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Abstract

In this paper, we introduce the concept of fuzzy a-weakly r-continuous mapping on a fuzzy topological space and inves-
tigate some properties of such a mapping and the relationships among fuzzy a-weakly r-continuity, fuzzy r-continuity

and fuzzy weakly r-continuity.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [9].
Chang [1] defined a fuzzy topological space using fuzzy
sets. In [3, 4], Chattopadhyay, Hazra and Samanta in-
troduced the concept of smooth fuzzy topological space
which is a generalization of the fuzzy topologica space.
Lee and Lee [8] introduced the concepts of fuzzy strongly
r-semiopen sets and fuzzy strongly r-semicontinuous map-
pings in fuzzy topological spaces defined by Chattopad-
hyay. These concepts are generalizations of fuzzy strongly
semiopen seta and fuzzy strongly semicontinuous map-
pings. In this paper, we introduce the concept of fuzzy
a-weskly r-continuous mapping as a generalization of the
fuzzy strongly r-semicontinuous mapping and study some
properties of the mapping and the relationships among
fuzzy a-weakly r-continuity, fuzzy r-continuity and fuzzy
weakly r-continuity.

2. Preliminaries

Let I betheunitinterval [0, 1] of theredl line. A mem-
ber 1. of I iscalled afuzzy set of X. By 0 and 1 wedenote
constant maps on X with value 0 and 1, respectively. For
any € IX, u¢ denotes the complement 1 — p. All other
notations are standard notations of fuzzy set theory.

An fuzzy point x,, in X isafuzzy set z, defined by
ify ==,

a,
Taly) = { 0, if y+#u=.

A fuzzy point z,, issaid to belong to an fuzzy set A in
X,denotedby z, € A,ifa < Aforx € X.

A fuzzy set A in X is the union of al fuzzy points
which belong to A.

Let f: X — Y beamappinganda € IX and3 € IV .
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Then f(«) isafuzzy setinY, defined by

fa)(y) :{ Supzef—l(y)a(z), if f=1(y) #0,

0, otherwise,

foryeY.
f~Y(B) isafuzzy setin X, defined by f~1(3)(z) =
B(f(x)),z € X.

A fuzzy topology [3, 4 on X isamap 7 : IX — I
which satisfies the following properties:

() 7(0)=7(1) =1.

(D) T (1 A p2) > T (p1) AT (p2) For pun, po € I,

(3) T (Vi) > AT (i) for p; € I,

The pair (X,7) is caled a fuzzy topological space.
And ;o € I is said to be fuzzy r-open (resp., fuzzy r-
closed) if 7(u) > r (resp., 7 (u€) > r).

Let Abeafuzzy setinan FTS(X,7) andr € (0,1] =
Io.

The r-closure of A, denoted by ci(A,r), is defined as
c(A,r)=n{BeI*:AC Band Bisfuzzy r-closed}.

Ther-interior of A, denoted by int(A, r), isdefined as
int(A,r) = U{B € I’* : B C Aand B isfuzzy r-open}.

Definition 2.1 ([5, 6, 7]). Let A beafuzzy setinan FTS
(X,T)andr € (0,1] = Iy. Then A issaid to be

(1) fuzzy r-semiopen if thereisafuzzy r-open set B in
X suchthat B C A C el(B,r),

(2) fuzzy r-preopenif A C int(cl(A,r),r),

(3) fuzzy r-regular openif A = int(cl(A,r),r),

(4) fuzzy r-strong semiopen if

A Cint(c(int(A,r),r),r).

Let A beafuzzy setinan FTS (X,7) and r € Io.
The fuzzy r-strong semi-closure and the fuzzy r-strong
semi-interior of A, denoted by sscl(A,r) and ssint(A,r),
respectively, are defined as



sscl(A,r)=n{BeIX:ACB ad
B isfuzzy r-strong semiclosed},
ssint(A,r) =U{BeI*:BCA and
B isfuzzy r-strong semiopen}.

We have the following relationships.
int(A,r) C ssint(A,r) C A C sscl(A,r) Ccl(A,r)

Definition 2.2 ([6, 7, 8]). Let f : X — Y be a mapping
fromFTS's(X,7) and (Y,U). Then f issaid to be

(2) fuzzy r-continuousiif for each fuzzy r-open set B of
Y, f~1(B) isafuzzy r-opensetin X,

(2) fuzzy almost r-continuous if for each fuzzy r-open
set Bof Y, f~1(B) isafuzzy r-regular open setin X,

(3) fuzzy r-semicontinuous if for each fuzzy r-open set
BofY, f~1(B) isafuzzy r-semiopen setin X,

(4) fuzzy strongly r-semicontinuousiif for each fuzzy r-
open set B of Y, f~1(B) is afuzzy strongly r-semiopen
setin X,

(5) fuzzy weakly r-continuous if for each fuzzy r-open
st Bof Y, f~Y(B) Cint(f~*(cl(B,r)),r),

3. Main Results

Definition 3.1. Let f : (X,7) — (Y,U) be a mapping
between FTS's (X, 7) and (Y,U) (r € Iy). Then f issad
to be fuzzy a-weakly r-continuousiif for each fuzzy r-open
setpof Y, f~(pu) C ssint(f=(cl(p,7)),7).

