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Abstract

In this paper, we introduced the notion @f, ®)-quasi-uniform spaces and,, ®)-neighborhood systems on a strictly
two-sided, commutative quantale lattife We investigate their properties and give the examples. In particular, we study
the relations betweefl., ®)-quasi-uniform spaces arjd, ®)-neighborhood systems.
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1. Introduction and preliminaries Wlfy<z@zoy <(@xoz),r—y<z— zand
z—x<y—z.

Uniformities in fuzzy sets, have the entourage approach ()2 0y <z Ay <zVy.
[1,2,7,9,11,12] based on powersets of the fdri* X, the @)z — (Nier ¥i) = Nier(z — vi).
uniform covering approach of Kaé8], the uniform oper- 4) (Vier i) —y = /\Ler(xl —Y)-
ator approach of Rodabaugh [11] as generallzauon of Hut- O (@ =y Oz —w) < (202) = (yOw).
ton [5] based on powersets of the fothX )(Z™), the uni- ©)(y—2) < (20y) = (z02).
fication approach of Gata et al. [2]. For a fixed basis Ny —2)<(@—y —(@—2)andly— ) <
L, algebraic structures ifi (cqm-lattices, quantales, MV- \* z) = (y = 2).
algebras) are extended for a completely distributive lat- (8) (zi — i) < (Njer zi) = (Aser vi)-
tice L [9] or t-norms [12]. Recently, Kim [7] introduced (9 (#i = #:) < (Vier 2i) = (Vier 1)-
(L, ®)-fuzzy quasi-uniformities as a view point of stsc bi-Definition 1.3. [6] A mapping 7 : LX — L is called an
guantaled. [10]. (L, ®)-topologyon X if it satisfies the following condi-

In this paper, we introduced the notion(df, ®)-quasi- tions:
uniform spaces andL, ®)-neighborhood systems on a  (0O1) 7(0) = 7(1) = 1 wherea € L, a(z) = « for
strictly two-sided, commutative quantale lattite We in- eachx € X.
vestigate their properties and give the examples. In partic- (02)7(f1® f2) > 7(f1) O 71(fo), forany fi, fo € L.
ular, we study the relations betweéh, ©)-quasi-uniform (03) 7(Vyer fi) = Nier 7(fi), for any {fi}ier C
spaces andL, ®)-neighborhood systems. X,

An (L, ®)-topology is callecenrichedif
(E)T(a® f) > 7(f) for eachf € LX anda € L.
The pair (X, 7) is called an (resp. enrichedf, ®)-

Definition 1.1. [10] A triple (L, <, ®) is called astrictly  topological space
two-sided, commutative quantglgsc-quantale, for short)
iff it satisfies the following conditions:

QYL =(L,<,V,A,1,0) is a completely distributive
lattice wherel is the universal upper bound afdienotes

Let (X,7;) and (Y,72) be two (L,®)-topological
spaces. A mappingg : X — Y is said to beLF-
continuousiff m5(g) < 71 (¢ (g)) for eachg € LY.

the universal lower bound; Definition 1.4. [2,6] A mappingF : LX — L is called an
(Q2) (L, ®) is a commutative semigroup; (L, @)-filtet onX ifit satlsfies the following conditions:
(Q3)a =a® 1, foreacha € L; (F1)F7(0) =0andF(1) =1
(Q4) @ is distributive over arbitrary joins, i.e. (F2) F(f ©g) > F(f) © F(g), for eachf,g € L*.
(F3) If f < g, F(f) < F(9).
(\/ a;) O b= \/ (a; ®b). An (L, ©)-filter is calledstratifiedif
ieT ier (S)F(a® f) > a®F(f) foreachf € LX anda € L.

The pair(X, F) is called an (resp. stratified), ®)-filter
Lemma 1.2.[3,7,10] Let(L, <, ®) be a stsc-quantale. For space. We denoté;, (X) (resp. F3 (X)) as the family of
eachr,y, z, x;,y; € L, we have the following properties. (resp. stratified]L, ®)-filters onX.
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Let F; and 7, be (L, ®)-filters on X. We sayF;
is finer than F, (or F is coarser than F;), denoted
by Fo < Fi, iff Fo(f) < Fi(f) for all f € LX.

