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Abstract

In this paper, we introduce the concepts of fuzzy pairwise (7, s)-irresolute, fuzzy pairwise (r, s)-presemiopen and fuzzy
pairwise (r, s)-presemiclosed mappings in smooth bitopological spaces and then we investigate some of their character-

istic properties.

Key words : (7;, 7;)-fuzzy (r, s)-semiopen sets, fuzzy pairwise (r, s)-irresolute mappings

1. Introduction

After the introduction of fuzzy sets by Zadeh [10],
Chang [2] was the first to introduce the concept of a fuzzy
topology on a set X by axiomatizing a collection 7" of
fuzzy subsets of X, where he referred to each member of
T as an open set. In his definition of fuzzy topology, fuzzi-
ness in the concept of openness of a fuzzy subset was ab-
sent. These spaces and its generalizations are later studied
by several authors, one of which, developed by Sostak [9],
used the idea of degree of openness. This type of gener-
alization of fuzzy topological spaces was later rephrased
by Chattopadhyay, Hazra, and Samanta [3], and by Ra-
madan [7]. Kandil [4] introduced and studied the notion
of fuzzy bitopological spaces as a natural generalization of
fuzzy topological spaces. Lee [5] introduced the concept of
smooth bitopological spaces as a generalization of smooth
topological spaces and Kandil’s fuzzy bitopological spaces.

In this paper, we introduce the concepts of fuzzy pair-
wise (r,s)-irresolute, fuzzy pairwise (r,s)-presemiopen
and fuzzy pairwise (r,s)-presemiclosed mappings in
smooth bitopological spaces and then we investigate some
of their characteristic properties.

2. Preliminaries

Let I be the closed unit interval [0, 1] of the real line
and let I be the half open interval (0, 1] of the real line.
For a set X, I'X denotes the collection of all mapping from
X to I. A member 1 of IX is called a fuzzy set of X. By 0
and 1 we denote constant mappings on X with value 0 and
1, respectively. For any p € IX, ;¢ denotes the comple-
ment 1 — . All other notations are the standard notations
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of fuzzy set theory.
A Chang’s fuzzy topology on X [2] is a family T of
fuzzy sets in X which satisfies the following properties:

(1) 0,1eT.
) If py,uo € T then py A g €T
(3) If puy, € T forall k, then \/ py € T

The pair (X,T) be called a Chang’s fuzzy topological
space. Members of T' are called T'-fuzzy open sets of X
and their complements T-fuzzy closed sets of X.

A system (X, T7,T5) consisting of a set X with two
Chang’s fuzzy topologies 7 and 7> on X is called a
Kandil’s fuzzy bitopological space.

A smooth topology on X is a mapping 7 : IX — [
which satisfies the following properties:

() TO)=7(1)=1.
(2) T(p1 A pz) =T (1) AT (p2).
3) T(V i) > NT (pa)-

The pair (X, 7) is called a smooth topological space. For
r € Iy, we call u a T-fuzzy r-open set of X if 7(u) > r
and p a 7 -fuzzy r-closed set of X if 7 (u¢) > r.

A system (X, 77,75) consisting of a set X with two
smooth topologies 77 and 75 on X is called a smooth
bitopological space. Throughout this paper the indices ¢, j
take values in {1,2} and i # j.

Let (X,7) be a smooth topological space. Then it is
easy to see that for each r € Iy, an r-cut

To={nel™|T(n)>r}

is a Chang’s fuzzy topology on X.
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Let (X,T) be a Chang’s fuzzy topological space and
r € Iy. Then the mapping 7" : IX — I is defined by

1 if p=0,1,
r if peT—{0,1},
0 otherwise

T"(p) =

becomes a smooth topology.

Hence, we obtain that if (X, 77, 73) is a smooth bitopo-
logical space and r,s € Iy, then (X, (71).,(72)s) is a
Kandil’s fuzzy bitopological space. Also, if (X,T1,T5)
is a Kandil’s fuzzy bitopological space and r, s € I, then
(X, (T1)", (T2)®) is a smooth bitopological space.

