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Abstract 
A Heating, Ventilating and Air Conditioning (HVAC) system is a nonlinear multi-input multi-output (MIMO) system. This system is very 
difficult to control the temperature and the humidity ratio of a thermal space because of complex nonlinear characteristics. This paper 
proposes an adaptive fuzzy output feedback control based on observer for the nonlinear HVAC system. The nonlinear HVAC system is 
linearized through dynamic extension. State observers are designed for estimating state variables of the HVAC system. Fuzzy systems are 
employed to approximate uncertain nonlinear functions of the HVAC system with unavailable state variables. The obtained controller 
compares with an adaptive feedback controller. Simulation is given to demonstrate the effectiveness of our proposed adaptive fuzzy method. 
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1. Introduction 
 
A HVAC system includes all Air-Conditioning system used 

for cooling and heating the room or buildings. The energy 
consumed by HVAC systems in commercial and industrial 
buildings constitutes more 50 % of the world energy 
consumption [1]. A mere 1 % improvement in energy 
efficiency of these systems translates into annual savings of 
millions of dollars at the national level [2]. The literatures in 
the design of controller for a HVAC system shows different 
researches to fully or partially achieve controlling the 
temperature and humidity ratio. 

In [1], an observer was proposed in estimating the thermal 
load and moisture load. In [6], feedback linearization was 
applied to a HVAC model and the actuator’s dynamics was 
considered. Several intelligent methods were also used for 
control of a HVAC system in [7-8]. In [9], an adaptive and 
robust controller was designed for a nonlinear HVAC system 
with unknown parameters. In spite of the development of new 
control methodologies for a HVAC system aiming at 
improving their energy efficiencies, the process of operating a 
HVAC system is still low efficiency and high energy 
consumption process [3]. For many years, PID and direct 
digital controls have also been used for temperature and 
humidity ratio control [4][5]. The developed HVAC control 
techniques are insufficient for the complex nonlinear 
characteristics of a MIMO HVAC system with unavailable 
state variables. 

In this paper, we propose an adaptive fuzzy output feedback 

controller based on observer for the HVAC system in achieving 
a good heating, ventilating and air conditioning performance. 
The dynamic extension concept of [7] is used in feedback 
linearization mothod. Fuzzy systems is also used to 
approximate the uncertain functions of the HVAC system with 
unavailable state variables. The state observer is constructed for 
estimating unavailable state variables. The proposed adaptive 
fuzzy control method maintains the desired temperature and 
humidity ratio in the HVAC system. 

The remainder of this paper will be organized as follows. 
Section 2 will introduce a HVAC system, a dynamic equation 
and a state space model with actuator dynamics. In section 3, 
we will present the feedback linearization technique with 
dynamic extension algorithm for a nonlinear HVAC system. 
An adaptive fuzzy output feedback control based on observer 
will be introduced for the unavailable state variables of a 
HVAC system in section 4. Fuzzy systems will be briefly 
presented in this section. In section 5, simulation results of the 
adaptive fuzzy output feedback control method will be given. 
Finally, section 6 will give some concluding remarks. 

 
 

2. HVAC System 
 

We consider the single-zone HVAC system shown as Fig. 1. 

 
Fig. 1 HVAC System 
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The dynamic equation of the HVAC system is derived from 
energy conservation principle [1] and are given by 
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The state variable form of the dynamic equation (1) can be 
rewritten as 
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In addition, the control input signals Tuu ][ 21=u in the 

system (2) are implemented to liquid valves [10]. The valve 
dynamic model can consider as 
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where 1k , 2k , 1τ  and 2τ  are the actuator’s gain and time 

constant. Tuu ][ 21=u  is the control signal applied to the 

HVAC system and Tvv ][ 21=v  is the input signal applied 

to the actuator. Therefore, we derive an augmented state space 
model with the new state vector as  

TT zzzzzuuzzz ][][ 5432121321 ==z . 

The system model (2) becomes 
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3. Feedback Linearization for HVAC System 
 
We apply a feedback linearization technique to the 

augmented state space model (4) to track the desired 
temperature and humidity ratio. The HVAC system (4) has the 
relative degrees }2,2{=r , which is the smallest number of 
times that the outputs 1z  and 2z  have to differentiate such 

that at least one of the inputs appears in )2(
1z  and )2(

2z  [12]. 

