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Abstract

In this paper, we introduce the concept of fuzzy S-weakly r-continuous mapping on an fuzzy topological space and

investigate some properties of such mappings.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [9].
Chang [1] defined fuzzy topological spaces using fuzzy
sets. In [3, 4], Chattopadhyay, Hazra and Samanta in-
troduced the concept of smooth fuzzy topological spaces
which are a generalization of fuzzy topological spaces.

Lee and Kim [8] introduced the concept of fuzzy
weakly r-semicontinuous mappings in fuzzy topological
spaces defined by Chattopadhyay. And they showed that
there is no any relationship between fuzzy weakly 7-
semicontinuous mappings and fuzzy weakly r-continuous
mappings. In this paper, we introduce fuzzy S-weakly -
continuous mappings on the fuzzy topological space and
study some properties. In particular, we show that every
fuzzy weakly r-semicontinuous mapping (or fuzzy weakly
r-continuous mapping) is fuzzy S-weakly r-continuous but
the converse may not be true.

2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A mem-
ber p of IX is called a fuzzy set of X. For any p € IX,
u¢ denotes the complement 1 — . By 0 and 1 we denote
constant maps on X with value 0 and 1, respectively. All
other notations are standard notations of fuzzy set theory.

An fuzzy point x,, in X is a fuzzy set z,, defined by

sl ={ ¢

A fuzzy point z,, is said to belong to an fuzzy set A in
X, denoted by z,, € A,ifa < Aforz € X.

A fuzzy set A in X is the union of all fuzzy points
which belong to A.

ify=uxa,
if y# x.

Letf: X — Y beamappinganda € IX and 3 € IV
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Then f(a) is a fuzzy setin Y, defined by
SUP, e po1(yy (2), if f71 0,

0, otherwise ,
foryeY.

f~Y(B) is a fuzzy set in X, defined by f~1(3)(z) =
A(f(z)),z € X.

A fuzzy topology [3, 4)on X isamap 7 : IX — I
which satisfies the following properties:

H7TO)=7(1)=1.

@) T (g1 A pg) > T (1) AT (pa) for pua, g € I

BTV pi) = NT (i) for p; € I,

The pair (X,7) is called a fuzzy topological space.
And p € IX is said to be fuzzy r-open (resp., fuzzy r-
closed) if T (u) > r (resp., T (u€) > r).

The r-closure of A, denoted by cl(A,r), is defined as
c(A,r) =n{B € I* : AC Band B is fuzzy r-closed}.

The r-interior of A, denoted by int(A, ), is defined as
int(A,r) =U{B € I : B C Aand B is fuzzy r-open}.

Definition 2.1. (|5, 6, 7]) Let A be a fuzzy set in a FTS
(X,7T)and r € (0,1] = Iy. Then A is said to be

(1) fuzzy r-semiopen if there is a fuzzy r-open set B in
X such that B C A C ¢l(B,r),

(2) fuzzy r-preopen if A Cint(cl(A,r),r),

(3) fuzzy r-regular open if A = int(cl(A,r),r).

Let A be a fuzzy setin a FTS (X,7) and r € Iy. The

fuzzy r-semi-closure of A, denoted by scl(A,r) is defined
as

scl(A,r) =N{B € I : A C B and B is fuzzy r-semiclosed}.

The fuzzy r-semi-interior of A, denoted by sint(A,r), is
defined as

sint(A,r) = U{B € I : B C A and B is fuzzy r-semiopen}.

Note that:
int(A,r) C sint(A,r) C A C scl(A,r) Cc(A,r).



Definition 2.2. ([6, 7, 8]) Let f : X — Y be a mapping
from FTS’s X and Y. Then f is said to be

(1) a fuzzy r-continuous if for each fuzzy r-open set B
of Y, f~1(B) is a fuzzy r-open set in X,

(2) a fuzzy r-semicontinuous if for each fuzzy r-open
set Bof Y, f~1(B) is a fuzzy r-semiopen set in X,

(3) a fuzzy almost r-continuous if for each fuzzy r-open
set B of Y, f~1(B) is a fuzzy r-regular open set in X,

(4) a fuzzy weakly r-continuous if for each fuzzy r-open
set Bof Y, f~Y(B) Cint(f~1(cl(B,r)),7r),

(5) a fuzzy weakly r-semicontinuous if for each fuzzy
r-open set B of Y, f~Y(B) C sint(f~1(scl(B,r)),r).

