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Abstract

For an inverse double Weibull distribution which is symmetric about zero, we obtain
distribution and moment of ratio of independent inverse double Weibull variables, and
also obtain the cumulative distribution function and moment of a skew-symmetric
inverse double Weibull distribution. And we introduce a skew-symmetric inverse double
Weibull generated by a double Weibull distribution.

Keywords: Double Weibull distribution, inverse double Weibull distribution, psi-
function, skew-symmetric inverse double Weibull distribution.

1. Introduction

A double Weibull distribution was introduced by a Weibull distribution, whose distribution
was used widely in engineering applications (Johson et al., 1995).

For two independent random variables X and Y, and a real number c, the probability
P(X<cY) induces the following facts: (i) it is reliability when a real number c equals one,
(ii) it is a distribution of ratio X/(X+Y) when c=t/(1-t) for 0<t<1, and (iii) we obtain a
density of a skew-symmetric random variable if X and Y are symmetric random variables
(Woo, 2006).

Johnson et al. (1995) introduced a double Weibull distribution and its application. And
the generalized inverse normal distribution was studied by Robert (1991). The distribution
of ratio of two independent gamma variables each with shape parameters unit was studied
by Bowman and Shenton (1998), and Ali and Woo (2006b) and Pal et al. (2007) studied
ratio of two independent power function distributions and two independent inverted gamma
distributions. Ali et al. (2006a, 2008) studied some skew-symmetric reflected distributions,
which it didn’t include an inverse double Weibull distribution. Son & Woo (2007) and
Woo (2007) studied a skew-symmetric Laplace distribution and skew-symmetric half-normal
distribution. respectively. Therefore, we’ve got an interest in applying an inverse double
Weibull distribution to define a skewed distribution as the same method in Ali et al. (2006).
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In this paper, we derive k-th moment and some properties of an inverse double Weibull dis-
tribution. And we obtain a distribution and moment of ratio of two independent inverse dou-
ble Weibull variables each with common shape parameter. As we obtain a skew-symmetric
inverse double Weibull distribution, we get the cumulative distribution function(cdf) and
k-th moment of a skew-symmetric inverse double Weibull. Finally we introduce a skew-
symmetric inverse double Weibull distribution generated by a double Weibull kernel.

2. An inverse double Weibull random variable

First we introduce the following well-known property:
Fact 1 . Let X be a random variable with a density fX(x) = dFX(x)/dx which it is

symmetric about origin. Then (a) Y = 1/X has the density fX(1/y)/y2, y 6= 0, which it is
symmetric about origin. (b) The cdf FY (y) of Y = 1/X is given by:

FY (y) = 1/2 + sign(y) · (1− FX(1/|y|)), 0 6= y,where sign(y) =
{

1, if y > 0
−1, if y < 0

.

From a double Weibull density in Johnson et al. (1995, p.198) and Fact 1, a density of an
inverse double Weibull random variable is given by:

g(y) =
α

2
1

|y|α+1
e−1/|y|α , 0 6= y ∈ R1, α > 0, (2.1)

which is symmetric about zero.
By the density (2.1) and Fact 1, the cdf of an inverse double Weibull random variable is

given by:

G(y) =
1
2
[1 + sign(y) · e−1/|y|α ], 0 6= y ∈ R1. (2.2)

From the density (2.1) and formulas 3.381(4) and 8.334(3) in Gradshteyn & Ryzhik (1965),
k-th moment of an inverse double Weibull random variable Y is given by:

E(Y k) = (1 + (−1)k) · Γ(1− k/α)/2, if α > k. (2.3)

From k-th moment (2.3), variance is obtained by:

V AR(Y ) = Γ(1− 2/α), if α > 2, Γ(a) is the gamma function.

And it is clear that E(Y)=0.

2.1. Ratio of two independent random variables

We introduce the density of a quotient random variable W = X/Y of two independent
inverse double Weibull random variables. By formula 3.15 in Oberhettinger (1974) and a
result in Rohatgi (1976), we obtain a quotient density of W=X/Y (provided when both
X 6= 0 6= Y ):

fW (w) =
α

2
1

|w|α+1
(1 +

1
|w|α

)−2, if 0 6= w ∈ R1, α > 0. (2.4)
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Let R ≡ |Y |/(|X|+ |Y |) be ratio of two independent inverse double Weibull variables X
and Y provided when both X 6= 0 6= Y .