Let (X, F1) and (Y, F2) be (L, ®)-filter spaces. A map-

pingy : X — Y is said to be ar(L, ®)-filter mapiff
Falg) < Fi(v—(g)) foreachg € LY.

Definition 1.5. [6] Amap N : X — L. is called
an (resp. stratified)(L, ®)-neighborhood systemmn X if
N(z) = N, is an (resp. stratified)L, ®
fies the following conditions:

(N No(f) < [2](f), wherelz](f) =
fel®,

(N N (f) < VINe(9) | 9(y) < Ny(f),Vy € X},
forall f € LX.

f(z) for all

2. The Properties of(L, ®)-filters

Theorem 2.1. Let U, V, W € Fy(X x X). We define
U UV : LX*X 5 [ as follows:
U™ (w) =U(w™),
(U V)( \/{Z/l v) |uov <w}

where u o v(z,z) = V, cx(u(z,
w (z,y) = w(y, ).

y) © v(y,z)) and

(D) uov= LimpliesUd(u) ®V(v) = Liff UoV) €
Fo(X x X).

(2 If U(1n) = T wherela(z,z) = T and
Ia(z,y)=Lforz #y e X, thenld old > U.

(3) Put[(z, )](u) = u(x,z) for allu € LX*X. Then
Uo[(z,r)] € FE(X x X)andf o [(z,z)] > U.

4) [(z,2)] o [(z, 2)] = [(2, z)].

(5) PUt[ J(u) = A ex[( 9]6)( u) =

forall u € LX*X, Theng[n Alo [A] = [A]
6)UolU™ € Fu(X x X).
MUV L=VloUt.
B)UoV)oW=Uo(VoW).
9) If U;,V: € Fo(X x X) for i € {1,2}, then
(Ul OZ/[Q) (V1OV2) (Lﬁ @Vl) (UQGVQ).

/\xGX u(m, '75)

Proof. (1) First, we show thatu; ® us) o
(u1 ov1) ® (V2 0 ug) from:

(v1 ®vg) <

(w1 ©uz) o (v1 © v2))(, 2)

=V,ex ((w 0 u)(e,y) © (0 © v2)(y,2))

< Vyex (e, y) @m(y,z )

OVuex (u (z, (w,z)
1 (

V2
= ((wov)© (U2 Ovz)) z,2).
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)-filter and satis-

© UoV)(v)
lov1<u(( 1) © V(0

o

\/ \/uzovzgv(u(u2) © V(U2))
\/ lovl)Q(u20v2)<u®v( ©)

\/

) ©
U(ur) ©V(v1) ©U(uz) © V(v2))

(u1001)®(usovs) <uce (U (1) O U(u2)) © V(v1) © V(v2))

<V u1®u2)0(v1®vz)ﬁu®v(u(u1 ©uz) ©V(v1 ©12))

< UoV)(udw).

Hence(l/oV) € F(X x X). Conversely, it easily proved.
(2) Foruo 1, = u, we have

Uu) ©

@) Put[(z,z)](u) = u(z,
Since[(z,z)][(a ®u) = ¢ © u(x z) = a0 |(z,
[(z,2)] € FE(X x X).

Foruo 1, = u, we have

U oU)(u) = U(1a) =U(u).

z) for all u € LX*X,

)] (w),

U o [(z,2)])(u) =2 U(u) © [(z,2)|(1a) = U(u).
(4) Foruy o us < u, we have
([, 2)] o [(z, 2)])(u) = Vzex (([(z, 2)](u1) © [(2, 2)](uz2))

< u(x, z) = [(z, 2)](u).

By (3), the result holds.
(5) Foruo 1, = u, we have

< Neexl(@

(6) Foruowv = L, we haveld (u) ©U 1 (v) <U(u®
v™1) = 1 becauséu © v1)(z,y) <uov(zr,x) = L.
(7) Since(vou)~! =u~tov~!, we have

Vol Hw) = \V{V~ () ()I ou < w}
=V{ye o ( Hutov™h <wTh}
=UoV(w™h) = UoV) (w).