Remark 3.2. Every fuzzy strongly r-semicontinuous is
fuzzy a-weakly r-continuous mapping but the converseis
not always true.

Example3.3. Let X = [ and let § and p be fuzzy sets of
X defined as

1 2
Blx) = _§x+§’ for z €1,

1
wu(zx) = 2% for zel.

Define afuzzy topology 7 : IX — I by

1, if 6=0,1,
T(U) = %a if o= ﬂ7
0, otherwise;

and afuzzy topology U/ : IX — I by

1, if 6=0,1,
0, otherwise.
Note that:
) ) 4 1.1 P
int(cl(int(f~(u), 5), 5)) =0;
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it Vel Dy Ly — e
ssint(f~ (cl(p, 5)), 5) = 1

Hence the identity mapping f : (X,7) — (X,U) isa

fuzzy a-weakly %-conti nuous mapping but it is not fuzzy

strongly £ -semicontinuous.

Theorem 3.4. Let f : (X,7) — (Y,U) beamapping on
FTSs (X, T) and (Y,U) (r € Iy). Then f isafuzzy o-
weakly r-continuous mapping if and only if for every fuzzy
point x,, and each fuzzy r-open set V' containing f(z.),
there exists afuzzy r-strong semiopen set U containing z,
suchthat f(U) C cl(V,r).

Proof. Suppose f is afuzzy a-weakly r-continuous map-
ping. Let z,, beafuzzy pointin X and V' afuzzy r-strong
semiopen set containing f(x,). Then there exists a fuzzy
r-open set B suchthat f(z,) € B C V. Since f isafuzzy
a-weakly r-continuous mapping,

f~YB) C ssint(f~(cl(B,7)),r)

C ssint(f~L(cl(V,7)),7).

Set U = ssint(f~1(cl(V,r)),r). Then U is afuzzy
r-strong semiopen set such that f~1(B) C U. So f(U) C
cd(V,r).

For the converse, let V' be a fuzzy r-open set in Y.
For each z, € f~1(V), by hypothesis, there exists a
fuzzy r-strong semiopen set U, containing z, such that
f(Usz,) € c(V,r). Now we can say for each z, €
fYV), 20 €U, C f1c(V,7)).

Thus U{U,,, : 2o € f~H(V)} C f~1(cl(V,7)). Since
UW{U,, : 2o € f71(V)} isfuzzy r-strong semiopen, we
have f=1(V) C ssint(f~t(cl(V, 7)), 7). O

Theorem 35. Let f : (X,7) — (Y,U) be a mapping
on FTSs (X, 7) and (Y,U) (r € Iy). Then the following
statements are equivalent:

(1) f isfuzzy a-weakly r-continuous.

(2) sscl(f~t(int(F,r)),r) C f~1(F) for each fuzzy
r-closedset F'inY.

(3) sscl(f~(int(cl(B,r),r)),r) C f~(cl(B,r)) for
eachfuzzy set BinY.

@) f~1(int(B,r)) C ssint(f~1(cl(int(B,r),7)),T)
for each fuzzy set BinY'.

(5) sscl(f~1(V),r) € f=Y(cl(V,r)) for a fuzzy r-
opensetVinY.

Proof. (1) = (2) Let F" be any fuzzy r-closed set of Y.
Then since 1 — F isafuzzy r-open set in Y, from (1), it
follows

ssint(f = (cl(1 — F,r)),r)

= ssint(f~ Y1 —int(F,r)),7)
= ssint(1 — f~(int(F,r)),r)
= 1—sscl(f ' (int(F,r)),r).

[7A-F)

N
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Hence we have sscl(f~t(int(F,r)),r) C f~1(F).

(2 = (3) Let B € IY. Since cl(B,r) is a fuzzy
r-closed set in Y, by (2), sscl(f~(int(cl(B,r),r)) C
(B, ).

(3) = (4) For B € I'V, from (3), it follows

P (int(B,r) = 1 — (f~Y(el(1 - B,1)))

C 1—sscl(f~(int(cl(1-B,r),r)),r)
= ssint(f~(cl(int(B,r),r)), 7).

Hence we have

f~L(int(B,r)) C ssint(f~1(cl(int(B,r),7)),7).

(4) = (5) Let V be any fuzzy r-open set of Y. Then
from (4) and (V,r) C int(cl(V,r),r)), it follows

1— f=(cl(V.r))

— M (T V)

C ssint(f~H(cl(int(1 — V,r),7)),7)

= ssint(1 — (f = (int(cl(V,r),7))),7)

=1 —sscl(f~(int(cl(V,7),7)),7)

C1—ssc(f~YV),r).

Hence sscl(f~*(V),r) C f=1(cl(V,1)).

(5) = (1) Let V be afuzzy r-open set in Y. From
(V,r) Cint(cl(V,r),r) and (5), we have

Yy < N nt(cd(V,r),r))
= 1—f Yl -cl(V,r),r))
1 —sscl(f~1(1 —cl(V,r)),r)

= ssint(f 1 (cl(V,7)),r).

