-valued fuzzy minimal struc-
ture on X if

0,1 M.

In this case, (X, M) is called an interval-valued fuzzy min-
imal space (simply, IVF minimal space). Every member of
M is called an IVF m-open set. An IVF set A is called an
IVF m-closed set if the complement of A (simply, A€) is
an IVF m-open set.

Let (X, M) be an IVF minimal space and A in IVF(X).
The IVF minimal-closure of A [3], denoted by mCI(A), is
defined as

mCIl(A)=nN{B € IVF(X): B°€ Mand A C B};

the IVF minimal-interior of A [2], denoted by
mlInt(A), is defined as

mInt(A)=U{Be€IVF(X): B€ Mand B C A}.

Theorem 2.4 ([3]). Let (X, M) be an IVF minimal space
and A, B in IVF(X).

(1) mInt(A) C A and if A is an IVF m-open set, then
mlInt(A) = A.

(2) A C mCI(A) and if A is an IVF m-closed set, then
mCl(A) = A.

3) If A C B, then mInt(A) C miInt(B) and
mCl(A) C mCl(B).

4) mInt(A) N mint(B) 2
mCIl(A) UmCIl(B) C mCIl(AU B).

(5)  mInt(mInt(A)) =
mCl(mCI(A)) = mCI(A).

(6)1—mCIl(A) =mInt(1— A) and 1 —miInt(A) =
mCl(1— A).

mInt(A N B) and

mlInt(A) and

Definition 2.5 ([5]). Let (X, Mx) be an IVF minimal
space and let (Y, 7) be an IVF topological space. Then f :
X — Y is said to be interval-valued fuzzy M-continuous
(simply, IVF M-continuous) if for every A € 7, f~1(A) is
in Mx.

Definition 2.6 ([5]). Let (X, Mx) be an IVF minimal
space and (Y, 7) be an IVF topological space. Then f :
X — Y is called an interval-valued fuzzy M*-open (sim-
ply, IVF M*-open) mapping if for every IVF m-open set
Ain X, f(A)isIVF openin Y.

Theorem 2.7 ([5]). Let f : X — Y be a mapping on an
IVF minimal space (X, M x) and an IVF topological space
(Y, 7). Then the following are equivalent:

(1) f is IVF M*-open.

(2) f(mInt(A)) C Int(f(A)) for A € IVF(X).

3) mInt(f~%(B)) C f~'(Int(B)) for B €
IVE(Y).

3. IVF Weakly M -continuous Mappings

Definition 3.1. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then f is said to be IVF weakly M -continuous
if for every IVF point M, and each IVF open set V' of
f(M,), there exists IVF m-open set U of M, such that
() C (V).

Remark 3.2. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then every IVF M -continuous mapping f is clearly
IVF weakly M -continuous but the converse is not always
true as seen by the next example.
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Example 3.3. Let X = {a,b}. Let A, B and C be IVF
sets defined as follows

A(a) = [0.8,0.9], A(b) = [0.5,0.7],
B(a) = [0.7,0.9], B(b) = [0.6,0.7],
C(a) = [0.8,0.9], C(b) = [0.6,0.7].

Let us consider an IVF m-structure Myx =
{0,A,B,1} and an IVF topological space 7 =
{0,A,B,ANB,C,1}. Let f : (X,Mx) — (X,7) be
a function defined as follows f(z) = x for each xz € X.
Then f is IVF weakly M -continuous but it is not IVF M-
continuous.

Theorem 3.4. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then the following statements are equivalent:

(1) f is IVF weakly M-continuous.

(2) f~YB) C mInt(f~1(cl(B))) for each TVF open
set BofY.

@)mCIU(f~L(int(F))) C f~(F) for each IVF closed
set FinY.

@) mCI(f~(int(cl(B)))) C f~(cl(B)) for each
B e IVF( ).

(5) f~Y(int(B)) € mInt(f~'(cl(int(B)))) for each
BeIVE(Y).

) mCI(f~1(V)) C f~1(cl(V)) for an IVF open set
VinY.
Proof. (1) = (2) Let B be an IVF open set in Y. Since

f is IVF weakly M-continuous, for each M, € f~(B),
there exists an IVF m-open set Uy, of M, such that
f(Un,) € cl(B). Now we can say for each M, €
f~Y(B), there exists an IVF m-open set Uy, such that

H(f(Un,)) € f7H(el(B)).
Hcl(B))).