(8) Suppose there existsc LX*X such that
(UoV)oW)(e) £ Uo (VoW))(e).
Then there existg8, w € LX*¥X with d o w < e such that
UV)(d) ©W(w) £ U o (VoW))(e).
Also, there exists, v € LX*X with v o v < d such that
Uu) V() ©W(w) £ (U o (VoW))(e).
Since(uov)ow =wuo (vow) < e,
Uo (VoW))(e) >

U(u) © (V(v) @ W(w)).
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It is a contradiction. Henc@/ o V) o W < U o (Vo W). 1, if w=T1, B
Similarly, d o V) oW > U o (Vo W). ) 06, ifo<w#1,
) VoUw) =9 09" it you<w#u,
0, otherwise.
Uy oUs)(uov)® (V1 0 Va)(uow)
< (Ui (u) ©Ua(v)) © (Vi(u) © Va(v)) 1, fw=T,
< (U () © Vi) © Us(v) © Va(v)) 06, fucwil
< (@th © V1) 2 Wh © Vo)) uov) UOV@ =3 03 tuontuz
0, otherwise.

Hence(ul OL{Q) O] (Vl o VQ) < (Z/ﬁ O] Vl) o (Z/{Q O] VQ).

5 @woeuye(vov) = UoV)o UoV) asfollows:

Example 2.2. Let X = {a,b,c} be a set,L = [0,1]

the stsc-quantale withh © b
u,v € [0,1]%*X defined as follows:

u(a,a) = u(b,b) = u(e,c)

u(b,a) = u(c,a) = 0.5,u(b, c) = u(c,b) = 0.4.
v(a,a) = v(b,b) = 1,v(c,c) =0.7,v(a,b) = v(b,a) = 0.6,
v(a,c) =v(c,a) = 0.5,v(b,c) = v(c,b) = 0.4.

Define [0, 1]-filters asi/, V
lows:

0.6,
0.3,
0,

(1) Sinceu o u = u, we

= (a+b—-1)Vv0and 1, ifw=T1,
(UOU) o (VOV)(w)=1¢ 0.2, ifu<w#T,
0, otherwise

= 1,u(a,b) = u(a,c) = 0.6,
UOV)oUGV)=(UooU)® (Vo) as follows:

1, if w=1,
Uolh)O (Vo V) (w)=<{ 0.2, ifuw#T,
0, otherwise.

: [0,1]%¥*X — [0,1] as fol-

3. The Properties of (L, ®)-quasi-uniform

ifw=1 ,
X Structures

if u<w#lxxx,
ifuou<w?u,

otherwise.

. Definition 3.1. [6] An (L, ®)-filter i/ on X x X is called
_'f w = 1a, an (L, ®)-quasi-uniform structuren X if it satisfies the
ifv<wZla, following conditions:

IfUQU.Swz’U, (QU].)US[A],

otherwise.

(QU2)U <U oU whereld oU € Fr(X x X).
The pair (X,U) is called an(L,®)-quasi-uniform
space. An(L,®)-quasi-uniform structure oX is called

obtain

1 ifw=1 . ) -
o - an (L, ®)-uniform structuref &/ = U/ ~*.
= . < . .
Uott)(w) { 8 2 Igﬁ]&vﬁi L Let (X,U) and(Y, V) be(L, ®) quasi-uniform spaces.
’ ' Amapy : (X,U) — (Y, V) is calledquasi-uniformly con-
1 ifw=T1 tinuousif for v € LY*Y, V(v) <U((¥ x ¥)~ (v)).
uou =<¢ 0.2, ifu< 1, _
( J(w) { 0 oﬁlen;vl;s;é Example 3.2. (1) Let X be a set. DefindA](u) =

(2) Sincevo 15 = v, we obtainV oV =V and

Al(z,z)](u) for all u € L¥*X. By Theorem 2.1(5)A]
is an(L, ®)-uniformity on X
(2) Let X, ([0,1],®),U andV be given as in Example

