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S r

S r r r

r

r
r
S r

r
r S r

I [0, 1]
μ IX X μ ∈ IX

μc 1̃ − μ 0̃ 1̃
X 0 1

xα X xα

xα(y) =
{

α, y = x,
0, y �= x.

xα A
X xα ∈ A α ≤ A x ∈ X

A X
A

f : X → Y α ∈ IX β ∈ IY

f(α) Y

f(α)(y) =
{

supz∈f−1(y) α(z), f−1(y) �= ∅,
0, ,

y ∈ Y
f−1(β) X f−1(β)(x) =

β(f(x)), x ∈ X

X T : IX → I

T (0̃) = T (1̃) = 1
T (μ1 ∧ μ2) ≥ T (μ1) ∧ T (μ2) μ1, μ2 ∈ IX

T (
∨

μi) ≥
∧ T (μi) μi ∈ IX

(X, T )
μ ∈ IX r r

T (μ) ≥ r T (μc) ≥ r

r A cl(A, r)
cl(A, r) = ∩{B ∈ IX : A ⊆ B B r }.

r A int(A, r)
int(A, r) = ∪{B ∈ IX : B ⊆ A B r }.

A
(X, T ) r ∈ (0, 1] = I0 A

r r B
X B ⊆ A ⊆ cl(B, r)

r A ⊆ int(cl(A, r), r)
r A = int(cl(A, r), r)

A (X, T ) r ∈ I0

r A scl(A, r)

scl(A, r) = ∩{B ∈ IX : A ⊆ B B r }.
r A sint(A, r)

sint(A, r) = ∪{B ∈ IX : B ⊆ A B r }.

int(A, r) ⊆ sint(A, r) ⊆ A ⊆ scl(A, r) ⊆ cl(A, r).
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f : X → Y
X Y f

r r B
Y f−1(B) r X

r r
B Y f−1(B) r X

r r
B Y f−1(B) r X

r r
B Y f−1(B) ⊆ int(f−1(cl(B, r)), r)

r
r B Y f−1(B) ⊆ sint(f−1(scl(B, r)), r)

f : (X, T ) → (Y,U)
X Y r ∈ I0 f

S r r μ Y
f−1(μ) ⊆ sint(f−1(cl(μ, r)), r)

r
S r

X = I β μ
X

β(x) = −1
3
x +

2
3

x ∈ I,

μ(x) =
1
2
x x ∈ I.

T : IX → I

T (σ) =

⎧⎨
⎩

1 σ = 0̃, 1̃
1
2 σ = β
0

U : IX → I

U(σ) =

⎧⎨
⎩

1 σ = 0̃, 1̃,
2
3 σ = μ
0

f : (X, T ) → (X,U)
f(x) = x x ∈ X

int(f−1(cl(μ,
1
2
)),

1
2
) = int(f−1(μc),

1
2
) = β

sint(f−1(cl(μ,
1
2
)),

1
2
) = sint(f−1(μc),

1
2
) = μc,

f S 1
2

1
2

r
S r

f S r f
1
2 cl(μ, 1

2 ) = scl(μ, 1
2 )

(X,U)

r → r
↘

↓ �↓ �↑ S r
↗

r → r

f : (X, T ) → (Y,U)
(X, T ) (Y,U) r ∈ I0 f S
r

xα r V f(xα)
r U xα

f(U) ⊆ cl(V, r)

f S r
xα X V r

f(xα)
r B f(xα) ∈ B ⊆ V f
S r

f−1(B) ⊆ sint(f−1(cl(B, r)), r) ⊆ sint(f−1(cl(V, r)), r).

U = sint(f−1(cl(V, r)), r) U r
f−1(B) ⊆ U f(U) ⊆ cl(V, r)

V r Y
xα ∈ f−1(V )

r Uxα
xα f(Uxα

) ⊆
cl(V, r) xα ∈ f−1(V )

xα ∈ Uxα
⊆ f−1(cl(V, r)).

