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Abstract

Y. Réballé [11] discussed the representation of necessity measure through the Choquet integral criterian. He also
consider a decision maker who ranks necessity measures related with Choquet integral representation. In this paper,
we consider a decision maker have an "ambiguity”(say, interval-valued) necessity measure according to their
Choquet’s expected utility. Furthermore, we prove two theorems which are weak Choquet integral representation of
preferences with a monotone set function for interval-valued necessity measures and strong Choquet integral
representation of preferences with an interval-valued utility function for necessity measures.
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representation of preferences with a monotone set func—
tion for interval-valued necessity measures and strong
Choquet integral representation of preferences with an
interval-valued utility function for necessity measures.

1. Introduction

In a previous work [11], the author investigated the
representation of necessity measure through the
Choquet integral criterian. We note that G. Choquet
(1953, [3]) first have studied Choquet integrals and

Murofush and Sugeno [10] have been studied Choquet
integrals with respect to a fuzzy measure. Choquet in—
tegrals allow to define the utility and a risk measure of
a measurable function, for example, a bounded random
payment and an utility function.

Motivation of this paper is that a decision maker
have interval-valued necessity measures according to
their Choquet’s expected utility. The concept of inter—
val-valued Choquet integral are useful tools in order to
get numerous applications, for examples, mathematical
economics, information theory, expected utility theory,
and risk analysis (see [5-8]).

In this paper, by using Choquet integrals with re-
spected to an interval-valued necessity measure, we
discuss two theorems which are weak Choquet integral
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2. Definitions and Preliminaries

In this section we list the set—theoretical arithmetic
operations on the set of subintervals of an unit interval
7=10,1] in R. We denote [/ by

A= {a=la

For any a=1I we define a= [a,a]. Obviously, a< [1.

o alla,a" € Tanda < a'}.

Definition 2.1 ([7-9]) If a,b< [/, k € I then we define

(1) a+b=[a +b,a" +b"],
(2) ka=[ka ", ka"],

(3) anb=[a Ab,a" AbT],
4) avb=la" Vb ,a Vb

(5) a< b if and only if &~ <b and a" < b",
(6) a<b if and only if a< b and a# b,
(7) ac b if and only if b~ < a and a* < b".
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Definition 2.2 ([7-91) A set function
dy: [ [1—>[0,0] is called the Hasdorff metric if

dy(A,B)= max {supsc 4 infye 5 lz—1yl,
Supye B infae 4 lx—yl},

for all 4,B< [1].

Theorem 2.3 ([7-9]) If d,: [[x [[—[0,] is the
Hausdorff metric, then for a=[a",a’],b=[b",b"] € [/]

dy(a,b) =maxila” —b,la” —b*}.

Let Q be a non-empty set and J(Q) a non-empty
family of subsets of Q. A function X: Q—17is said to
be J(Q)-measurable if for every a € (0,1),

{lwe QlX(w) =ate T(Q).

Let B(Q,3(Q)) be the set of J(Q)-measurable
functions. We remark that B(Q,J3(Q)) is not convex
(see [11]). We also list non-additive measures, possi-
bility measures, and necessity measures.

Definition 2.4 ([3, 7-9, 10-13]) A set function p on
J3(Q) is called a non-additive measure if x(@)=0 and
u(A) < u(B) whenever A,B€ 3(Q) and AC B.

Definition 2.5 ([11, 14]) (1) A set function p on J(Q)
is called a possibility measure if wp(@)=0 and
p(X)=1 and

u(UAi) < maxi,u(Ai)

for all collections {4} 3(Q).

(2) A set function v on J(Q) is called a necessity
measure if v(A4)=1—pu(49 for all A€ 3(Q) and
A={w e Qlwe A4},

We note that every possibility measure and necessity
measure is a non—additive measure. Let us discuss the
following Choquet integral.

Definition 2.6 ([3, 7-9, 10-13]) Let p be a non-addi-
tive measure on J(Q) and Xe B(Q,3(Q)). The
Choquet integral of X with respect to p is defined by

() [ fan= /Olma)da

where py(a)=p({w € Q| X(w) > a}) and the integrals
on the right hand side are Lebesgue integral.

Definition 2.7 ([3, 7-9, 10-13]) Let X, Y B(Q,3(Q)).
We say that X and Y are comonotonic, in symbol
X~ Yif

X(w) < X(w')=Yw) < Yw)

for all w,uw €Q.