N

Hence f isafuzzy a-weakly r-continuous mapping.

O
Theorem 36. Let f : (X,7) — (Y,U) be a
mapping on FTSs (X,7) and (Y U) (r € o).

Then f is fuzzy a-weakly r-continuous if and only if
sscl(f~(int(cl(V,r),7)),7) € f~1(cl(V,r)) for each
fuzzy r-preopenset VinY.

Proof. Assume f is fuzzy a-weakly r-continuous. Let V
be afuzzy r-preopen of Y. Then V' C int(cl(V,r),r). Set
A = int(cl(V,r),r). Since A is afuzzy r-open set, by
Theorem 3.5 (5), we have

sscl(f 1 (int(cl(A,r),r)),,5) C f1(cl(A,1)).
Fromcl(A,r) = cl(V,r), it follows
sscl(f~(int(cl(V,7),7)),7) C fH(cl(V,7)).
For the converse, let G beafuzzy r-open set of Y. Then
since G is afuzzy r-preopen set, we have

sscl(f~HG),r) C sscl(f~L(int(cl(G,1),7)),7)C

f7He(G, ).
Hence, by Theorem 3.5 (5), f is afuzzy a-weakly r-
continuous mapping. O
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Theorem 3.7. Let f : (X,7) — (Y,U) be a
mapping on FTSs (X,7) and (Y,U) ( r € Ip).
Then f is fuzzy a-weakly r-continuous if and only if
sscl(f~1(int(cl(G,r),7)),r) C f~(cl(G,r)) for each
fuzzy r-semiopenset G inY.

Proof. Assume f isfuzzy a-weakly r-continuous. Let V
be a fuzzy r-semiopeninY. Then V' C cl(int(V,r),r).
Set F' = cl(int(V,r),r). Since F is afuzzy r-closed set,
by Theorem 3.5 (2), we have

sscl(f~ (int(F,r)),r) C f~1(F).
From cl(V,r) = cl(int(V,r),r) = F, it follows

sscl(f = (int(cl(V,r),r)),7) C f~H(cl(V, 7).

For the converse, let G beafuzzy r-openset of Y. Then
since G is afuzzy r-semiopen set, by hypothesis and The-
orem 3.5 (5), f isafuzzy a-weskly r-continuous mapping.

O

Theorem 3.8 ([8]). Let f (X, 7) — (Y,U) be
a mapping on FTSs (X,7) and (Y,U) ( r € Ip).
Then f is fuzzy strongly r-semicontinuous if and only
if cl(int(cl(f~(cl(G,7)),7),7),7) C f~1(cl(G,7)) for
each fuzzy set GinY.

Theorem 39. Let f : (X,7) — (Y,U) be a mapping
on FTSs (X,7) and (Y,U) (r € Iy). Thenif f is
fuzzy strongly r-semicontinuous, then it is fuzzy weakly
r-continuous.

Proof. Let B be fuzzy r-open in Y. Since f is fuzzy
strongly r-semicontinuous, f~!(B) is fuzzy strongly
r-semiopen and f~l(cl(B,r)) is fuzzy strongly r-
semiclosed in X. Thusfrom Theorem 3.8, it follows
fUB) Cint(cl(int(f~1(B),r),r),7)
C cl(int(cl(f~1(cl(B,r)),7),7),7)
C fMel(B, 7).
Thisimplies f~1(B) C int(f~'(cl(B,r)),r). Hence
f isfuzzy weakly r-continuous. O

Example 3.10. Let X = I and let A and B be fuzzy sets
defined asfollows

1
Az) = fx+§, foral z el

4 4
1 1
B(:v):zx—ﬁ—z, foral zel.

Define fuzzy topologies 7; and 75 on X asfollows.



1, if 0=0,1,
/Tl(g)_{ %7 ifU:B7
0, otherwise;
1, if 6=0,1,
75(0):{ %7 ifU:Aa
0, otherwise.

Then the identity mapping f : (X,71) — (X,72) is
a fuzzy weakly %-continuous mapping but it is not fuzzy
strongly $-semicontinuous.

Lemma3.11. Let f : (X,7) — (Y,U) be amapping on
FTSs (X,7) and (Y,U) (r € Iy). Thenif f is fuzzy
weakly r-continuous mapping, then it is fuzzy a-weakly
r-continuous.

Proof. Obvious. O

Example3.12. Let X = [ andlet A,B, C' and D befuzzy
sets defined as follows.

Ol O] Wl

! (5z — 14), fordl z € I.

D(zx) = 18

Consider two fuzzy topologies 77, 72:

1, if 0=0,1,
2 if o= A,
T =y 1 it ,=5
0, otherwise;
1, if 0=0,1,
1 ifo=0C,
Llo)=Y 2 it =D,
0, otherwise.

Then the identity mapping f : (X,71) — (X,72) isa
fuzzy a-weakly %-continuous mapping but it is not fuzzy
weakly 1-continuous.
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Finally we get the following implications:

fuzzy r-continuous = fuzzy strongly r-
semicontinuous =- fuzzy weakly r-continuous = fuzzy
a-weakly r-continuous
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