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Abstract

In this paper, we introduce the concept of fuzzy r-generalized open sets which are generalizations of fuzzy r-open
sets defined by Lee and Lee [2] and obtain some basic properties of their structures. Also we introduce and study the
concepts of fuzzy r-generalized continuous mapping, fuzzy r-generalized open mapping and fuzzy r-generalized closed

mapping.
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Let X be a set and 7=1[0,1]. Let 7% denote the set
of all mapping A: X— I A member of I is called a
fuzzy subset [3] of X. 0y and 1y will denote the char-
acteristic functions of @ and X, respectively. And un-—
ions and intersections of fuzzy sets are denoted by V
and A, respectively, and defined by

VA, =sup{4,(z) [i€EJ and zEX},
N A, :inf{Ai(x) | i€J and xEX},

A Chang'’s fuzzy topological space [1] is an ordered
pair (X, 7) is a non-empty set X and 7S [X satisfy-
ing the following conditions:

(01 Oy,1y € T.
(02) If A,BE T, then ANB € T.
(03) If 4; €7, for all ; e J, then VA E 7.

(X, 7) is called a fuzzy topological space. Members
of T are called fuzzy open sets in (X, 7) and comple-
ment of a fuzzy open set is called a fuzzy closed set.

A smooth topological space [2] is an ordered pair
(X, T), where X is a non-empty set and 7:7% — I'is
a mapping satisfying the following conditions:

(01 T(0x)=T(1x )=1.

HEdX 20004 7€ 12Y
2tz AA}F 1 20094 108 1

(02) T(A N Ay) = T(A) N T(Ay) for Ay, Ay 15

Then T:71% —Iis called a smooth topology on X.
The number 7(A) is called the degree of openness of
A.

A mapping 7:I° — I'is called a smooth cotopology
[2] iff the following three conditions are satisfied:

(C1) T°(0x)=7"(1x )=1.

(C2) T (A v Ay) = T (AD A T (Ay) for Ay,
A, e

(C3) T(ANA)= A T(4) for 4,1

Let f be a mapping from a set X into a set Y. Let
A and B be the fuzzy sets of X and Y, respectively.
Then f(A) is a fuzzy set in ¥, defined by

sup A(2) )0 7 y) =0, yEY

FA)(y) —{

0, otherwise,

and fY(B) is a fuzzy set
FUB)(2) =B(f(z)), sEX.

A fuzzy generalized topological space (simply, FGTS)
is an ordered pair (X; 7), where X is a non-empty set

in X, defined by

and 7:7 — 7 is a mapping satisfying the following
conditions:

(GO1) T(0x)=1.
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Then the mapping 7:7% — I'is called a fuzzy gen-
eralized topology on X. The number 7(A) is called
the degree of generalized openness of A.

A mapping 77 — I'is called a fuzzy generalized
cotopology if the following three conditions are sat—
isfied:

(GO1) 7"(1y )=1.
(GO2) T(ANA)= A T (A) for A, e 1%

Then 7' (A) is called
closedness of A.

the degree of generalized

Theorem 1.1 ([3]). (1) If T is a fuzzy generalized top—

ology on X, then the mapping T": ¥ — I defined by T

(A)=T(A°), is a fuzzy generalized cotopology on X.

QI T is a fuzzy generalized cotopology on a non-—
empty set X, then the mapping 7:I% — I defined
by T(A)=T (A°), is a fuzzy generalized topology
on X.

2. Main Results

Definition 2.1. Let (X,7) be a FGTS and A= 7%

Then

(1) The r—closure of A, denoted by gCl,(A), is defined
by gCl(A)=N{KEI*: T"(K)=r, A< K}, where
T (K)=T(K").

(2) The r-interior of A, denoted by gt (A), is defined
by ght, (A)=U{KETY: T(K)>r, K< A).

