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D. H. LEHMER PROBLEM OVER HALF INTERVALS

ZHEFENG XU

ABSTRACT. Let ¢ > 3 be an odd integer and a be an integer coprime to
g. Denote by N(a,q) the number of pairs of integers b,c with bc = a
(mod ¢), 1 < b,c < q%l and with b, ¢ having different parity. The main
2
purpose of this paper is to study the sum Z'Zzl (N(a,q) - %) , and

obtain a sharp asymptotic formula.

1. Introduction

Let ¢ > 3 be an odd integer and a be an integer coprime to q. For each integer
b with 1 < b < ¢ and (b,q) = 1, there is an unique integer ¢ with 1 < ¢ < ¢
such that bc = a (mod ¢q). Let M(a,q) denote the number of solutions of the
congruence equation bc = a (mod ¢) with 1 < b,¢ < ¢ such that b, ¢ are of
opposite parity. D. H. Lehmer posed the problem to find M (1,p) or at least
to say some thing non-trivial about it (see problem F12 of reference [1], page
251), where p is an odd prime. Zhang [2] proved that

M(1,q) = @ +0 (q%dQ(q) In’ q) :
where ¢(q) is the Euler function and d(g) the Dirichlet divisor function. For
the further properties of M(a, p), he studied the mean square value of the error

term M (a,p) — 25+, and obtained

p—1

2
p—1 3 3lnp
Z(M(a,p)—2> :4p2+0<pexp <ln1np)>’

a=1

see reference [4]. For general odd integer ¢, the similar properties of M (a,q)
was studied in [5].

The distribution of the inverse modular ¢ of an integer b is very irregular,
so does the integer in D. H. Lehmer problem. A natural problem is how many
integers with this property in a incomplete interval. How can we say some thing
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nontrival about the integers which have opposite parity with their inverses over
a half interval?

It is interesting to study the D. H. Lehmer problem over a half interval
[1, q;—l] Denote by N(a q) the number of pairs of integers b, c with bc = a
(mod ¢), 1 < be < L= ! and with b, ¢ having different parity. The method of
[2], give also the formula

¢(q)

N(a,q) = 3 +0 (q%dQ(q) In? q) .

In [6], the authors studied the mean square value of error term
1
E(a’7 q) = N(a’7 q) - g¢(q>

in the case of ¢ = p and obtained a sharp asymptotic formula

ZE2 a,p) *p +O0(p'*).

For general odd integer q, whether there exists an asymptotic formula for mean
square value of F(a,q) was posed as an open problem in [6].

In this paper, we solved the problem completely by using the properties of
Dedekind sums, Cochrane sums and L-functions. That is, we will prove the
following result:

Theorem. Let g > 3 be an odd integer. Then we have the asymptotic formula

q (p+1)* 1
/ 9¢3(q) (p2+1) — pia-1
E2 , _ pip p O 1+e€ ;
2 e =gy rrivg ol
a=1 P*lla p b

where Z’ means the sum is taken only over integers coprime to q and € is any
fixed positive number.

2. Some lemmas
To prove Theorem, we need the following lemmas.

Lemma 1. Let ¢ > 3 be an odd number. For any nonprincipal character x

mod ¢, we have
g—1

2 T
Z ax(a) = 1 —(2;%2) Zl x(@).

Proof. From the properties of Dirichlet character, we have

Z2ax(2a) = Z 2ax(2a) + Z 2ax(2a)
a=1 a=1

—gq+1
a="5
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a1 PESE
2
—ZQG,X (2a) Z(Qa—1)X(q+2a—l)+qZX(2a—l)
a=1 a=1 a=1
q %
Z x(2a — 1).
= a=1

Noting that

q

S x2a-1)+ 3 x(20) = 3 v(a) = 0,

we can write

(1—2x(2 Zax =Y ax(a)=)_2ax(2a) = qix@a) = x(2)g ) x(a).

That is,

This proves Lemma 1. U

Lemma 2. Let ¢ > 5 be an odd integer and x be a Dirichlet character modulo
q such that x(—1) = 1. Then we have

2
4

_ 4q
Z = —Xéj) > axxala)

where x4 1s the primitive Dirichlet character modulo 4.