1 ifw>1a . . . . .
R = 2.2. Sincéd £ U oU, U is not an(L, ®)-quasi-uniformity
= . < . ; ;
VoV)(w) { 8 2 n:)':)hgrvl\;jiszé Lo, onX. SinceV = VoVandV < [A], Visan(L, ®)-quasi-
’ ' uniformity on X
(3) We obtain[0, 1]-filter ast/ o V : [0, 1]X*¥ — [0,1] o
as follows: Theorem 3.3. Let (X,U) be an (L, ®)-quasi-uniform
. _ space. We define a map” : X — L™ as follows:
1, if w=1,
0.6, ifu< 1,
Uoviw) =4 05, Huoudwza NU(a)() = NE(f) =V (aotdtn) | aoute, ) < £
02, fuocv<w?udu, U .
0, otherwise. ThenN“ is an(L, ®)-neighborhood system oK.
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Proof. (F1) Sinceld < [A], for a ® u(z,—) < 0, we have
aoUu) <ao Al <ao|(z,2)](u) =0(x) = L. Thus
NY(0) = L. Moreover,N¥ (1) > U(1) =T.
(F2)
NY(f) © N¥(g)
=V{eoU(u) |a©u(z,—) < f1O
V{BOU(uz) | BOuz(z, —) < g}
<V{eopgoU(u Oug) |a®j
®u1(xa _) © U‘Q(x’ _) < f © g}
=N/(fog)
(F3) is trivial.
(N1)
N (f) =V{eoU)|aou(, -) < f}
<V{ao [Al(u) | a©u(z, —) < f}
< f().
(N2)
N(S)

=\V{aoU) | acu(z,—) < f1}
<\V{aoU(u) ©Uus) |

0 ® (u 0 us(z,-)) < 0 © ulz, -) < f}.
Fora ® us(y,z) @ui(z,—) <aouly,—) < f,g9(y) =
a®ua(y,x) OU(up) < a@U( ) < Nf;‘(f)

NY(f)

< V{eoU(u) ©U(us) |
a® (uzoui(z,—)) <a®u(z, }.
<V{aoU(w) ©U(us) | g(y) < NI(f)}
= V{NZ(9) | 9(y) < NJ(£)}.

Theorem 3.4. Let (X,U) be an (L, ®)-quasi-uniform
space andV¥ = {NY | z € X} be an(L,®)-
neighborhood system oK. We define a mapy : LX —
L as follows:

w(f) = /\ (f(2) = NL(F)).
Then (1)7y is an(L, ®)-topology.

(@) If NYisa strat|f|ed(L ©)-filter, thenry is an en-
riched(L, @)—topology.

Proof. (1) (O1)

Tv(0) = /\aex@(x) — Ngf@) =1
() = Agex((z) — NY(T) =1
(02)
Tu(f©9)
=/\ x((fog)(z )—>N?”’(f®g))
> Noex ((f(2) @ g(2)) — NY(f) © Ni(g))
(by Le mmal 2.(5))

> Nvex ((f@) = NY() @ (9(x) — N¥(g )9
()

> Npex (f(@) = NE(f)) © Npex (9(z) = N¥(g
> (f) ©1u(g)
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(G3)
vV, fi) = /\zGX((Vz fi(z) — N:zv/{(\/z fi))
> Naex (V; filz) =V, NY(f:)
(by Lemma 1.2.(9))
> Noex Ni(filz) = NY(fi))
> N Npex (file) = NE(fi))
= Nitu(fi)
@
w(@®f) = Nex(@® f(z) = N (a© f))
> Npex((@©® f(r)) — (2 ® NY(f)))
> Npex (f(2) = NY(f)) (by Lemma 1.2.(6))
> (f)
O
Example 3.5. Let X = {z,y,z} be aset(L = [0,1],0)

the stsc-quantale with © b = (a +b — 1) vV 0 and let
e € [0,1]%*X defined as

v(z,z) = 1,v(z,y) = 0.6,v(x, z) = 0.5,
v(y,z) = 0.5,v(y,y) = 1,v(y, z) = 0.6,

v(z,x) = 0.6,v(z,y) = 0.4,v(z,2) = 0.4.

We define &[0, 1],
[0,1] as follows:

®)-quasi-uniformityl/ : [0, 1]¥*X —

1, if w > 1A7
) 06, ifv<wZla,
Uw) = 03, fvov<w#o,
0, otherwise.

