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Fuzzy Hypothesis Test by Poisson Test for Most Powerful Test
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Abstract

We want to show that the construct of best fuzzy tests for certain fuzzy situations of Poisson distribution. Due to
Neyman and Pearson theorem, if we have 6, and 6, be distinct fuzzy values of Q:{O:Ozem 01} such that
L(0, : X)/L(, : X) <k, then k is a fuzzy number. For each fuzzy random samples point X C C, we have most power

test for fuzzy critical region C by agreement index.
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1. Preliminaries

We propose some properties of fuzzy Poisson test
using most powerful test by agreement index and ob-—
tained from the fuzzy samples, the negation of the as—
sertion is taken to be the fuzzy null hypothesis H;, and
the assertion itself is taken to be the fuzzy alternative
hypothesis H;, ([11,[6]).

Kang, Choi and Lee[2] and Kang, Lee, and Hanl[4]
defined fuzzy hypotheses membership function also they
found the agreement index by area for fuzzy hypotheses
membership function and membership function of fuzzy
critical region, thus they obtained the results by the
grade for judgement to acceptance or rejection for the
fuzzy hypotheses.

First we define fuzzy probability for repeatedly ob-—
served data with alteration error term. In chapter 3, we
introduction some properties of fuzzy hypotheses test
by agreement index. For few mean, we show that a
Poisson function of performance for a fuzzy hypothesis
test and drawing conclusions from the most powerful
test in chapter 4.

We considered the fuzzy hypothesis

Hy:0=60, or Hy:0<6,, 02 (LD

"__n

where is similarity and " <" is less than or sim-
ilarity, and constructed by a set

{(H,(60),H,,(6)) 0= 02} (1.2)

with membership function m H/(@) where (2 is parame-—
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optimal tests of hypotheses, most powerful test, best critical region, likelihood ratio.

ter space and the fuzzy hypotheses Hj, is referred to as
the null fuzzy hypothesis while #}; is referred to as the

alternative fuzzy hypothesis.
A sample fuzzy number A in R is said to be convex

if for any real numbers z,y, 2 € R with y<y<z,
my(y) = my(x) Am,(2) (1.3)

with A standing for minimum.
A sample fuzzy number A is called normal if the fol-
lowing holds

Vomyle)=1, (14)

An §—level set of a sample fuzzy number 4 is a set
denoted by [A4]° and is defined by

[AP:{LE“TLA(LE) >0,0<0= 1} (1.5)

An d—level set of sample fuzzy number A is a con-
vex fuzzy set which is a closed bounded interval de-

noted by  [4]° =[4., 4.

2. Fuzzy probability for random
experiment

The concept of probability is relevant to experiments
that have same what uncertain outcomes. Thus un-
certain outcomes is fuzzy concepts.

We denote by z=u=x(s) the possible outcome of an
fuzzy random experiment of subject s and will be call
the fuzzy sample point.

Definition 2.1. The sample of an fuzzy random experi-
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ment of subject s is a pair (£2(s),®), where
(1) 2(s) is the set of all possible outcomes of the
fuzzy random experiment of subject s

(2) & is a o-field of subjects of £2(s).

Let @ be the o-field that is generated by such an
event family, any set AE® is called an event.

We must note that now we do not have any proba-
bility measure on sample space (£2,5), next let us dis-
cuss how one can construct a probability on (£2,5) by
the sample of fuzzy random experiment (£2(s),®), sat-
isfying the Kolmogorov axiom|7].

The fuzzy random experiment can be repeated under
identical fuzzy condition or common condition by one
; we denote the k
—th trial of subject s by xz; :x,ﬂ(s). For each AE.S, let
m ,(z) be given by

and the same subject g, for i=1,2,---

0=my,z) =1 2.1

If we have a fuzzy random experiment with repeated
as n times devide as n=n,+n, n; >0, i=1,2, the
fuzzy number relative frequency of event A are

A [AIDAZI = —Z{xk‘m/l xk) = (S}
N =1
= LS i (a(s) = ). 22)
k=1
A =4y, 4,1 E {zym 4 (z,) = 6}
Ny = ny;+1

Z {zjm 4 (2, (s) = 6} (2.3)

n2k n, +1

Thus we have
A= Min{AD}, A, =Mz, {AD} i=1,2

1 .
and A(,,:g(A”*n1 +4,%n,) if A < Ay,
and A4, = A4,

c

1 .
or A4 :E(Azz*”erAh»*m) if A4, = A,

and A, = A4, elsewhere
1
Ac:%(nl*(All_’—Alr‘) +*n2(AU+A27,)). (24)

From (2.2)-(2.4), we have fuzzy number probability
as

P(An,s) =[4,4,4,] (2.5)

with membership function m ,(z,).
Thus we have following two propositions.