∪{Uxα
: xα ∈ f−1(V )} ⊆ f−1(cl(V, r))

∪{Uxα : xα ∈ f−1(V )} r
f−1(V ) ⊆ sint(f−1(cl(V, r)), r)

f : (X, T ) → (Y,U)
(X, T ) (Y,U) r ∈ I0

f S r
scl(f−1(int(F, r)), r) ⊆ f−1(F )

r F Y
scl(f−1(int(cl(B, r), r)), r) ⊆ f−1(cl(B, r))

B Y
f−1(int(B, r)) ⊆ sint(f−1(cl(int(B, r), r)), r)

B Y
scl(f−1(V ), r) ⊆ f−1(cl(V, r)) r

V Y

S r



⇒ F r Y
1̃ − F r Y

f−1(1̃ − F ) ⊆ sint(f−1(cl(1̃ − F, r)), r)
= sint(f−1(1̃ − int(F, r)), r)
= sint(1̃ − f−1(int(F, r)), r)
= 1̃ − scl(f−1(int(F, r)), r).

scl(f−1(int(F, r)), r) ⊆ f−1(F )

⇒ B ∈ IY cl(B, r) r
Y

scl(f−1(int(cl(B, r), r)) ⊆ f−1(cl(B, r)).

⇒ B ∈ IY

f−1(int(B, r)) = 1̃ − (f−1(cl(1̃ − B, r)))
⊆ 1̃ − scl(f−1(int(cl(1̃ − B, r), r)), r)
= sint(f−1(cl(int(B, r), r)), r).

f−1(int(B, r)) ⊆ sint(f−1(cl(int(B, r), r)), r).

⇒ V r Y
(V, r) ⊆ int(cl(V, r), r)

1̃ − f−1(cl(V, r)) = f−1(int(1̃ − V, r))
⊆ sint(f−1(cl(int(1̃ − V, r), r)), r)
= sint(1̃ − (f−1(int(cl(V, r), r))), r)
= 1̃ − scl(f−1(int(cl(V, r), r)), r)
⊆ 1̃ − scl(f−1(V ), r).

scl(f−1(V ), r) ⊆ f−1(cl(V, r)).

⇒ V r Y
(V, r) ⊆ int(cl(V, r), r)

f−1(V ) ⊆ f−1(int(cl(V, r), r))
= 1̃ − f−1(cl(1̃ − cl(V, r), r))
⊆ 1̃ − scl(f−1(1̃ − cl(V, r)), r)
= sint(f−1(cl(V, r)), r).

f S r

f : (X, T ) → (Y,U)
(X, T ) (Y,U) r ∈ I0

f S r
scl(f−1(int(cl(G, r), r)), r) ⊆ f−1(cl(G, r))

r G Y
scl(f−1(int(cl(V, r), r)), r) ⊆ f−1(cl(V, r))

r V Y
scl(f−1(int(K, r)), r) ⊆ f−1(K)

r K Y
scl(f−1(int(cl(G, r), r)), r) ⊆ f−1(cl(G, r))

r G Y

⇒ G r Y
scl(f−1(int(cl(G, r), r)), r) ⊆

f−1(cl(G, r))

⇒ V r Y
V ⊆ int(cl(V, r), r) A = int(cl(V, r), r) A

r

scl(f−1(int(cl(A, r), r)), r, s) ⊆ f−1(cl(A, r)).

cl(A, r) = cl(V, r) scl(f−1(int(cl(V, r), r)), r) ⊆
f−1(cl(V, r)).

⇒ K r Y
int(K, r) r

scl(f−1(int(cl(int(K, r), r), r)), r) ⊆ f−1(cl(int(K, r), r)).

int(K, r) = int(cl(int(K, r), r), r) K =
cl(int(K, r), r) scl(f−1(int(K, r)), r) ⊆
f−1(K).

⇒ G r
G ⊆ cl(int(G, r), r) ⊆ cl(int(cl(G, r), r), r) ⊆ cl(G, r)

cl(G, r) r
scl(f−1(int(cl(G, r), r)), r) ⊆ f−1(cl(G, r)).

⇒ V r V
r V ⊆ int(cl(V, r), r)

scl(f−1(V ), r) ⊆ scl(f−1(int(cl(V, r), r)), r)
⊆ f−1(cl(V, r)).

f S r

r r



r r
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S r