Forz € {z, y,z}, we obtain([0, 1], ®)-neighborhood

filters NY : [0,1]%¥ — [0, 1] as follows:
U o a, |f f Z a - g,
NZ(f) = { 0, otherwise.
U o a, |f f Z Q- g,
Ny (f) = { 0, otherwise.
«, if f Z a - gs,
06-8, 8- gu<fXa gs
NM — : )
<) 037, ifvy-gs<f208 94,
0, otherwise
gi(z) =1, g1(y) =0,91(2) =0,
92(x) = 0,92(y) = 1,91(2) =0,

g3(z) = 0,93(y) = 0,93(2) = 0.4,
ga(z) = 0.6,94(y) = 0.4, ga(2) = 0.4,
g5(x) = 0.2,95(y) = 0,95(2) = 0.
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Theorem 3.6. Let (X,U) and (Y, V) be (L,®) qua3|- It follows (U oUs) & (V1 o Vo)(w) < (Uy & V1) o (Us &
uniform spaces. If a map : (X,U) — (Y,V)is Vy)(w)forallw e LX*X.

quasi-uniformly continuous, then a map: (X, N¥) — 3)

(Y, N;f(z)) is an (L, ®)-filter map and a mapy

(X,717) — (Y, 7v) is LF-continuous. (U © Us)(u) © (U & Up)(v)

= V{Ui(u1) ©Us(uz) | u1 © ug < u}
Proof. OV{U(v1) ©Uz(v2) | 11 © v2 < v}
Ni(f) = V0O V(E) |a0u((e) ) < F@w)) |, i ) © el © (i) o)

< V{aoU((¥ x¢)™(v) < V{th (u1) © Uy (v1)) © Us(uz) © Us(v
00 (0 x ¥~ (@) £ 6 (W) ) LA S e ot
< NS (f)- < V{Ui(u1 ©v1) ©Us(ug © vs)

|ui Oug @ vy Ovy <udo}

mv(g) = (¥ (9)) uO ).
Z//\\y ((g(y)( ) );)( g (¥ (9)) e
- ~@)@) = NS (g Since(Us ®Us) < Uy olhy) & (Us olUs) < (Uy ©Us) o
> A @ ()@) = NV (9)) — U S ti e tesuttsnoid. = )
Npex (@™ (9)(z) — Zé’( v (9)) (4) and (5) are easily proved.
> (< “(9)@) = N, (9) - (6)
(W (9)(x) = N (W (9))) (by Lemmal2.(8)  (nua g ey n)
2 N;f(g;)( ) — N (¢ (g))- (by Lemma 1.2.(7)) =V jog<n NYL(f) @ NUe (g))
T = Ve (Vi 0th(w) a1 0 m(e,-) < 1}
Theorem 3.7. Let 4, andV; be families of(L, ®)-quasi- o V{az ®Us(us) | az ® up(z, —) < g})
uniformities satisfying the conditiotf; (v) ® Usz(v) = L b7
for eachu ® v = L. We define/; @ Us € Fo(X x X) as < Vyog<n (\/{al © az O U (u1) © Uz (uz)
follows: | a1 ©az © ui(z,—) ©ua(x,-) < f © g}

§W1®UQ(h).
(U & Us)(w) = \/{Z/{l(u) OUs(v) [uOv < w}.
O

Q) Ut is an(L, ®)-uniformity on X..

(2) Uy olUs) ® (Vi 0Va) < (U © V1) 0 (Us B V) Example 3.8. Let X = {a,b,c} be a set,L = [0,1]

(3) U @ U, is the coarsestL, ©)-uniformities onX  the stsc-quantale with © b = (a + b — 1) Vv 0 and
which is finer thari4; andif;. Moreover, iftfy = U, then 4, 4 ¢ [0,1]X*X defined as follows:
U el =U.

@) th eUs) ™ =U B U; u(a,a) = u(b,b) = 0.6,u(c,c) = 1,u(a,b) = u(a,c) = 0.6,
(BG)U; @ Uy " is the coarsestl, ®)-uniformities onX
which is finer tharif; andufl. u(b,a) = u(c,a) = 0.5,u(b, c) = u(c,b) = 0.4.