Definition 2.1. [5] Let (X,7) be a smooth topological
space. For each r € I and for each p € IX, the T-fuzzy
r-closure is defined by

T-Cl(p,r) = N{p e IX [ < p,T(p) > 1}

and the 7 -fuzzy r-interior is defined by

T-Int(p,r) = \[{p € TX | p> p, T(p) > r}.

Lemma 2.2. [5] Let i be a fuzzy set of a smooth topolog-
ical space (X, 7) and let r € Iy. Then we have:

(1) T-Cl(p,r)¢ = T-Int(uc,r).
(2) T-Int(p, )¢ = T-Cl(uc,r).

Definition 2.3. [5] Let u be a fuzzy set of a smooth bitopo-
logical space (X,771,73) and r,;s € Iy. Then p is said to
be

(1) a (7;,T;)-fuzzy (r,s)-semiopen set if there is a 7;-
fuzzy r-open set p in X such that p < p <
,TJ'CI(pv 5)’

(2) a(7;,7;)-fuzzy (r, s)-semiclosed set if there is a 7;-
fuzzy r-closed set p in X such that 7;-Int(p, s) <
H=p.

Definition 2.4. [5] Let (X, 71, 73) be a smooth bitopolog-
ical space. For each r,s € I and for each € IX, the
(73, T;)-fuzzy (r, s)-semiclosure is defined by

(5, T;)-sCl(p,r,s) = \{p € I* | < p,
p is (7;, T;)-fuzzy (r, s)-semiclosed }
and the (7;, 7;)-fuzzy (r, s)-semiinterior is defined by
(T;, T;)-sInt(p, 7, 8) = \[{p € TX | n> p,
p is (7;, T;)-fuzzy (r, s)-semiopen}.
Lemma 2.5. [5] Let ¢ be a fuzzy set of a smooth bitopo-

logical space (X, 77, 72) and let , s € I. Then we have:
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(D) (73, Tj)-sCl(p, 7, )¢ = (Ti, Tj)-sInt(p, 7, 5).
(2) (7;7 %)_Slnt(ua T, S)C = (Zy %)_SCI(MC7 T, 8)'

Definition 2.6. [5] Let f : (X,71,72) — (Y,U1,Uz) be a
mapping from a smooth bitopological space X to a smooth
bitopological space Y and r, s € Iy. Then f is said to be

(1) a fuzzy pairwise (r, s)-continuous mapping if the in-
duced mapping f : (X,7T7) — (Y,U) is a fuzzy
r-continuous mapping and the induced mapping f :
(X,T2) — (Y,Us) is a fuzzy s-continuous mapping,

(2) a fuzzy pairwise (r,s)-semicontinuous mapping if
f~Y(n) is a (7, T3)-fuzzy (r, s)-semiopen set of X
for each U;-fuzzy r-open set p of Y and f~1(v) is
a (73, 77)-fuzzy (s,r)-semiopen set of X for each
Us-fuzzy s-open set v of YV,

(3) a fuzzy pairwise (r,s)-precontinuous mapping if
f~Y(w) is a (71, T3)-fuzzy (r, s)-preopen set of X
for each U, -fuzzy r-open set g of Y and f~1(v)is a
(73, T1)-fuzzy (s, r)-preopen set of X for each Us-
fuzzy s-openset v of Y.

3. Fuzzy pairwise (r, s)-irresolute, fuzzy
pairwise (7, s)-presemiopen and fuzzy
pairwise (7, s)-presemiclosed mappings

Definition 3.1. Let [ : (X,77,75) — (Y,U1,Us) be a
mapping from a smooth bitopological space X to a smooth
bitopological space Y and r, s € Iy. Then f is called

(1) fuzzy pairwise (r,s)-irresolute if f=1(u) is a
(7;,7;)-fuzzy (r,s)-semiopen set of X for each
(Ui, U;)-fuzzy (7, s)-semiopen set p of Y,

(2) fuzzy pairwise (r,s)-presemiopen if f(p) is a
(Ui, U;)-fuzzy (r,s)-semiopen set of Y for each
(7;,7;)-fuzzy (r, s)-semiopen set p of X,

(3) fuzzy pairwise (r,s)-presemiclosed if f(p) is a
(Ui, U;)-fuzzy (r, s)-semiclosed set of Y for each
(7;,7;)-fuzzy (r, s)-semiclosed set p of X.