Proposition 2.1 For any fuzzy random experiment, let
(£2,5) be its common sample space. Then in a sequence
of fuzzy random experiment of subject s(E.9), the
probability P(A,n,s), n=1,2,---, has all the properties
as follows. For each AESb and for each n > 1;
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(1) 0< P(An,s) <1 (2.6)
2) P(2,n,s)=1 (2.7
) If 4,ES5 and A,NA;=¢, i#j; i,j=1,2,-, let

A= UAl, then P(A4,n,s) =

i=1

EP(Ai,n,s). (2.8)
i=1

Proof. For each 1 < k < n, if we have fuzzy samples
w, (8) then m,(z,(s)) is fixed a set functions satisfy-
ing 0= my(z,(s)) =1 for each AES and
mg(z,(s)) =1 is clear.

For any sequence {A,} of disjoint sets of S, let
A=U7 A, if ,(s)E4, 1 <k<n then

P(A,n,s) EmA x,(s

%éMam{mA](xk(s)), ey (,(5)). )
k=1

1 &
:_ZZmA wk

EP A; ,S)
np=1i=1

It follows 0 < P(A,n,s) <1 for each AES,

P(2,n,s)=1 and P(A4,n,s) ZPA n,s)
i=1
Proposition 2.2. We have that
(1) P(A%n,s)=1—P(A,n,s). (2.9)
(2) P(p,n,s) =0. (2.10)

<3) If A17A2€ 0] then

P(A1 U AQ,n,s) = P(Al,n,s) +P(A2,n,s) —P(A1 N Az,n,s).

(2.11)

Proof. Since
P(A¢n, s Zm
= E;l - gl;m/l(xk(s))

So we have
P(A%n,s) =1—P(A,n,s).

1 n
meAlqu(l'k)

n

)= 31— m((s))

i=1

:1—%2}1%(%(5))

From P(4,U A4,n,s) =

—EMam{mA (:Ek),m/l (xk)}

=1
Put S, = {:UAES1 mAl(:vk) > mAQ(:Ek)},
by n, times for A4,(z;) and
Sy = {J)kES| mAl(xk) < mA2(J)k,)},
by n, times for A,(z,) and S=8,US,, n,+n,=n.
Then



1 ny 1 Ty
P(A1UA2,n,s):—ZmAl(a:,JSl)+—ZmA2(1'k|52).
=1 =1

n

Since P(A,NAyn,s) = %EWAIQAZ(%)
k=1

1 1
= E11‘23:1]V[m{m/11 (z,), mAQ(J:k)}

1 1
= _zij1 CALY; +_EmA2(xk|Sl)-
=1 =1

Thus we have

P(A,UAyn,s) = P(A;,n,8) + P(Ayn,s) — P(A,N Ayn,s)

So we have

1. For set £2(s) of subject s(€.9).

2. Any o-field & in 2(s).

3. Set function P(A,n,s) is a normal measure on ¢.

So every such triple (2(s),®, P(A,n,s)) will be call
a probability space according to the viewpoint of mod-
ern probability theory.

3. Acceptance or rejection degree

Let X be a random variable by fuzzy random sample
from sample space Q. Let {F,0€} be a family of
fuzzy probability distribution, where © is a parameter
vector of 2.

Choose a membership function m (z) whose value
is likely to best reflect the plausibility of the fuzzy hy-
pothesis being tested.

Let us consider membership function mc(:c) of crit-
ical region C, which we will call the agreement index
of m(z) which regard tom .(z) ([3],[5]).

Definition 3.1. Let a fuzzy membership function
my(z), vER, we consider another membership func-

tion m(x), zE R, which call the agreement index, the
ratio being defined in the following way;

area(m y(z) Nm(z))

AGI(X,C) = e[0,1]. 3.

area(mc(z))

Definition 3.2. We define the maximum grade mem-
bership function of rejection or acceptance degree by
agreement index for real-valued function R; by é—level

on Y as

(my, (9) Nme,(6))
} (3.2)

area
R5(0) :supg{ area mg ()
R;(1) =1-R;(0) (33)

for the fuzzy hypothesis testing.
In agreement index, we have the area by d—level as:

area m, (9)= /5[,(0;1(6) —CY68))ds (34)

where C,, C, are right and left side line of m(z) , X
is left side line of my(z) and &, is reliable degree

and §, is meeting point of m(z) and m (x).

Definition 3.3. We have acceptance region and re-
jection region for the fuzzy critical region C as Fig 3.1.

acceptance
region

Fig 3.1 Acceptance and rejection region

For various kinds of X, we can reject the hypotheses
by Definition 3.2 as [Fig 3.2].

==
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Fig 3.2 Various type of C by X

For example, in [Fig 3.2] (a) and [Fig 3.2] (f), we can
clearly reject the hypothesis as degree R 5(0) =0 and
R;(0)=1.