We will call A a fuzzy r-generalized open set if T

(A)=r, A a fuzzy r—generdlized closed set if T (A)
>,

Theorem 2.2. Let (X,7) be a FGTS and 4, BE I,
Then

(1) gt (05)=0y;

(2) ght (A) S A;

(3) AS B = gt (A)< gt (B).

Proof. Obvious.

Similarly, we have the next theorem:

Theorem 2.3. Let (X,7) be a FGTS and A,BE ¥
Then

(1) gCl,(1)=14

(2) Ac g, (A);

(3) A B = g (A< g (D).

Theorem 2.4. Let (X, 7) be a FGTS and A< I'*. Then

(1) (gal,(A4))=ght, (A°).
(2) (ght,(A))=gCl,(A°).
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Proof. (1) From Definition 3.1, we have

(ga (A)=(N{KE X T(K)>r,AS K})°
=K KE TN T(K)=T(K)>1,K°S 4°)
=uluert T(U)=r, US A%}
=gint,(A4°).

(2) It is easily obtained from (1).

Lemma 2.5. Let (X,7) be a fuzzy generalized topo—
logical space. The statements are hold:
(1) If 7(A,)=r for each i€ J, then T(U,c ,A4,)>r.

(2) If T'(A4,)=r for each i€J, T (N;c,4)=>r

Proof. (1) For each i€ J, if T(A;)=r then from defi-
nition of fuzzy generalized topology,

T(Uie; A)=Nijey T(A)=r

(2) It follows from definition of fuzzy generalized
cotopology.

Theorem 2.6. Let (X,7) be a FGTS and A< 7™,
Then
(1) A is a fuzzy r-—generalized open set iff
(A).
(2) A is a fuzzy r-generalized closed set iff A=gCl,
(A).

A=gnt,

Proof. It follows from Lemma 2.5.

Theorem 2.7. Let (X,7) be a FGTS and A,BE I~
Then

1) gt (gt (A)=ght, (A).

(2) gCl.(gCl.(A)=gCl (A).

Proof. It follows from Lemma 2.5 and Theorem 2.6.

Definition 2.8. Let f: (X, 7,) — (Y; 7,) be a mapping
on fuzzy generalized topological spaces. Then f is said
to be fuzzy r-generalized continuous if for every A€
17, we have Tp(A)=>r = T, (f '(4)=> r.

Remark 2.9. Let f: (X, T;) — (Y; 7,) be a mapping on
fuzzy generalized topological spaces. Then f is said to
be fuzzy generalized continuous in [3] if for every A<
IY, T\(f'(A)= Ty(A). Thus we know that every
fuzzy generalized continuous function is fuzzy r
—-generalized continuous but the converse is not true in
general.

Example 2.10. Let X=[0,1] and let us define a fuzzy
set a, B as follows

alz)=z, f 0<z<1;



ﬂ(az):éa}, if 0<z<1.

Consider fuzzy generalized topologies Tl,TzilX —17
defined as

1, ifA=0y
T\ (A)= % if A=a,p3,
0, otherwise;
and
1, 1fA=0y
Ty(A)= % if A=a,B,
0, otherwise .

Then the identity mapping f:(X, 7)) — (X, T;) is
1 . . ..
fuzzy gfgenerahzed continuous but it is not fuzzy

generalized continuous.

Theorem 2.11. Let (X, 7;) and (Y, 7,) be FGTS's.
Then the following are equivalent:
(1) f is fuzzy r-generalized continuous.

(2) For every fuzzy r-generalized open set 4 in ¥, f~!
(A) is fuzzy r-generalized open in X.

(3) Ty(B)=r = T,(f (B)=r for BET".

(4) For every fuzzy r-generalized closed set A in Y,
f1(A) is fuzzy r-generalized closed in X.

(5) flgCl .(A) S gCl,(f(A) for AT

6) gCl(fUB)YSfgCl(B) for BETY.

(1) f gt (B) S gt (f (B)) for BET".