Then, from the density (2.4), we obtain a density of ratio:

fR(r) = αrα−1(1− r)α−1[(1− r)α + rα]−2, 0 < r < 1, (2.5)

which is symmetric about 1/2, and hence mean is 1/2.
From ratio density (2.5), binomial expansion (1.110) in Gradshteyn. & Ryzhik (1965),

formula 2.23 in Oberhettinger (1974), and formula 15.1.23 in Abramowitz and Stegun (1972),
k-th moment of ratio is represented by infinite series of mathematical psi-function:

E(Rk) =
∞∑
j=0

(−k)Pj

2 · j!
· [(ψ(

2α+ j

2α
)− ψ(

α+ j

2α
)) + (ψ(

2α+ k + j

2α
)− ψ(

α+ k + j

2α
))], (2.6)

where (−k)Pj ≡ (−k)(−k − 1) · · · (−k + j + 1), 0! = 1, and ψ(a) is the psi-function.
The variance can be specified by binomial expansion 1.112(2) in Gradshteyn & Ryzhik

(1965) and the same method of obtaining k-th moment,

V ar(R) =
∞∑
j=1

(−1)j−1 j

2
[(ψ(

2α+ j + 1
2α

)− ψ(
α+ j + 1

2α
)) + (ψ(

2α+ j − 1
2α

)− ψ(
α+ j − 1

2α
))]

(2.7)

− 1/4.

From moment (2.7) and numerical values of the psi-function in Abramowitz and Stegun
(1972), Table 2.1 in the Appendix provides mean and variance of ratio. Hence, from Table
2.1 we observe the following:

Fact 2.1 Ratio R ≡ |Y |/(|X|+ |Y |) of two independent inverse double Weibull random
variables X and Y gets smaller variance as α is smaller.

3. Skew-symmetric distribution

In this section, we obtain a skew-symmetric distributionby a symmetric distribution which
is symmetric about 0, and also obtain a skew-symmetric distribution generated by a kernel
distribution.

Let X and Y be independent identical random variables with F ′(x) = f(x) which is
symmetric about 0. Then a skew-symmetric density was obtained by Azzalini (1985):

f(z; c) = 2f(z)F (cz), −∞ < z <∞, c ∈ R1, (3.1)

which f(z; c) is a skew-symmetric density and parameter ”c” is called a skewed parameter.
Especially when c = 0, it is the original density.

Let X and Y be independent random variables each with X ∼ F ′(x) = f(x) and Y ∼
G′(x) = g(x), whose distributions are symmetric about 0. Then a skew-symmetric density
was obtained by Pal et al. (2009):

f(z; c) = 2f(z)G(cz),−∞ < z <∞, c ∈ R1, (3.2)

which f(z; c) is a skew-symmetric density generated by a G(x) kernel.
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3.1. A skew-symmetric inverse double Weibull distribution

From the densities (2.1) & (3.1) and the cdf (2.2) of an inverse double Weibull random
variable, we obtain a skew-symmetric inverse double Weibull density:

f(z; c) =
α

2
1

|z|α+1
e−1/|z|α [1 + sign(cz) · e−1/|cz|α ], 0 6= z ∈ R1, α > 0, c ∈ R1. (3.3)

First, to obtain the cdf of a skew-symmetric inverse double Weibull random variable, it’s
sufficient for us to consider the cdf only when z and c are positive, according to the following
result in Ali and Woo (2006a) :

The following cdf of a skew-symmetric density (3.1) was obtained by the following:

F (z; c) = F (z)− 2I(z; c),

where I(z; c) = −I(z;−c), I(−z; c) = I(z; c), and

I(z; c) ≡
∫ ∞
z

∫ ct

0

f(t)f(s)dsdt, for z > 0and c > 0 (Ali and Woo, 2006a)

From the density (3.3) and iterate integral I(z;c), we evaluate it as follows:

I(z; c) =
1
4
·

cα

1 + cα
[1− e

−
1 + cα

cαzα ], z > 0, c > 0.

And hence we can obtain the cdf of a skew-symmetric inverse double Weibull random
variable.

From the density (3.3) of a skew-symmetric inverse double Weibull random variable Z and
formulas 3.381(4) & 8.334(3) in Gradshteyn & Ryzhik (1965), k-th moment of Z is obtained
as the following:

For c > 0, E(Zk; c) =
1
2
Γ(1−

k

α
)[1 + (−1)k + (1− (−1)k)(

cα

1 + cα
)
1−
k

α], if α > k. (3.4)

Remark 3.1 If c is negative, then E(Zk; c) = (−1)kE(Zk;−c) in Ali and Woo (2006a),
and hence k-th moment of Z can be evaluated for c<0.