However, the decoupling matrix 
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singular. The system (4) has no relative degree. To achieve the 
relative degree and non-interacting control, we employ 
feedback linearization technique with a dynamic extension [7]. 

We set 11 ϕ=v , 11 εϕ =  and 22 ϕ=v . The new 

augmented state variables are defined as 6
1],[ Rzz ∈= Tv  and 

the HVAC system will be composed as 

⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+
=++=

2

1

2

2
5

2

21
4

3

2

1

2211

01

0
00
00
00
00

0

)()()(
ϕ
ϕ

τ
τ

ϕϕ
k

a

zka

a
a
a

gg zzzfz  (5) 

Following the procedure of linearization, system (5) can be 
rewritten as 
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Equation (6) is equivalent to the following system 
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For the given set point references my1  and my2 , we 
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When the feedback linearization control law for HVAC 

system is designed as 
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with the [ ] [ ]( )232221131211 , kkkkkkdiag=K chosen so 

that the polynomial 032
2

1
3 =+++ iii ksksks , i=1, 2 has all 

their roots strictly in the left-half complex plane, leads to meet 
the desired performance specification such as transient 
response or steady state error. 

 
 
4. Adaptive Fuzzy Output Feedback Control 

based on Observer for HVAC System 
 
The control law (8) is based on exact cancellation of the 

nonlinear terms. If HVAC system has F  and G  under the 
unavailable state variables, cancellation is not accuracy and the 
equation (7) is not linear. 

 
Assumption. The dynamics (1) of HVAC system is too 
complex and uncertain for a mathematical model to describe. 
The state variables is not available for measurement. 
 

In this section, we present an adaptive fuzzy output feedback 
controller to solve the problems. A sound solution would be to 
eliminate the uncertain term by using the approximation 
property of the fuzzy logic systems and designing an observer 
[11]. In the following, we briefly explain the approximation 
property of the fuzzy logic systems. 

The basic configuration of fuzzy logic systems consists of 
some fuzzy IF-THEN rules and a fuzzy inference engine. The 
fuzzy inference engines are used to combine the fuzzy IF-
THEN rules in the fuzzy rule base into a mapping from an 
input linguistic vector to an output linguistic variable. The th 
fuzzy IF-THEN rule can be written as 

lR  : if 1x  is lA1 , 2x  is lA2 , …, and nx  is l
nA   

then y  is lB . 

where lA1 , lA2 , … , l
nA  and lB  are fuzzy sets. 

The general fuzzy logic systems with singleton fuzzifier, 
product inference and center-average defuzzifier is designed as  
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where M is the number of the fuzzy rules, and iy  is the point 

at which 1)( =l
B yu l . 

MIMO fuzzy logic systems based on observer are of the 
form 
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where 1Θ  and 2θ  are parameter vectors and 

),()ˆ( TTdiag ξξ=xΦ  is a regressive vector.  
Since we assume that the state variables for the HVAC 

system are unavailable for measurement, the state x  and the 
error e  replace their estimates x̂  and xYe m ˆˆ −= . Design 
the fuzzy adaptive observer for estimates x̂  as follows : 
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where oK  is the observer gain matrix to guarantee the 
characteristic polynomial CKA o−  to be Hurwitz, au  is a 

∞H  robust control to attenuate the disturbance effect on 
system outputs, bu  is the feedback control for ê  and su  is 

a sliding-mode control to compensate fuzzy approximation 
errors. 

Define the observation error as eee ˆ~ −=  and yyy ˆ~ −=  
and subtracting (11) from (7) results in 
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The adaptive fuzzy output feedback controller is designed as 
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where T
cK is the feedback control gain vector to make the 

characteristic polynomial of to be Hurwitz. 
There exist positive-definite solutions 1P  and 2P  in the 

following Lyapunov equation and Riccati equation for the 
given positive-definite matrices 1Q  and 2Q  [11]. Since 

CBP2 =  and e~ is measurable, take the control law as 
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Fig. 2 Heat Load and Moisture Load. 
(a) Heat Load, (b) Moisture Load 