Theorem 3.2. Let f : (X,71,72) — (Y,U1,Us) be a
mapping and r, s € Iy. Then the following statements are
equivalent:

(1) f is afuzzy pairwise (r, s)-irresolute mapping.

(2) f~Y(u)isa(7;,T;)-fuzzy (r, s)-semiclosed set of X
for each (U;, U;)-fuzzy (r, s)-semiclosed set p of Y.

(3) For each fuzzy set p of X,

f((/]; %)'SCI(/% T, S))
< (Z/{i,Uj)—SC](f(p),?“, S)



(4) For each fuzzy set pof Y,

(T3, T;)-sCU(f~ (1), 7, 5)

= f ((ui,uj>'SC1(,LL7T75))'
(5) For each fuzzy set pof Y,

FH (Ui, Uy)-sInt(p, 7, 5))
< (T, Ty)-shnt(f~ (), 7, 5).

Proof. (1) = (2) Let p be any (U;,U;)-fuzzy (r,s)-
semiclosed set of Y. Then pu° is a (U;,U;)-fuzzy (r, s)-
semiopen set of Y. Since f is a fuzzy pairwise (r,s)-
irresolute mapping, f~'(u) is a (7;,7;)-fuzzy (r,s)-
semiopen set of X. Thus f~!(u) is a (7;, 7;)-fuzzy (r, s)-
semiclosed set of X.

(2) = (3) Let p be any fuzzy set of X. Then
(U, U;)-sCI(f(p),r,s) is a (U, U;)-fuzzy (r,s)-
semiclosed set of Y. By (2), f~((U;,U;)-sCI(f(p),T,5))
is a (7;,7;)-fuzzy (r,s)-semiclosed set of X. Since
flp) < (U, Uy)- sCl(f( ), 7, s), we have

(7;,7;)-sCl(p,r, s)

(T, T;)-sCU(f " f(p), 7, 5)

(T2, T)-sCUf~H(Us Uy)-sCU(f (p). 7, 5)), 7 5)
FHULUs)-sCU(f (), 7, 5)).

IN N

Hence
(T T)-sCl(p, 7. 5))
< fFHUsLUs)-sCU(f(p), 7 5))
< (Us,U;)-sCI(f (), 5).
(3) = (4) Let p be any fuzzy set of Y. By (3),

FUT, T3)-sCUf~H (), 7, 5))
< (Us,Us)-sCI(f fH (1), 7, 8)
< (U, U;)-sCl(p, 7, 5).
Thus
(T3, T;)-sCU(f ™ (1), 7, 5)
< T T3)-sCUf T (1), 7y 8))
< fTHU Uy )-sCl (e, 7, 5)).
(4) = (5) Let i be any fuzzy set of Y. Then p is a
fuzzy set of Y. By (4),

(T3 T3)-sCU(f ()", 7, 5)

= (T;, T;)-sCI(f (1), 7, 5)

< (U, U;)-sCl

By Lemma 2.5,
F (Ui, Uy)-sInt(p, 7, 5))

= f7H (U, Uy)-sCU(p, 1, )¢
< (T3, Tj)-sCUf~H(u), 7, 5)°
= (T, T)-sInt(f " (), 7, 5).

(17, 5)).