500

3. Main resulis

In this section, we will denote the set of necessity
measures on J(Q) by Nec(J3(Q)) and the set of inter—
val-valued necessity measures on J(Q) by INec
(3(Q)).

First, we list binary relations on Nec(3(Q)) and
INec(F(Q)) and discuss weak Choquet integral repre-
sentation of preferences with a monotone set function
for interval-valued necessity measures.

Definition 3.1 ([11]) (1) A binary relation > on Nec
(3(Q)) is said to be complete if for all (v,w) € Nec
(3(Q))? we have v >w or w >wv.

(2) A binary relation > on Nec(J(Q)) is said to be
transtive if for all (w,v,w) € Nec(J(Q))3, whenever u
>v and v >w we have u >w.

(3) A weak order > on Nec(J(Q)) is called a bina-
ry relation on Nec(J3(Q)) which is complete and
transtive.

Note that we write v >w for v >w and not (w >v)
and v~w for v>w and w >v. A functional 7: Nec
(3(Q)) —T represents the binary relation > if and
only if for all v,w in Nec(J(Q)) it holds

VW S ](v) > ](w)

We also state some axioms that the binary relation
> may fufill.

(WO) > is a weak order.
(MON) Monotonicity: Vv, w in Nec(J(Q)),
[v>w] & [v>w].

(AGR)
Vae(0,1),

Agreement:  Vu,v,w in Nec(J(Q)),

[u~w,v~w,u~ ]
= [au+(1—a)w ~av+(1—a)w].

(ARCH) > is Archimedean: Vwv,w in Nec(J(Q)),
[v<w] =[Ja e (0,1) st v<oaw+(l—a)ug]
and
[Ja € (0,1) st awt+(l—a)ug<v<w]
= [3a’ € (0,1) st dwH(I1—a)ug< vl
where

1 if A=Q,
0 otherwise’

VAC Q,UQ(A):{

(NDEG) > is not degenerate:
Juv,w in Nec(T(Q)) st. v>w.

We recall that A“={B|Ac Bc Q} stands for the
upset generated by A.

Theorem 3.3 ([11] Theorem 3.1) Let > be a binary re-



lation on Nec(J3(Q)). If > satisfies (WO), (MON),
(AGR), (ARCH), and (NDEG), then there exists a mon-
otone set function f: B(Q,3(Q))—7I such that for all
v,w € Nec(J(Q)),

v>w<:>(0)fvdﬁ2 (C)fwdﬂ,

Conversely, if the binary relation is representation by
a Choquet integral with respect to a monotone set
function B: B(Q,3(Q))—7I such that S({Q})=0 and
B({w,}") =1for some w, € Q then > satisfies (WO),
(MON), (AGR), (ARCH), and (NDEG).

Secondly, we introduce further axiom in order to
obtain strong Choquet integral representation of prefer-
ences with an interval-valued utility function for neces—
sity measures.

(INCL) Inclusion: for all A,B€ 3(Q), = &,
[UA UB] = [UAUB B]-

Theorem 3.4 ([11] Theorem 3.2) Let > be a binary re-
lation on Nec(J(Q)). If > satisfies (WO), (MON),
(AGR), (ARCH), (NDEG), and (INCL), then there exists
an utility function (which means normalized measurable
function) X: Q—7 such that for all v,w € Nec(F(Q)),

/de,

Conversely, if the binary relation is representation by
Choquet integral of an utility function X: Q—7 then >
satisfies (WO), (MON), (AGR), (ARCH), (NDEG), and
(INCL).

v>w<:>(0)fde2 (0)

Definition 3.5 ([5-9]) An interval-valued set function
1:3(Q)— [ is a non-additive interval-valued meas-
we if p(@)=0 and p(A4) < u(B),
A,Be3(Q) and A C B.

whenever

It is easily to see that for each s, there are uniquely
two non-additive measures = and g on J3(Q) such
that p= [ ,u"].

Definition 3.6 ([5-9]) (1) The Choquet integral with
respect to p=[u "] of X € B(Q,3(Q)) is defined by

o) / Xdn=[(C) / Xy, / Xyt

(2) The Choquet integral with respect to a necessity
measure v € Nec(J(Q))of an interval-valued utility

function X=[X", X7 (X, X" e B(Q,3(Q)))is defined

by
C’)/?(dvz[(C)/X’dv7(0)/X+dv],

Now, we consider a binary relation >,

; on INec
(3(Q)) defined by
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v2iw & v 2w and v >wh (3.1

and list some axioms that the binary relation >
fufill.