From moment (3.4) and Remark 3.1, Table 3.1 in the Appendix provides mean, vari-
ance, and coefficient of skewness of the density (3.3). Hence, from Table 3.1 we observe the
following:

Fact 3.1 The density (3.3) is skewed to the left when c = 1 and c < 0 for α = 5, 7, 9, but
it’s skewed to the right when 1 6= c > 0 and c = −1 for α = 5, 7, 9 .

3.2. Estimation of a skewed parameter

In the skew-symmetric inverse double Weibull density (3.3) with a skewed parameter ”c”,
it is natural that we consider an inference problem of the skewed parameter ”c”.



Skewed inverse double Weibull 463

Assume X1, X2, · · · , Xn be a sample from an skew-symmetric inverse double Weibull den-
sity (3.3) with a skewed parameter ”c”, and let x1, x2, · · · , xn be its observed values. Then
1/X1, 1/X2, · · · , 1/Xn is a sample from a skew-symmetric double Weibull density with a
skewed parameter “c”, and 1/x1, 1/x2, · · · , 1/xn are its observed values. Because an in-
ference on a skewed parameter ”c” based on values x1, x2, · · · , xn from the density (3.3)
is equivalent to an inference on ”c” based on values 1/x1, 1/x2, · · · , 1/xn from a skew-
symmetric double Weibull distribution (McCool, 1991).

And hence it is sufficient for us to consider an inference on the skewed parameter in a
skew-symmetric double Weibull distribution. Because Son (2009) shows an inference on a
skewed parameter ”c” in a skew-symmetric double Weibull distribution, we don’t need to
consider an inference on the skewed parameter.

3.3. A skew-symmetric density generated by a kernel density

If X has the density (2.1) and Y has the following cdf (3.5):

G(x) = 1/2 + sgn(x)[1− exp(−|x|α)]/2, x ∈ R1, α > 0, (3.5)

then, from the density (3.2), we obtain a skew-symmetric inverse double Weibull generated
by a double Weibull kernel as the following:

f(z; c) =
α

2
·

1
|z|α+1

· exp(−|z|−α)[1 + sgn(cz)(1− exp(−|cz|α))], α > 0, c ∈ R1, (3.6)

which it is a skew-symmetric inverse double Weibull generated by a double Weibull kernel.
Let Z be a skew-symmetric inverse double Weibull generated by a double Weibull kernel

which it has the density (3.6). Then, from formulas 3.381(4) & 3.471(9) in Gradshteyn &
Ryzhik (1965), k-th moment Z is obtained :

E(Zk; c) = Γ(1− k/α) + [(−1)k − 1] · c(α−k)/2 ·K1−k/α(2 · cα/2), if α > k, c > 0, (3.7)

where Kν(z) is the modified Bessel function.
From k-th moment (3.7), numerical values of the modified Bessel function in Abramowitz

and Stegun (1972), and Remark 2.1, Table 3.2 in the Appendix provides mean, variance,
and coefficient of skewness. Hence, from Table 3.2 we observe the following:

Fact 3.2 The density (3.6) is skewed to the left when ( α = 5 & c=-1/4,-1/2,1,-2),( α = 7
& c=-1/4,1/2,1,-2), ( α = 9 & c=-1/4,1/2.1,-2,), but the density is skewed to the right else
where.
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Appendix

Table 2.1 Mean and variance of ratio R ≡ |Y |/(|X|+ |Y |)
α 5 7 9 11

mean 0.5 0.5 0.5 0.5
variance 0.00757 0.00401 0.00310 0.00167

Table 3.1 Mean, variance, and coefficient of skewness of a skew-symmetric inverse double Weibull density

(3.3) with a skewed parameter c and a shape parameter α

α c mean variance skewness
5 +(-)0.2 +(-)0.00186 1.58919 +(-)0.00442
5 +(-)0.5 +(-)0.07099 1.48415 +(-)0.12794
5 +(-)1.0 +(-)0.66867 1.04195 -(+)0.66614
5 +(-)2.0 +(-)1.13592 0.19888 +(-)0.53676
5 +(-)5.0 +(-)1.16393 0.13446 +(-)3.47990
7 +(-)0.2 +(-)0.00007 0.00249 +(-)0.00154
7 +(-)0.5 +(-)0.01716 1.27570 +(-)0.02171
7 +(-)1.0 +(-)0.61043 0.90337 -(+)0.97010
7 +(-)2.0 +(-)1.09842 0.06946 +(-)0.21832
7 +(-)5.0 +(-)1.10575 0.05331 +(-)2.41766
9 +(-)0.2 +(-)0.00001 1.19015 +(-)0.00006
9 +(-)0.5 +(-)0.00420 1.19013 +(-)0.00472
9 +(-)1.0 +(-)0.58202 0.85140 -(+)1.05743
9 +(-)2.0 +(-)1.07589 0.03261 +(-)0.29181
9 +(-)5.0 +(-)1.07776 0.02858 +(-)2.03040

where signs preserve in its order for each row.

