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UNIVALENCE PROPERTIES FOR
A GENERAL INTEGRAL OPERATOR

DANIEL BREAZ

ABSTRACT. We consider the univalence function classes 7, 72, 72,,, and
S(p). For these classes we shall study some univalence properties for
a general integral operator. Furthermore we shall extend some known
univalence criteria, i.e., Becker-type criteria.

1. Introduction

Let U = {z € C,|z| < 1} be the unit disk and A denotes the class of the
functions f of the form
f(2)=z+a2®+a3® +---, z€l,

which are analytic in the open disk, i and satisfy the condition f(0) = f/(0) —
1=0. Consider § = {f € A : f is univalent functions in U}.
Let Az be the subclass of A consisting of functions is of the form

(1.1) f(2) :z+2ak2k.
k=3

Let 7 be the univalent subclass of A which satisfies

2f(z) ]
Fo)? 1‘<1 (z €eU).

Let 75 be the subclass of 7 for which f”(0) = 0. Let 75, be the subclass of
75 consisting of functions is of the form (1.1) which satisfy

2 f'(2)
(f(2))?

< 1), and let us denote 731 = T2. Furthermore, for some
2 we define a subclass S(p) of A consisting of all function

(1.2)

(1.3)

—I‘SM (z €el)

for some pu (0 < p
real p with 0 < p <
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)

In [9], Singh has shown that if f(z) € S(p), then f(z) satisfies
22 f'(2)
(f(2))?

L. V. Alfors in [1] and J. Becker in [2] has obtained the next univalence
criterion:

f(2) which satisfy

<p (z€l).

-1

(1.4) <plz|?, (z€lU).

Theorem 1.1. Let ¢ be a complex number, |c| < 1, ¢ # —1. If f(z) =

2+ as2? + - is a reqular function in U and
2 2\ 2f"(2)
clz|” + (1 — 2] ) <1
| )

for all z € U, then the function f is regular and univalent in U.
In the paper [7], Pescar need the following theorem:

Theorem 1.2 ([7]). Let 8 be a complex number, Re 5 > 0, and ¢ a complex

number, |c| < 1,¢# —1 and h(z) = 2z + a22? + - - -, a regular function in U. If
"
26 (1— 25) )|y
clz|™ + |z ()| =

for all the z € U, then the function
z B
Fs(2) = ﬂ/tﬁ’lh’(t)dt =24
0
is regular and univalent in U.

The General Schwarz Lemma. Let the function f(z) be regular in the disk
Ur = {z € C;|z| < R}, with |f(2)] < M for fited M. If f(z) has one zero with
multiply > m for z =0, then

M
(1.5) lf(2)] < R |2|™, 2 € Ug.
The equality (in the inequality (1.5) for z # 0) can hold only if f(z) = ewRﬂm 2™,
where 0 is constant.

In the paper [8], Seenivasagan and Breaz consider for f; € Ay (i = 1,2,...,n)
and a1, as,...,ay,, 8 € C, the integral operator
e (BN 1
(1.6) Foy 0,.00.8(2) = 1 B / 1 <) o
0 i=1 t
When o; = a for all i = 1,2,...,n, Fu, as,..a..3(2) becomes the integral

operator Fy, g considered in [3].
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2. Main results

Theorem 2.1. Let M; > 1 for all i € {1,...,n}, ¢ be a complex number
and the functions f; € S(p;) for i € {1,...,n} satisfying the condition (1.4).
Consider «;, B be a complex number with the property Re 3 > Z?:l %
If

(14+p)M; +1
2.1 | <1-
(2.1) o] < Reﬂz o

and

forallz e U andi € {1,...,n}, then the function Fy, a,.... a, 3 defined in (1.6)
1s univalent.

Proof. Define a function

1

[

then we have h(0) = A'(0) — 1 = 0. Also a simple computation yields

(2.2) Zh” i;ﬁ (Zf 1) .
S zfi(z fi(z)

S;Ifiﬂ(ﬂ >Z < 72) “)'

From the hypothesis, we have |f;(z)| < M;,z € U and i € {1,...,n}, then
by General Schwarz Lemma, we obtain that

From equality (2.2), we have
(2.3)
zh"(2)

h'(z2)

fi(z)

z

[fi(2)] < M2

forall zeU and i € {1,...,n}.
We apply this result in inequality (2.3), we obtain

Tl s Z 1 (Gl e)
n 22f!(z
< 2y (Gt )

i=1

<
3

1 " (1 +p)M; +1

7 ] i=1

7
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Next, we evaluate the expression:

h//
cl2)? + (1 - |z|26) 2 (z)

B (2)
1 |zh"(2) 1 = (1+p)M; +1
< e+ <lel4+ =) ——F———
<E* G e | < T
1 (1+p)M; +1
< ||+ .
I Re ﬁz ]
So, from (2.1) we have:
23 2\ 2h"(2)
1- ) <1.
(- F7) G| <
Applying Theorem 1.2, we obtain that Fy, a,....,a,,3 is univalent. O

Corollary 2.2. Let M > 1, ¢ be a complex number and the functions f; € S(p)
fori € {1,...,n} satisfying the condition (1.4). Consider «;,3 be a complex
(1+1))M+1 If

a;l

numbers with the property Re 8 > "1,

1 ~(1+pM+1
<1-—
o<1 oy

|cvi
and

[fi()l < M
for all z € U, then the function Fy, a,... a3 defined in (1.6) is univalent.