For [Fig 3.2] (b), we have

9{5(0) _ area(sl) +area(sz) . l
area(sl) +area(52) +area(s3) 2

(35)

for left hand side area of center of fuzzy critical region
C by fuzzy the statistics X.
In case of Fig 3.2 (d), we nave
area(sl)-i-srea(sZ) 1

SRJ(O) - area(sl) +srea(32) . 2

=0.5, (3.6)

it’s maintain an uncertain attitude for decision the
hypotheses.
Also, we have
area(sl)Jrarea(sQ)

R;(0) = X

area(s1 ) +area(32)

1
2
area(s4)+area(s5) 1

(36)

area(s4) +a7"ea(s5) +area(sﬁ)

in Fig 3.2 (e).

4. Most powerful test of fuzzy Poisson
probability

We are interested in fuzzy random variable X which
has fuzzy probability density function(p.d.f.) or proba-
bility mass function(p.m.f) f(z:60) where =R, 2 is
parameter space. We assume that =6, or =06,
where 6, and 6, are fuzzy subset of 2.

We label the fuzzy hypothesis as

Hyy 10 =0, versus Hy :0=10,. 4.1)

The test of Hy, versus Hy is based on a fuzzy
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sample X, X,,-+,X,, from the distribution of flz:0).
A test of Hy, versus H}, is based on a fuzzy subset

C' of sample space S. The fuzzy set C is called the
fuzzy critical region and its corresponding decision de-
gree rule is:

reject

Hyy by R, (0) (accept Hy by R;) if XcC (42
or retain
Hyy by Rs(1)(reject Hyy by Rs(0)) if xc oo (4.3)

Note that a fuzzy test is defined by fuzzy -critical
region. Conversely a fuzzy critical region defines a fuz-
zy test.

The size of significance level of the test is denote by
the probability of a type I error, ie.,

a=max,_, P,(X C C). (4.4)

Also, the power function of a fuzzy test is given by
WC(O)ZPQ(XC O); 0=0,. (4.5)

We will show the fuzzy significance level and fuzzy
power function in next time.
In general, there will be a multiplicity of fuzzy sub-

sets C of the sample space such that P(,U(X c ) =a.
Suppose that there is one of these fuzzy subset C, such
that when Hyy is true, the power of the test associated
with C is greaer than the power of the test asso—
ciated with each other €. Then C is defined as a best
fuzzy critical region of size a for testing Hy, against
H,.

Well known Neyman and Pearson theorem, if we
have fuzzy random sample X, X;,--,X, from flz:0)
then the joint p.df. of X, X+, X, is

L(9§$171’27"'71’”) :f($170)f($279) f(:rnv ) (46)

Let 6, and 6, be distinct value of 6, and k£ be a pos—

itive fuzzy number. Let C to be the subset of sample
space which satisfy

L(007 Ty Toy" ",In)

L0522, 1) <k, k>0, S0
for each point (xl,xQ,-",xn)E C
then, in accordance with the theorem, C will be a best
critical region of size « for testing the fuzzy simple
hypothesis.
This inequality can be can frequently expressed in
form  X=u(2y,293,:00,0;) <c, where ¢ is a
constant. Since 6, and 6, are given constants,

X=u(2,29+,2,:0,,0,) is fuzzy statistics; and if the

p.d.f. of this statistics can be found when H, is true,
then the significance level of fuzzy test of Hy,.

An illustrative example follows.



Let X,,..

distribution which has a pmf f(z;pt) of Poisson
distribution.

., X, denote fuzzy random samples from a

If we have ];0= [0.09, 0.11] and

;;1: [0.19, 0.21] per unit interval by any random experi-

probability

ment for level 6=0 then we have mean
0p_pt =109, 1.1] and 0, =p;t=1[19, 2.1] for time
t=10.
It is desired to test the fuzzy hypothesis
}[fo : 9 = 00
against the alternative simple hypothesis

Hpy:0=10,.
Here,
L(eo? xlv%v'”vmn)

= (4.8)

L(el;xlvxgv'“axn) n

n (0 — 0 i}17 T
—0 (6 91)(70)1 <k, k>0 (4.9
0,
If k> 0, from the set of points (z,,zy,...,x,) we
have
n 90 ~
) 1n9—1+n(91—90) <lnk=C  (410)
1
&)
since In— < 0,
0,
X—i Ink—n(0, —0,) 0
Bk Lk (4.11)
"o,

is a best fuzzy critical region C' . Consider the case of
k=10.86, 9.0, 0.94] and n=4, we have the best fuzzy
critical region C'=13.9, 6.0, 9.0].

If we have random samples

x, =[1.3,1.4,1.6], x,=[1.4,1.5,1.6],

ry =[1.0,1.1,1.2], x, =10.8,1.0,1.1]
then X=[4.5,5.0,5.5], the reject degree is R;(0) =0.36
by [Fig 3.21 (b).

The case of data X=[5.3,6.0,7.0] then reject degree
is R;(0)=0.5 as [Fig 3.2] (d).

Finally, if we have X=[5.5,6.5,8.0] then reject de-
gree is R;(0) =0.78 by [Fig 3.2] (e).
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