Table 3.2 Mean, variance, and coefficient of skewness of a skew-symmetric inverse double Weibull
generated by a double Weibull kernel which it has a density (3.6) with a skewed parameter c and common

shape parameter α

α c mean variance skewness
5 +(-)0.25 +(-)0.01674 1.48891 +(-)0.08502
5 +(-)0.5 +(-)0.01806 1.48886 +(-)0.41521
5 +(-)1.0 +(-)0.90433 0.67138 -(+)1.05127
5 +(-)2.0 +(-)1.16419 0.13385 +(-)3.52829
7 +(-)0.25 +(-)0.00139 1.27599 +(-)0.00595
7 +(-)0.5 +(-)0.05919 1.27249 -(+)0.01908
7 +(-)1.0 +(-)0.84078 0.56908 -(+)1.66522
7 +(-)2.0 +(-)1.10577 0.05326 +(-)2.42720
9 +(-)0.25 +(-)0.00109 1.19015 +(-)0.00044
9 +(-)0.5 +(-)0.01853 1.18981 -(+)0.00865
9 +(-)1.0 +(-)0.80975 0.53445 -(+)0.85512
9 +(-)2.0 +(-)1.07776 0.02858 +(-)2.03040

where signs preserve in its order for each row.



Skewed inverse double Weibull 465

References

Abramowitz, M. and Stegun, I. A. (1973). Handbook of mathematical functions, Dover Publications, Inc.,
New York.

Ali, M. M. and Woo, J. (2006a). Skew-symmetric reflected distributions. Soochow Journal of Mathematics,
32, 233-340.

Ali, M. M. and Woo, J. (2006b). Distribution of the ratio of generalized uniform variates. Pakistan Journal
of Statistics, 22, 11-19.

Ali, M. M., Woo, J. and Pal, M. (2008). Some skew-symmetric reflected distribution. American Journal
of Mathematical and Management Sciences, 28, 41-59.

Azzalini, A. (1985). A class of distributions which includes the normal ones. Scandinavian Journal of
Statistics, 12, 171-178.

Bowman, K. O. and Shenton, L. R. (1998). Distribution of the ratio of gamma variates. Communications
in Statistics-Simulations, 27, 1-19.

Gradshteyn, I. S. and Ryzhik, I. M. (1965). Table of integrals, series, and products, Academic Press, New
York.

Johnson, L. N., Kotz, S. and Balakrishnan, N. (1995). Continuous univariate distribution 2, John Wiley
& Sons, Inc., New York.

McCool, J. I. (1991). Inference on P(X<Y) in the Weibull Case. Communications in Statistics-Simulations,
20, 129-148..

Oberhettinger, F. (1974). Tables of Mellin transforms, Springer-Verlag, New York.
Pal, M., Ali, M. M. and Woo, J. (2007). On the ratio of inverted gamma variables. Austrian Journal of

Statistics, 36, 153-159.
Pal, M., Ali, M. M. and Woo, J. (2009). Skewed reflected distributions generated by Laplace kernel.

Austrian Journal of Statistics, 38, to appear.
Robert, C. (1991). Generalized inverse normal distribution. Statistics and Probability Letters, 11, 37-41.
Rohatgi, V. K. (1976). An introduction to probability theory and mathematical statistics, John Wiley, New

York.
Son, H. (2009). Estimation of a skewed parameter in a skew-symmetric reflected Weibull distribution,

Unpublished manuscript.
Son, H. and Woo, J. (2007). The approximate MLE in a skew-symmetric Laplace distribution. Journal of

the Korean Data & Information Science Society, 18, 573-584.
Woo, J. (2006). Reliability P(Y<X), ratio X/(X+Y), and a skew-symmetric distribution of two independent

random variables. Proceedings of Korean Data & Information Science Society, 17, 37-42.
Woo, J. (2007). Reliability in a half-triangle distribution and a skew-symmetric distribution. Journal of

the Korean Data & Information Science Society, 18, 543-552.