M, eUpn, C f~

This implies M, € mlInt(f~ Hence

f7HB) C mInt(f~H(cl(B))).

(2) = (1) Let M, be an IVF point in X and V an IVF
open set contalmng f(M,). Then since M, € f~1(V) C
mInt(f~1(cl(V))), there exists an TVE m- open set U con-
taining M, such that M, € U C f~1(cl(V)). This implies
fU) C f(f~1(cl(V))) C cl(V). Hence f is IVF weakly
M -continuous.

(1)=(3) Let I'be any [VF closed setof Y. Then 1—F
is an IVF open set in Y, from Theorem 2.2 and Theorem
2.4, it follows

fTHA=F) C mInt(f~H(cd(1 - F)))
mInt(f~'(1 —int(F)))

= miInt(1— f~(int(F)))
))-

= 1-mOCI(f (int(F)
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Hint(F))) € f~H(F).

(3) = (4) Let B be any IVFE set in Y. Since cl(B) is an
IVF closed set in Y, by (3),

(int(cl(B)))) € f'

Hence we have mCI(f~

mCI(f~* (cl(B)).

(4) = (5) Let B be any IVF set of Y. Then,

f~ (int(B)) 1-(f~'(cl(1~ B)))
1—mCIl(f (int(cl(1 —
mlInt(f~(cl(int(B)))).

N

B))))

Hence,

Y (int(B)) € mInt(f~*(cl(int(B)))).

(5) = (6) Let V be any IVF open set of Y. Then by
(5,

1—fHa(V) = fint(1-V))
C mInt(f~'(cl(int(1 —V))))
= mInt(1— (f~(int(cl(V)))))
= 1—mCI(f (int(cl(V))))
C 1-mCI(f (V).
Hence we have
mCI(f~H (V) € f7Hel(V)).

(6) = (1) Let V be an IVF open set containing f(M,,).
By (6),

M, € f~1(V) fH(int(cl(V)))
1- Y1 —=cl(V)))
1-mCIl(f~'(1 - cl(V)))

= mInt(f~(cl(V))).

N

It implies M, € mInt(f~
an IVF m-open set U such that M, € U C f~
Hence f(U) C cl(V).

L(cl(V))). Thus there exists
Hel(V)).

O

Definition 3.5. Let A be an IVF set in an IVF topological
space (X, 7). Then A is said to be

(1) IVF semiopen [2] if there is an IVF -open set B in
X such that B C A C ¢l(B),

(2) IVF preopen [2] if A C int(cl(A)),

(3) IVF regular open (resp., IVF regular closed) [4] if
A = int(cl(A)) (resp., A = cl(int(A))),

(4) IVF B-open [4] if A C cl(int(cl(A))).
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Theorem 3.6. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then the following statements are equivalent:

(1) f is IVF weakly M-continuous.

Q)mC(f~L(int(cl(G)))) C f~1(cl(Q)) for each IVF
openset GinY.

(3) mCIl(f~(int(cl(V)))) € f~(cl(V)) for each
IVF preopenset V in Y.

@ mCl(f~(int(K))) C f~1(K) for each IVF regu-
lar closed set K in Y.

(5) mCU(f~L(int(cl(G)))) C
IVF B-open set G in Y.

(6) mCI(f~(int(cl(Q)))) C
IVF semiopen set G in Y.

fY(cl(@)) for each
f71(cl(Q)) for each

Proof. (1) = (2) Let G be an IVF open set in Y. Then
by Theorem 3.4 (3), we have mCI(f~1(int(cl(G)))) C

F7H(G)).
(2) = (3) Let V be an IVF preopen of Y. Then
V C int(cl(V)). Put A = int(cl(V)). Since A is an
IVF open set, from (2), it follows
mCl(f ! (int(cl(A)))) € f7H(cl(A)).
From cl(A) = cl(V), it follows
mCl(f~ (int(cl(V)))) € f7H(el(V)).
(3) = (4) Let K be an IVF regular closed set of Y.
Then since int(K) is an IVF preopen set, by (3),
mCIl(f~ (int(cl(int(K))))) C f~(cl(int(K))).

From int(K) = int(cl(int(K))) and IVF regular closed-
ness of K, we have

mCI(f~ (int(K))) € f~(K).