3. Main Results

Definition 3.1. Let f : (X,7) — (Y,U) be a mapping be-
tween FTS’s X and Y (r € Ip). Then f is said to be fuzzy
S-weakly r-continuous if for each fuzzy r-open set p of Y,

F7H ) € sint(f~H(cl(p, 1), 7).

Remark 3.2. Every fuzzy weakly r-continuous mapping
is fuzzy S-weakly r-continuous but the converse is not al-
ways true.

Example 3.3. Let X = I and let 8 and p be fuzzy sets of
X defined as

1 2
Bx) = —gx—l—gforxel,

1
wlx) = ixforxel.

Define a fuzzy topology 7 : IX — I by

1 ifo=0,1
T(o)=X % ifo=p
0 otherwise ;

and a fuzzy topology U : IX — I by

1 if 6=0,1,
Ulo)=¢ 2 ifo=p
0 otherwise.

Consider a mapping f : (X,7) — (X,U) defined as fol-
lows: f(z) =« forallz € X.

Since
int(§ = (el ), ) = it ), ) = B
sint(f~ (el ), 5) = sint(F~ (1), 3) = 4,

clearly f is a fuzzy S-weakly %—continuous mapping but it

is not fuzzy weakly %-continuous.
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Remark 3.4. Every fuzzy weakly r-semicontinuous map-
ping is fuzzy S-weakly r-continuous but the converse is not
always true.

Example 3.5. In the above Example 3.3, the identity map-
ping f is fuzzy S-weakly r-continuous. But f is not fuzzy
weakly $-semicontinuous because cl(u, 3) = scl(p, 3) in

x.u).

Now get the following implications:

f. r-cont. — f. weakly r-cont.

\
f. S-weakly r-cont.

/!

—  f. weakly r-semicont.

! vy

f. r-semicont.

Theorem 3.6. Let f : (X,7) — (Y,U) be a mapping on
FTS’s (X,7) and (Y,U) (r € Ip). Then f is a fuzzy S-
weakly r-continuous mapping if and only if for every fuzzy
point z,, and each fuzzy r-open set V containing f(z,),

there exists a fuzzy r-semiopen set U containing x,, such
that f(U) C cl(V,r).

Proof. Suppose f is a fuzzy S-weakly r-continuous map-
ping. Let z, be a fuzzy point in X and V a fuzzy r-
semiopen set containing f(z); then there exists a fuzzy
r-open set B such that f(z,) € B C V. Since f is a fuzzy
S-weakly r-continuous mapping,

f7YB) C sint(f~(cl(B,r)),r) C sint(f~(cl(V,r)),7).

Set U = sint(f~1(cl(V,r)),r); then U is a fuzzy r-
semiopen set such that f~*(B) C U. So f(U) C cl(V,7).

For the converse, let V be a fuzzy r-open set in Y. For
each 7, € f~1(V), by hypothesis, there exists a fuzzy
r-semiopen set U, containing x, such that f(U,. ) C
cl(V,r). Now we can say for each x,, € f~(V),

To € Uy, C fHc(V, 7).

Thus U{U,, : 2o € f~EH(V)} C f=1(cl(V,7)).
Since U{U,, : 2o € f~5(V)} is fuzzy r-semiopen,
we have f~1(V) C sint(f~(cl(V, 7)), 7). O

Theorem 3.7. Let f : (X,7) — (Y,U) be a mapping on
FTS’s (X,7) and (Y,U) ( r € Ip). Then the following
statements are equivalent:

(1) f is fuzzy S-weakly r-continuous.

() scl(f~t(int(F,r)),r) C f~Y(F) for each fuzzy
r-closed set F'in Y.

) scl(f~L(int(cl(B,r),r)),r) C f~1(cl(B,r)) for
each fuzzy set Bin Y.

@) f~Y(int(B,r)) C sint(f~(cl(int(B,r),r)),r)
for each fuzzy set BinY.