, may

Definition 3.7 (1) A binary relation >, on INec(3(Q))
is said to be complete if for all (v,w) € Nec(J3(Q))?
we have v >,w or w >;v.

(2 A bmary relation >, on INec(3(Q)) is said to
be transtive if for all (w,v,w) €INec(3(Q))3, when-
ever u >;v and v >,w we have u >w.

(3) A weak order >, on INec(3(Q)) is called a bi-
nary relation on INec(J(Q)) which is complete and
transtive.

Note that we write v >,;w for v >,w and not (w >
v) and v~w for v >, w and w >, 5 A functional ]
INec(F(Q)) (or Nec(3(Q))) —[1 represents the binary
relation >, if and only if for all v,w in INec(3(Q)) it
holds

I(w)(or 1(v) = I(w)).

Similary, we can state some axioms that the binary
relation > may fufill.

v>iw (or v>iw) & [(v)>

(WO); >, is a weak order.
(MON), Monotonicity: ¥ v, w in INec(3(Q)),
[v=w] & [v>;wl
(AGR); Agreement: V u,v,w in INec(J(Q)),
Vo< (0,1),

[u~w,v~w,u~ vl

= [aa+(1—a)a~a5+(l—a)a].
(ARCH); >, is Archimedean: Vv, w in INec(J3(Q)),

[v<iwl =[Fa € (0,1) st v<iawt+(l—a)ug]
and [Ja € (0,1) st awt(1—a)ug<iv<iwl
= [3a’ €(0,1) st dwt(1—a)ug<ivl
where VAC Q,uqg(A) =[ug, ub).
(NDEG); >, is not degenerate:
Jv,w in INec(J(Q)) st. v>iw.
(INCL); Inclusion: for all 4,B€ 3(Q),= @,

[TTA>WB] = [U’AUBNiE?]'

From the definition of >;, we note that (A) >, sat-
isfies (WO);, (MON);, (AGR);, (ARCH);, and (NDEG),
if and only if > satisfies (WO), (MON), (AGR),
(ARCH), and (NDEG) and that (B) >, satisfies (WO),,
(MON);, (AGR);, (ARCH);, (NDEG);, and (INCL), if
and only if > satisfies (WO), (MON), (AGR), (ARCH),
(NDEG), and (INCL).

Finally, we obtain the following two theorems which
are weak Choquet integral representation of preferences

501



ol

St R[S Al AR S| =2X 2009, Vol. 19, No. 4

J

with a monotone set function for interval-valued neces-
sity measures and strong Choquet integral representa-—
tion of preferences with an interval-valued utility func-
tion for necessity measures.

Theorem 3.8 Let >, be a binary relation on INec
(3(Q)). If >, satisfies (WO),, (MON);, (AGR),,
(ARCH);, and (NDEG);, then there exists a monotone
set function g:B(Q,3(Q))—I such that for all
v, weNec(3(Q)),

v =0 [vap=(0) [was,

Conversely, if the binary relation is representation by
a Choquet integral with respect to a monotone set
function f: B(Q,3(Q))—7I such that S({Q}) =0 and
B({w,}") =1 for some w, € Q then >, satisfies (WO)
;» (MON),, (AGR);, (ARCH),, and (NDEG),.

Proof. By (A), we have > satisfies (WO), (MON),
(AGR), (ARCH), and (NDEG). By Theorem 3.3, there
exists a monotone set function §: B(Q,3(Q))—7 such
that for all w,w € Nec(J(Q)),

(©) v>w<:>(0)fvd62 (C’)/wdﬁ_

By (C) and the definition of a binary relation >,, we
can obtain

vriw & (C)fv*dﬁz (C)fw’dﬁ and
() [vas=(0) fw s
& (C)/E dﬁ:[(c)/v*dﬁ,(c)/fdﬁ]
=((0) fwds.(0) [wrdp) =(0) [was,

Conversely, if we define >, by
vriw o0 [vap=(0) [was,

for some a monotone set function f: B(Q,3(Q))—1I
By the definition of interval-valued Choquet integral(see
[7,89]), it is clearly to see that >, satisfies (WO),,
(MON);, (AGR);, (ARCH),, and (NDEG),.

We can consider a binary relation >, with an inter-
val-valued utility function like >, as follows

v>uw<:>(0)/j(dvz (C)/j(dw

and hence, by the same method of the proof in
Theorem 3.8, we can obtain the following theorem.