 
Table 1 Initial values for Simulation of HVAC system 

Premise variables 

85)0(0
3 =T oF, 021.0)0(0

3 =W lb/lb, 40)0(0
2 =T oF, 

4250)0(0
1 =u cfm, 30)0(0

2 =u gpm, 4250)0(0
1 =v cfm 

New variables 

85)0(1 =x  oF, 9701.506)0()1(
1 =x , 8350305)0()2(

1 =x , 

021.0)0(2 =x , 0227.0)0()1(
2 −=x , 4326.30)0()2(

2 −=x  

Estimated variables 

80)0(ˆ1 =x , 0)0(ˆ )1(
1 =x , 0)0(ˆ )2(

1 =x , 016.0)0(ˆ2 =x , 

0)0(ˆ )1(
2 =x , 0)0(ˆ )2(

2 =x  

Parameter Vectors 

0Θ1 =)0( , Iθ2 =)0(  
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with 0>k as a sliding gain to be determined. 

The parameter vector adaptive adjusting laws are chosen as 
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where 01 >λ  and 02 >λ  are two adaptation gains to be 

designed. 
 
 

5. Simulations 
 
In this simulation, we apply the adaptive fuzzy output 

feedback controller (13) to the continuous HVAC dynamics (7). 
In Table 1, the initial premise variables, the initial new 
variables, the initial estimated values and parameter vectors are 
considered. Fig. 2 shows the change in head load and moisture 
load. 

1z  and 2z  are used as the premise variables for the fuzzy 
system. Temperature is classified into four spheres between 
4 °F and 149 °F. Humidity ratio also is classified into four 
spheres between 0.015 lb/lb and 1 lb/lb. We choose the sixteen 
fuzzy rules which are made by each divided temperature and 
humidity ratio sphere pairs. The membership functions are 
chosen as 
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On constructing fuzzy systems )|ˆ(ˆ
1ΘxF  and )|ˆ(ˆ

2θxG , 

and by using observer (11), we obtain the estimated x̂ and 
fuzzy systems )|ˆ(ˆ

1ΘxF  and )|ˆ(ˆ
2θxG . Adaptation adjusting 

factors are chosen as 0001.01 =λ  and 00001.02 =λ For the 
given ],[ 3333 ××== IIQQ 21 diag , two positive-definite  
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matrices are solved from following Lyapunov equation and 
Riccati equation in [11]. The feedback and observer gain 
matrices are chosen as 

 ])100100010[],101000100([diag=cK ,  

 ])910450000[],715500000([diag=T
oK . 

We want to track the temperature and humidity ratio to their 
respecting the given references of 70 °F and 0.0088 lb/lb. Fig. 3 
shows temperature response. Humidity Ratio response is shown 

(a) 

(b) 

(c) 
Fig. 3. Temperature Response for HVAC system. 

(a) Adaptive Feedback Approach, (b) Adaptive Fuzzy 
Approach, (c) Adaptive Fuzzy Output Feedback Control Input.

 
(a) 

(b) 

(c) 
Fig. 4. Humidity Ratio Response for HVAC system. 

(a) Adaptive Feedback Approach, (b) Adaptive Fuzzy 
Approach, (c) Adaptive Fuzzy Output Feedback Control Input.
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as Fig. 4. Specially, Fig. 3(a) and Fig. 4(a) shows the results of 
the adaptive feedback linearization approach for HVAC system 
[9]. Fig. 3(b), Fig. 3(c), Fig. 4(b) and Fig. 4(c) is the results of 
the proposed adaptive fuzzy output feedback approach. The 
response of adaptive fuzzy output feedback control based on 
observer is much better and faster than adaptive feedback 
approach. 

 
 

6. Conclusions 
 
In this paper, we apply the feedback linearization technique 

with dynamic extension and design an adaptive fuzzy output 
feedback control based on observer for a nonlinear HVAC 
system with unavailable state variables. Since the state 
variables of nonlinear HVAC system is assumed to be 
unavailable, the state observer is designed  to estimate state 
variables, via which fuzzy control schemes are formulated. 
Besides, we construct membership functions for the premise 
state variables to make the fuzzy logic system. The adaptive 
fuzzy output feedback controller tracks the desired temperature 
and humidity ratio to keep the comfort of thermal space. The 
adaptive fuzzy system behaves a HVAC system to maintain a 
desired track-points. Simulations have proved that the adaptive 
fuzzy output feedback controller is superior to the adaptive 
feedback control due to the ability of adaption to the estimated 
state variables. It is also possible for the adaptive fuzzy output 
feedback controller to retrench overconsumption of energy. 
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