(5) scl(f~1(V),r) C f=(cl(V,r)) for a fuzzy r-open
setVinY.
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Proof. (1) = (2) Let F' be any fuzzy r-closed set of Y.
Then since 1 — F'is a fuzzy r-open setin Y,

fY1-F) Csint(f~'(cl(1 - F,7)),r)

= sznt({c (i - int(F, ’I“)), 7“)

= s~mt(1 — fY(int(F,r)),r)
=1—sc(ft(int(F,r)),7r).

Hence we have scl(f~1(int(F,r)),r) C f~1(F).

(2) = (3) Let B € IY. Since cl(B,r) is a fuzzy 7-
closed setin Y, by (2),

scl(ft
3)= @@ ForB eI,

(int(cl(B,r),7)) C f~1(cl(B,r)).

fHant(B,r)) =1~ (f}(d(1 - B,r)))
C1—sc(f~(int(cl(1 - B,r),7)),7)
= sint(f~1(cl(int(B,r),7)),T).

fr6nt(B,r)) C sint(f~ (cl(int(B,r),7)), 7).

(4) = (5) Let V be any fuzzy r-open set of Y. Then from
(V,r) Cint(cl(V,r),r), it follows
L— fHel(V,r)) = f~ (int(1 = V. 7))
C sint(f~H(cl(int(1 = V,r),r)),7)
= sint(1 — (f~ (int(cl(V,7),7))),7)
=1 —scl(f~*(int(cl(V,r),7)),7)
C1—scd(f~1(V),nr).
Y(V),r) C fH((V,r).
(8)= (1) Let V be a fuzzy r-open set in Y. From

Hence we have scl(f~

(V,r) Cint(cl(V,r),r), we have
Uy © f ant(l(Vor), )
= - Y - A, )
C 1—scd(f~'1—cl(V,r)),r)
= sint(f~ (cl(V,r)),7)

Hence f is a fuzzy S-weakly r-continuous mapping.
O

Theorem 3.8. Let f : (X,7) — (Y,U) be a mapping on
FIS’s (X,7T) and (Y,U) ( r € Ip). Then the following
statements are equivalent:

(1) f is fuzzy S-weakly r-continuous.

(2) scl(f~(int(cl(G,7),7)),r) C f~!
each fuzzy r-openset Gin Y.

(3) scl(f~t(int(cl(V,r),7)),7) C f~
each fuzzy r-preopen set V' in Y.

@) scl(f~t(int(K,r)),r) C f~HK
r-regular closed set K in Y.

(5) sel(f~H(int(cl(G,r),)),r) € f~!
each fuzzy r-semiopen set G in Y.

(cl(G,r)) for
Yel(V, 7)) for
) for each fuzzy

(cl(G,r)) for
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Proof. (1) = (2) Let G be a fuzzy r-open set of Y'; then by
Theorem 3.7 (3), we have scl(f~!(int(cl(G,r),7)),r) C
(G, ).

(2) = (3) Let V be a fuzzy r-preopen of Y. Then
V Cint(c(V,r),r). Set A = int(cl(V,r),r). Since A
is a fuzzy r-open set, it follows

sel(f~ r),r,8) C [
Since cl(A,r) = cl(V,r), scl(f~(int(cl(V,r),
fFH eV, ).

(3)= (4) Let K be a fuzzy r-regular closed set of Y.
Since int( K, r) is a fuzzy r-preopen set,
scl(f~1 ryc f!
From int(K,r) = int(cl(int(K,r),r
c(int(K,r),r), it follows scl(f~!
fHE).

(4) = (5) Let G be a fuzzy r-semiopen set. Then
G C c(int(G,r),r) C c(int(cl(G,r),r),r) C (G,r),

and so cl(G,r) is a fuzzy r-regular closed set. Hence we
have scl(f~L(int(cl(G,7),7)),r) C f1(cl(G,T)).

(5) = (1) Let V be a fuzzy r-open set; then since V is a
fuzzy r-semiopen set, from V' C int(cl(V,r),r), we have

scl(f~! scl(f~ 1 (int(cl(V,r),r)),7)
FH(V, 7).

Hence, by Theorem 3.7 (5), f is a fuzzy S-weakly r-
continuous mapping. O

(int(cl(A,r), (cl(A,r)).

r),r) <

(int(cl(int(K,r),r),r)), (cl(int(K,r),

(V),r) <

N
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