Fuzzy pairwise (r, s)—irresolute mappings

(5) = (1) Let p be any (U;,U;)-fuzzy (r, s)-semiopen
set of Y. Then (U;,U;)-sInt(p, 7, s) = p. By (5),

F7H ) = (U Uy)-sInt(p, 7, 5))
< (T;, Ty)-sInt(f (), 7 9)
< f7H ).
So f~Yw) = (7:,7T;)-sInt(f~*(un),7,s) and hence

fYp)isa (7, Tj) fuzzy (r, s)-semiopen set of X. Thus
f is a fuzzy pairwise (r, s)-irresolute mapping. O

Theorem 3.3. Let [ : (X,71,72) — (Y,U,Us) be a bi-
jection and r,s € Iy. Then f is a fuzzy pairwise (r, s)-
irresolute mapping if and only if (U;, U;)-sInt( f(p),r, s) <
f((7;,7;)-sInt(p, r, s)) for each fuzzy set p of X.

Proof. Let f be a fuzzy pairwise (r, s)-irresolute mapping
and p any fuzzy set of X. Since (U;,U;)-sInt(f(p),r,s)
is a (U;,U;)-fuzzy (r,s)-semiopen set of Y, we have
(U Uy)sIne(F(p). 7 5)) is a (T Ty)fuzzy (r,s)-
semiopen set of X. Since f is fuzzy pairwise (r,s)-
irresolute and one-to-one, we have

(U Uy)-sInt(F(p), 7, )
< (T, Ty)-sInt(f " f(p). 7. 5)
— (T, Ty)-slnt(p, ,s).

Since f is onto,

(Z/[i7 Llj)-sInt(f(,o), T, 8)
= ffil((uivu')'SInt(f( ) T, S))
< f((Z:,T;)-sInt(p, 7, 5)).

Conversely, let p be any (U, U;)-fuzzy (r, s)-semiopen
set of Y. Then (U;,U;)-sInt(, 7, s) = p. Since f is onto,

FUT:, T;)-sInt(f (), 7, 8))
> (Us,Uy)-sInt(f = (), 7, 5)
= (U;,U;)-sInt(p, 7, s) = p.

Since f is one-to-one, we have

£ ) < ST Tt~ (), 7,y )
— (T, Ty)-sInt(f~ (), 7 s)

< fNw).

Thus f~'(p) = (7;,7;)-sInt(f~*(u),r,s) and hence
f~Y(w)isa(7;, T;)-fuzzy (r, s)-semiopen set of X. There-
fore f is a fuzzy pairwise (7, s)-irresolute mapping. O

Theorem 34. Let f : (X,71,72) — (Y,U1,Us2) be a

mapping and r, s € Iy. Then the following statements are
equivalent:
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(1) f is afuzzy pairwise (r, s)-presemiopen mapping.
(2) For each fuzzy set p of X,

fU(Ti, T;)-sInt(p, 7, 5))
> (UZ,Uj)—SInt(f(p),T, s).

(3) For each fuzzy set pof Y,

(T, Tj)-sInt(f = (), 7, 5)
< SN, Uy)-sInt(p, 7, 5))

Proof. (1) = (2) Let p be any fuzzy set of X. Clearly
(7;,7;)-sInt(p, r, s) is a (7;, T;)-fuzzy (r, s)-semiopen set
of X. Since f is a fuzzy pairwise (r,s)-presemiopen
mapping, f((7;, 7;)-sInt(p, r, s)) is a (U;,U;)-fuzzy (r, s)-
semiopen set of Y. Thus

F((Ti, Tj)-sInt(p, , 5))
= (Us,U;)-sInt(f (7, T;)-sInt(p, 7, 5)), 7 5)

< (Ui, Uy)-sInt(f(p), 7, s).

(2) = (3) Let i be any fuzzy set of Y. Then f~1(u) is
a fuzzy set of X. By (2),

FUT, Ty)-stnt(f = (), 7, 5))

< (Ui, Uy)-sInt(f 1 (), 7, 8)
< (U;,U;)-sInt(p, 7, 5).

Thus we have

(T, T)-stnt(f 2 (1), 7, )
<f 1f(( i Zj)-sInt(f~ (/‘)77"7 s))
< N, Uj)-sInt(p, 7, 5)).

(3) = (1) Let p be any (7;, 7;)-fuzzy (r, s)-semiopen

set of X. Then (7;,7;)-sInt(p,r,s) = p and f(p) is a
fuzzy set of Y. By (3),

= (7;,7;)-sInt(p,, s)
S( i, T)-sInt(f =" f(p), 7, 5)
< U U)-sIne(f (p), 7, ).