Theorem 3.9 (1) Let >, be a binary relation on INec
(3(Q)). If >, satisfies (WO),, (MON),, (AGR),,
(ARCH),, and (NDEG),, then there exists an inter-
val-valued function X: Q—[7] such that for all wv,w €
Nec(3(Q)),
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v>uw<i>(0)/3(dv2 (C')‘/j(dw.

Conversely, if the binary relation >, is representa-
tion by a Choquet integral with an interval-valued

utility function X: Q—[] as follows
v >ewe(0) /j(dvz (C)/j(dw

then >, satisfies (WO),, (MON),, (AGR),, (ARCH),,,
and (NDEG), .

References

[1]1 J. Aubin, Set-valued analysis, Birkause, Boston,
1990.

[2] R.J. Aumann, Integrals of set-valued functions, ]J.
Math. Anal. Appl., vol.12, pp.1-12, 1965.

[3] G. Choquet, Theory of capacity, Annales de
Institut Fourier, vol.5, pp.131-295, 1953.

[4] E. Groes, H.J. Jacobsen, B. Sloth, and T.
Tranaes, Axiomatic characterizations of the
Choquet integral, Econom. Theory, vol.12, no.2
pp.441-448, 1998.

[5] L. C. Jang, BM. Kil, Y.K. Kim and J. S. Kwon,
Some properties of Choquet integrals of set—val-
ued functions, Fuzzy Sets and Systems, vol.91,
pp.95-98, 1997.

[6] L. C. Jang and J. S. Kwon, On the representa-
tion of Choquet integrals of set-valued functions
and null sets, Fuzzy Sets and Systems, vol.112
pp.233-239, 2000.

[71 L.C. Jang, Interval-valued Choquet integrals and
their applications, J. of Applied Mathematics and
computing, vol.16, no.1-2, 2004.

[8] L.C. Jang, Some characterizations of inter-
val-valued Choquet price functionals, ]J. of Fuzzy
Logic and Intelligent Systems, vol.16, no. 2,
pp.247-251, 2006.

[91 L.C. Jang, Interval-valued Choquet integrals and
applications in pricing risks, J. of Fuzzy Logic
and Intelligent Systems, vol.17, no. 4, pp.451-454,
2007.

[10] T. Murofushi and M. Sugeno, A theory of Fuzzy
measures. representations, the Choquet integral,
and null sets, ]J. Math. Anal. and Appl., Vol.159,
pp.532-549, 1991.

[11] Yann Rebille, Decision making over necessity
measures through the Choquet integral criterion,
Fuzzy Sets and Systems, vol.157, pp.3025-3039,
2006.

[12] D. Schmeidler, Integral representation without
additivity, Proc. Amer. Math. Soc. vol.97, no.2,
pPp.225-261, 1986.

[13] D. Schmeidler, Subjective probability and ex-
pected utility without additivity, Econometrica
vol.57, pp.571-587, 1989.



[14] L.A. Zadeh, Fuzzy sets as a basic for a theory of
possibility, Fuzzy Sets and Systems, vol.l,
pp.3-28, 1978.

N RE A N

Zo|zH(Lee Chae Jang)
1979 29 A& (o] g}
1981 2¥: A&EY gkl 8h(o] g}

Aah
19879 240 A% ekl ikl
2

19873 69 ~199: 69 : v|=r
Cincinnatith (22l )
1987 3¥~dA) Aot AFE-§84sHE Akt
gl

3L
i O

TR} 1 PN, Aol AR, p-Al #1415

E-mail : leechae.jang@kku.ac.kr

ool HED T2x WREL

— el #F(Taekyun Kim)

1994 39 : ek al(Kyushu Univ.)
o8} ukrlEkg] H=
(78k F8).

19943 49 ~1998 1€ : A&, A
gkl Ay, o,
Al

19994 2¢€ ~2000 2€ : WISA 55t

L, AL
2000 3¥~2000 12¢; 7Avrl Simon Fraser Univ,,
CECM¢9] Visitor
2001 4¥€~2006d 8¢ : Fuisty Hstu AT, AT
EA
2004\ 3€~2007d 2€ : g ohstul fdhA (53}, At
200611 8¥~2008 2¢: AEuEtn WA 7] FE S
EnAa I
20081 3€~AA AT wFER (5}, Fug
1999 19~ & : Advanced Studies in Contemporary
Mathematics #7391
2000 1¥~3& A : Proceedings of the  Jangjeon
Mathematical Society 1Y
1994 69w srs] 9 wmigEEe 74 A

)

503