Proof. We consider in Theorem 2.1 M1 = My =--- = M, = M. O
Corollary 2.3. Let M; > 1 fori € {1,...,n}, ¢ be a complex number and the

functions f; € S(p;), fori € {1,...,n} satisfying the condition (1.4). Consider
a, 8 be a complex numbers, Re 3 > Z?:l (A4p) Mit1) If

lee|

((pi +1)M; +1)
<1-—
<1- Re 62 o]

and
forallz €U and i € {1,...,n}, then the function

1

s () )

Proof. In Theorem 2.1 we consider a; = g =+ = ap, = Q. O

s univalent.
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Corollary 2.4. Let M > 1, ¢ be a complex number and the function f €

S(p), satisfy the condition (1.4). Consider o, 8 be a complex numbers with the
> (4p)M+1 If

]

property Re 3 >

(1+p)M +1

c| <1-—
i 5ol

and
f()l <M

for all z € U, then the function
z 1 B
Gap(z) = {ﬁ/ ! (Jcit)) dt}
0

Proof. In Theorem 2.1 we consider n = 1. O

18 univalent.

Theorem 2.5. Let M; > 1 for alli € {1,...,n}, ¢ a complex number and the

functions f; € T, for i € {1,...,n} satisfy the condition (1.3). We consider
Atpi) Mi+1 If

o]

a;, B be a complex numbers with the property Re3 > Y7 |

(14 p)M; +1
2.4 c <1-—
( ) | o RBZ |O‘z‘

and

fi(z)] < M;

forallz e U andi € {1,...,n}, then the function Fy, a,....a, 3 defined in (1.6)
is univalent.

Proof. Define a function

h(z) = /Of[1 (ff“);i dt,

then we have h(0) = h'(0) — 1 = 0. After the same steps with the Theorem 2.1
we have:

2 (2) "1 2A0)
e | S 2l ( Gaenz | M “)
P 25(2)

1‘Mi+Mi+1>

1
; ] ( (fi(2))?

n
1 (14 1) M + 1
= N1M+M+1<§L.
,71|Oéi

im1 |cvi
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We evaluate the next expression:

h//
c|z\2ﬁ + (1 — |z|2ﬁ) zh"(z)

ﬂh’(Z)
1 |zh"(2) (T4 p)M; +1
<ld+—=|—7—|<ld+—F5 ) ———F—
BI1 h'(2) 18] = Z il
1 1+ ) M + 1
< || +
U R Z =
So, from (2.4) we have:
"
28 (17 Qﬁ) ()|
clz|”” + |z )| S
Applying Theorem 1.2, we obtain that Fi, a,....a,,8 is univalent. O

Corollary 2.6. Let M > 1, c be a complex number and the functions f; € Tz,
fori e {1,...,n} satisfy the condition (1.3). We consider «;, 8 be a complex

numbers with the property Re 3 > >"" (tp) M1 If

lai]

(14 pi)M +1
<1-
e RﬁZ o

and

[fi()l < M
forallz €U andi € {1,...,n}, then the function Fy, a,....a, 3 defined in (1.6)
is univalent.

Proof. We consider in Theorem 2.5 M1 = My =---= M, = M. 0

Corollary 2.7. Let M; > 1 fori € {1,...,n}, ¢ be a complex number and the

functions f; € To,, fori€ {1,...,n} satisfy the condition (1.3). We consider

a, B be a complex numbers with the property Re 8 > Z?:l M If

(1 4+ p)M; + 1)
<1
=1 Re BZ o]

and
|fi(2)] < M;
forall ze U andi € {1,...,n}, then the function

Fw(z):{ /Otgln(fz ); }

Proof. In Theorem 2.5 we consider a; = ag = ++- = ap, = Q. ([l

is univalent.
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Corollary 2.8. Let M > 1, ¢ be a complex number and the function f € Ty,
satisfy the condition (1.3). We consider a, 3 be a complex numbers with the

property Re 3 > A+p) M1 If

]
1 I4+pM+1

cl <1—
41 Redl

and
f(z)l <M
for all z € U, then the function

Gap(z) = 5/02#3—1 (Jrit))idt )

is univalent.
Proof. In Theorem 2.5 we consider n = 1. O

Corollary 2.9. Let M; > 1 for alli € {1,...,n}, ¢ a complex number and
the functions f; € T fori € {1,...,n} satisfy the condition (1.2). We consider

a;, B be a complex numbers with the property Re3 > Y7 | 21“/;%'“ If
1 <&2M;+1
<1-
el <1- 523 ; o
and
|fi(2)] < M;

forallz e U andi € {1,...,n}, then the function Fy, a,.... a, 3 defined in (1.6)
is univalent.

Proof. After the same steps with the Theorem 2.5 we obtain the conclusion of
this corollary. O
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