Hence we have
Fp) < FFH(Us,Uy)-sInt(f(p), 7 5))
= (Ul,U')—SInt(f(p), T, S)
).

fp
U;)-sInt(f(p),r, s) and hence f(p) is a
5)-s
5)-

\ N

(U, U;)-fuzzy (r
fuzzy pairwise

semiopen set of Y. Therefore f is a

Thus f(p) = U,
(r,
(r, s)-presemiopen mapping. O

Theorem 3.5. Let f : (X,77,72) — (Y,U1,Us) be a
mapping and 7, s € Iy. Then the following statements are
equivalent:

108

(1) f is afuzzy pairwise (r, s)-presemiclosed mapping.

(2) For each fuzzy set p of X,

(U, U;)-sCI(f(p), 7, )
< (7, T5)-sCl(p, 7, 5))

Proof. (1) = (2) Let p be any fuzzy set of X. Clearly
(7;,7;)-sCl(p,,s) is a (7;,7;)-fuzzy (r,s)-semiclosed
set of X. Since f is a fuzzy pairwise (r, s)-presemiclosed
mapping, f((7;,7Z;)-sCl(p,, s)) is a (U;, U;)-fuzzy (r, s)-
semiclosed set of Y. Thus we have
(U, Us)-sCI(f (p), 7, 5)
< (Us,Uy)-sCUS((T:, T3)-Cl(p, T, 5)), 7, 5)
f(( 2] J) SCl(p,’/‘ S))

(2) = (1) Let p be any (7;, 7;)-fuzzy (r, s)-semiclosed
set of X. Then (7;, 7;)-sCl(p,, s) = p. By (2),

(Ui, U;)-sCI(f(p),r,s) < f((Ti, Tj)-sCl(p, 1, 5))
= f(p)
< (ui7uj)'SC1(f(p)7r7 5)'

Thus f(p) = (Us,U;)-sC1(f(p),r,s) and hence f(p) is a
(U, U;)-fuzzy (r, s)-semiclosed set of Y. Therefore f is a
fuzzy pairwise (r, s)-presemiclosed mapping. O

Theorem 3.6. Let f (X, 1, T2) — (Y,U1,Us)
be a bijection and r,s € Ip. Then f is a fuzzy
pairwise (r,s)-presemiclosed mapping if and only if
S (U Uy)sClpr5)) < (T T)sCI(F (), 7 8)
for each fuzzy set p of Y.

Proof. Let f be a fuzzy pairwise (r, s)-presemiclosed map-
ping and let p be any fuzzy set of Y. Then f~!(u)
is a fuzzy set of X. Since f is fuzzy pairwise (r,s)-
presemiclosed and onto,

(uia M])_SCI(M7 T, S)

= U;,U;)-sCI(f " (p), 7, s)

< f(T, T)-sCU(f~H (), 7, ).
Since f is one-to-one, we have

FHUs Us)-sCl(p, 7, )

< (T T;)-sCU(f~
= (T;, T;)-sCI(f  (u

Hw),r,9))

T, 8).

);
Conversely, let p be any (7;,7;)-fuzzy (r,s)-
semiclosed set of X. Then (7;, 7;)-sCl(p, r, s) = p. Since
f is one-to-one,

I~ ((uﬂuj) -sCI(f(p),r,s))
< (Ti, Tj)-sCU( [ f(p), 7. 9)
(7;773) SCI(,O, T, 5) =p-



Since f is onto, we have

(U, U;)-sCI(f(p),r, s)

= [ (Ui Uy)-sCI(f(p), 7, 9))
< f(p)

< (U, U;)-sCI(f(p), T, 5).

Thus f(p) = (Ui, U;)-sCI(f(p),r, s) and hence f(p) is a
(U, U;)-fuzzy (r, s)-semiclosed set of Y. Therefore f is a
fuzzy pairwise (r, s)-presemiclosed mapping. O
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