(4) = (5) Let G be an IVF [-open set. Then G C
c(int(cl(@))) and cl(G) = cl(int(cl(G))), and so cl(G)
is an IVF regular closed set. Hence by (4), we have

mCI(f~ (int(cl(G)))) € F~(U(G)).
(5) = (6) It is obvious.

(6) = (1) Let V be an IVF open set; then since V' is an
IVF semiopen set, by (6) and V' C int(cl(V')), we have
mCI(f~1(V)) CmClU(f~ (int(cl(V)))) C £~ (cl(V)).

Hence, by Theorem 3.4 (6), we find that f is IVF weakly
M -continuous. O

Definition 3.7. Let (X, M x) be an IVF minimal space. A
family of C is said to be an IVF cover of X if 1 = UsecA.
An IVF cover C of X is called an IVF M -cover of X if for
each A € C, A = mInt(A).

An IVF set A in X is said to be IVF M-compact if ev-
ery IVF M-cover A = {4; : i € J} of A has a finite
subcover. And an IVF set A in X is said to be almost
IVF M-compact (resp., nearly IVF M-compact ) if for ev-
ery IVF M-cover A = {A; : i € J} of A, there exists
Jo = {1,2,---,n} C J such that A C U;c;,mCI(A;)
(resp., A C UjegomInt(mCl(4;))).

Example 3.8. Let X = {a,b}. Foreachn € N let A, be
an IVF set defined as follows

An(a) = [

n
14+n’

1], A, (b) = [1,1].

Consider 7 = {0, A,,, 1} as an IVF minimal space on X,
Let C = {A,, : n € N} be an IVF M-cover of X. Then
there does not exist a finite subcover of C. Thus X is not
IVF M-compact but it is almost IVF M -compact.

Theorem 3.9. Let f : X — Y be an IVF weakly
M -continuous mapping between an IVF minimal space
(X, M) and an IVF topological space (Y, 7). If A is an
IVF M-compact set, then f(A) is an almost [VF compact
set.

Proof. Let {B; € IVF(Y) i € J} be an IVF
open cover of f(A) in Y. Then by Theorem 3.4 (2),
{mInt(f~Y(cl(B;))) : i € J} is an IVF M-cover
of A in X. By definition of IVF M-compactness,
there exists Jo = {1,2,---,n} C J such that A C
UsegomInt(f~1(cl(B;))) C f~1(cl(B;)). Hence f(A) C
Uic Cl(Bi).

O

Theorem 3.10. Let f : X — Y be an IVF weakly
M -continuous and IVF M *-open mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). If A is an almost IVF M-compact set, then f(A) is
an almost IVF compact set.

Proof. Let {B; € IVF(Y) i € J} be an IVF
open cover of f(A) in Y. Then by Theorem 3.4 (2),
{mInt(f~Y(cl(B;))) : i € J} is an IVF M-cover of
A in X. By definition of almost IVF M -compactness,
there exists Jo = {1,2,---,n} C J such that A C
UiesomCl(mInt(f~1(cl(B;)))). Since int(cl(B;)) is
IVF open in in Y, from Theorem 2.7 and Theorem 3.4,
it follows

Uies, mCl(mInt(f~!(cl(B;))))
C UiesomCL(f ™ (int(cl(B;))))
C Uieso [~ (cl(int(cl(By))))
C Uies /1 (cl(By)).
Hence f(A) C Ueg,cl(B;). O
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Theorem 3.11. Let f : X — Y be an IVF weakly
M-continuous and IVF M*-open mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). If Ais anearly IVF M-compact set, then f(A) is a
nearly IVF compact set.

Proof. Let {B; € IVF(Y) : i € J} be an IVF open cover
of f(A)inY. Then {mInt(f~1(cl(B;))) : i € J}is an
IVF M-cover of A in X. By definition of nearly IVF M-
compactness, there exists Jo = {1,2,---,n} C J such
that A C U;eg,mInt(mCl(mInt(f~1(cl(B;))))). Since
int(cl(B;)) is IVF open, from Theorem 2.7 and Theorem
3.4, it follows

mInt(mCIl(mInt(f~(cl(By)))))

C UiegomInt(mCIl(f~ Lint(cl(By)))))
C UiegomInt(f = (cl(int(cl(B)))))
C UsegomInt(f~(cl(By)))

C Uie, /" (int(cl(By)))).

UiGJo

Hence f(A) C U;e g int(cl(

By)). O
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