Proof. (1) = (2) Let A be a fuzzy r-generalized open

set. Then 7,(A)=r and so by fuzzy r-generalized

continuity, 7,(f '(4))>r. Hence f '(4) is fuzzy r

—generalized open.

(2) = (3) For BET1", let T,(B)>r. Then T,(B°)=>r,
so B is fuzzy r-generalized open. By (2), f (B
is fuzzy r-generalized open, and so we have
Ty (f 1 B)=T,((f H(B))=T, (f "(B)=r. So
T, (f (B =r.

(3) = (4) Obvious.

4) = (5) Let AE I, then we have

gl (f(A4))
= HN{FETf(A) S F and
F is fuzzy r-generalized closed}]
=N{fUmers Acy(F and
f P is fuzzy r-generalized closed}.

Thus since g¢Cl,(A) is the smallest fuzzy r

-generalized closed set containing A4, g¢gCl,.(A)< !
(gCl.(f(A))). This implies f(gCl,(A) < gCl,(f(A)).
(5) = (6) Obvious.

HA Y8t W2 FBI HA Y oS Ho| BB AP

(6) = (7) Obvious.

(7) = (1) For BE 1Y, if T,(B)>r then B is fuzzy r
~generalized open. So by Theorem 2.6 and (7), f!
(B)=f gt (B) < ght, (f "(B)).

This implies f '(B) is fuzzy r-generalized open,
and so T7,(f "(B)>=r. Hence f is fuzzy r
—generalized continuous.

Definition 2.12. Let f: (X, 7,) — (Y, 7,) be a mapping
on fuzzy generalized topological spaces. Then f is said
to be fuzzy r-generalized open if for every fuzzy r
—-generalized open set A in X, f(A) is fuzzy r
—generalized open in Y.

Theorem 2.13. Let f:(X, 7) — (Y; T,) be FGTS's.
Then the following are equivalent:

(1) f is fuzzy r—generalized open.

(2) For AT, T)(A)=r = T,(f(A)=>r.

(3) flght (A) < ght, (f(A) for A=T

4) ght,(f Y (B)<S f Yght (B)) for BET".

Proof. (1) & (2) It is obvious from definition of fuzzy r

—generalized open set.

(1) = (3) For A= ™, ght,(A) is fuzzy r-generalized
open. Since f is fuzzy r-generalized open, f(gkht,
(A4)) is fuzzy r-generalized open. So f(glt, (A))=
gnt, (f(git,(A) S gt (f(A)).

(3) = (4) Obvious.

(4) = (1) Let A be a fuzzy r-generalized open set.
Then from (3), it follows A=gMt, (A)< gt (f'(f
() fHght (f(A). So f(A)CSght, (f(A))
and hence f(A) is fuzzy r-generalized open.

Definition 2.14. Let f: (X, 7;) — (Y; 7,) be a mapping
on fuzzy generalized topological spaces. Then f is said
to be fuzzy r-generalized closed if for every fuzzy r
-generalized closed set 4 in X, f(A4) is fuzzy r
—generalized closed in Y.

Theorem 2.15. Let (X, 7,) and (¥, 7,) be FGTS's.

Then the following are equivalent:
(1) f is fuzzy r—generalized closed.
(2) For AT, T)(A)=r = T,(f(A)=>r.

(3) gClL(f(A))C f(gCl,(A) for AT,

Proof. (1) & (2) Obvious.

(1) = (3) For A=, gCl,(A) is fuzzy r—generalized
closed. Since f is fuzzy r-generalized closed, f
(gCl,(A)) is fuzzy r-generalized closed. So

gCl.(f(A) < gl (f(gCl.(A)=f(gCl.(A)).

(3) = (1) Let A be a fuzzy r-generalized closed set.
Then from (2) and ¢gCl,(A)=A4,
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gClL.(f(A) S f(gCl(A)N=F(A).

Thus f(A) is fuzzy r—generalized closed.

(1]
(2]

[3]

[4]
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