(6)Af;/11 @Ngz SNQZ;/h@Lb-

Proof. (1) Sinceld; < U oldy, we haved; ! < U old] . v(e,a) = v(b,b) = 1,v(c,¢) = 0.7,v(a,b) = 0.7,v(a,¢) = 0.4

Other cases are easily proved. (b, a) = v(c,a) = v(b,c) = 0.6,v(c, b) = 0.5.
(2) Since(u; ©®vy) o (ug ®vg) < (ug oug) ® (v1 0vz),
forallu ® v < w, we have Define [0, 1]-filters ast/,V : [0,1]X*X — [0,1] as fol-
lows:
(Lﬁ OUQ) u)@(V1 OVQ)('U) 1’ |fw21A,
= V{th (u1) © Us(uz) | ug o up < u} Uw) =4 05, ifu<wP1a,
O V{V1i(v1) © Va(v2) | v1 0vp < v} 0, otherwise
= V{{th(u1) © Uz(uz)) © (Vi(v1) © Va(v2))
| u1 0 uz < w,v1 00y <0} 1,  ifw>1a,
< V{Ui(u1) ©Vi(v1)) © (Ua(uz) © Va(vz)) 0.6, if v<w1a,
| (ur ®v1) o (u2 ®v2) <u® o} V(w) = 0.3, fvov<w#o,
<V{th & Vi) (ur ©v1) © (U & V) (uz © v2) 0,  otherwise.
| (ur ®v1)o(ug ®va) Su®o}
< (UL V1) o (U @ V2))(u G ). Theni/ andV are(L, ®)-quasi-uniformities onX.
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We obtain|0, 1]-filter 4/ @ V : [0,1]X*X — [0,1] as [6] U.Hohle, A.P.SostakAxiomatic foundation of fixed-

follows: basis fuzzy topology, Chapter 3 in [4], 123-272.
Lo ifw>1a, [7] Y.C. Kim, Y.S. Kim, (L, ®)-approximation spaces
0.6, ifv<wZla, and (L, ®)-fuzzy quasi-uniform spaces/|hforma-
0.5, ifu<wZla,w?v tion Sciencesvol. 179, pp.2028-2048, 20009.
UdV(w) =< 0.3, ifveov<wPEov,w?tla,wPu
01, fvow<wFvouv, [8] W. Kotzé, Uniform spaces, Chapter 8 in [4], pp. 553-
wPEla,w¥u 580.
0, otherwise.

[9] Liu Ying-Ming, Luo Mao-Kang, Fuzzy topology
World Scientific Publishing Co., Singapore, 1997.

1, if w>1x,

06, fo<wPXlaorv<w#lan

0.3, fvov<wPv,wP}o?
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voy~(w) = orv™tovTt <w Fv,w# vt [11] S, E. Rodabaugh, E. P. Klement, Topological And Al-
02, fvov ! <wZovou, gebraic Structures In Fuzzy Sefhe Handbook of
w Z Uf_l ©vt Recent Developments in the Mathematics of Fuzzy
0, otherwise. Sets, Trends in Logic 20, Kluwer Academic Publish-

ers, (Boston/Dordrecht/London), 2003.

[12] D. Zhang, "A comparison of various uniformities in
fuzzy topology,” Fuzzy Sets and Systenwsl. 159,
[1] A. Craig, G. &ger, " A common framework for lattice- pp. 2503-2519, 2008.
valued uniform spaces and probabilistic uniform
limit spaces”,Fuzzy Sets and Systernas|. 158, pp.
424-435, 2007.

REFERENCES

. i Yong ChanKim
[2] J. Gutérrez Gara, M. A. de Prade Vicente, A.P.

Sostak,A unified approach to the concept of fuzzy  He received the M.S and Ph.D. degrees in Department of
L-uniform spaces, Chapter 3 in [11], pp. 81-114.  Mathematics from Yonsei University, in 1984 and 1991,
respectively. From 1991 to present, he is a professor in
Department of Mathematics, Kangnung University. His re-
search interests are fuzzy logic and fuzzy topology.

[3] U. Hbhle, E. P. KlementNon-<lassical logic and their
applications to fuzzy subsetduwer Academic Pub-
lisher, Boston, 1995.

[4] U. Hohle, S. E. Rodabaughylathematics of Fuzzy Jung MiKo

Sets, Logic, Topology and Measure Theofhe ) .
Handbooks of Fuzzy Sets Series, Volume 3, KIuwelShe received the M.S and Ph.D. degrees in Department of

Academic Publishers, Dordrecht, 1999. Mathematics from Yonsei University, in 1983 and 1988,
respectively. From 1988 to present, she is a professor in
[5] B. Hutton, "Uniformities on fuzzy topological spaces,” Department of Mathematics, Kangnung University. Her re-
J. Math. Anal. Appl.yol. 58, pp. 559-571, 1977. search interests are fuzzy logic.

70