Proof. See the proof of Lemma 3 in reference [6] O

Lemma 3. Let q be an odd integer. Then for any positive integer a with
(a,q) = 1, we have the identities

E(a,q) = 2(]2;(;5((]) Y @@ - D) -2)? <bz_; bx(b)>

x mod g

x(—1)=-1

2
1 1
S ¢ b +0<).
32¢¢(q) Zd e (Z S > q

x mod g

x(=1)=1

X#X0
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Proof. From the orthogonality relation for character sums modulo ¢ and the
definition of N(a,q) we have

(1)
N(a,q)
| = E
=5 23 -
b=1 c=1
bc=a (mod q)
q—1 g—1 q—1 2
1 2 "2 Tz
= m Z ZX (be) — Z x(a) Z(_l)bX(b)
a x mod g b 1c=1 x mod g b=1

x mod q
X7#X0

_ ¢() 1 - - 2 1 % .-
=5 %00 Z x(a) (bz:; X(b)) 0 Z x(a) (Z(—l)bx(b)>
It is clear that

(2) Y x(b)=0

if x # xo0. Now ifg=1 (mod 4) and x(—1) = 1, then we can deduce that

(3) Z ZXQb Z x(g—2b+1)
b=1

b=1
g1 g-1
4 2
= > x(2b) (20)
b=1 b*%
o(1) if x = xo is a principal character;
qg—1

2x(2) Y x(b) if x(=1) = L and x # xo,

b=1

while if x(—1) = —1, then we have

(4) (—1)"x(b) =Y x(2b) + > x(¢—20+1)
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=x(2) ) x(0)
b=1
and (see Lemma 1)
Tt _ 94z 1
() > ox(b) = Z bx(b
b=1
For the case of ¢ =3 (mod 4), we can also get
0O(1) if x = xo;
a=3
= 2x(2) S x(b) if x(~1) = 1 and x # xo;
(6) (—1)"x(b) = ;
b=1 1
x(2) ) x(b) ifx(=1)=-1
b=1
and

a1 0 ifx(=1) =1
(7) ZX(b): x(2) 2be if y(—1) = —1.

Now combining (1)-(7), Lemma 1 and Lemma 2 we can write

Nao =284 s ¥ x@ @) (; x(b))

2

2
¢(q) 1 _ _
=73 + 2%6(q) Z X(a)(x(4) = 1)(x(2 (Z bx (b )

2

1 o 4q
x(=1)=1

X#Xo

Q| =

ifg=1 (mod 4).
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Similarly, we have

N(a,q)2(15(8(1)+2q2(1b(q) > x(@)(x(@) - 1)(x(2 (be )

x mod ¢q
x(=1)=-1

2

1 B - 4q )
- 32¢%0(a) %;)d qX(‘”X(‘l) (; bXX4(b)> +0 (q)
x(—1)=1
XFXo

if ¢ =3 (mod 4). Now Lemma 3 can be easily obtained from the definition of
E(a,q). O

Lemma 4. Let integer ¢ > 3 and (h,q) = 1. Denote by S(h,q) the Dedekind

s -35((2)) (%)),

a=1
where

x—x]— 5, if x is not an integer;
((z)) = S ’
0, if x is an integer.

Then we have

1 a2
Sh,q) = — S — h)|L(1, x)|?,
(h,q) ﬁQq%(Jb(d)X %;ddx( )IL(L, )|
x(=1)=-1

where Y 5 mod d denotes the summation over all Dirichlet character modulo
x(=1)=-1
d with x(—1) = —1, and L(s,x) the Dirichlet L-function corresponding to x.

Proof. See [3]. O

Lemma 5. Let q be any odd integer with ¢ > 3, x be a Dirichlet character
modulo q. Then for any integer m > 0, we have the identity

q 4 7
> IHRNG O Y u@u) Y s (2 d) s (1),
x mod g r=1 1

dlg llg r=
x(—1)=-1

where p(n) is Mébius function, Z/zzl denotes the summation over all integers
rwith 1 <r <gq and (r,q) = 1.

Proof. First we introduce Cochrane sum C(h, q) as follows

o35 (2)) ((2)
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Note that "7 x(c )((2)) = e xl(e )(*—*) =0, if x(—=1) = 1, then

from the orthogonality relation for Dirichlet characters modulo ¢, we can write

where we used the fact Y ?_, x(r) = 0 if x does not equal the principal character
modulo ¢q. Now the identity

q 4

/

> rx(r)

r=1

(9) Z'c<2ma,q>c<a,q>=q4;(q) S e

x mod g
x(=1)=-1

follows from (8) immediately.
On the other hand, From the definition of C(a,q) we have

q
> C@ma.q)Cla.0)=

a=1

q

ZEE)ZO)E)
SOV EEEE)
(ENE)Z (D)

Noting that (rs,q) = 1, if a passes through a reduced residue system modulo
g, so does sa. Therefore, from the definition of Dedekind sums S(h, ¢) and the

M-

~

MMM@
M =

r=1 s

!

M-
M-

HMQ HMQ

1 s

r
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identities
q , q/d
Z = Zu(d)z and S(r,q) = S(F,q),
s=1 d|q s=1
we have

-2 2 () (()sed
=2 () () s

Now Lemma 5 follows from (9) and (10). O

Lemma 6. Let u and v be odd integers with (u,v) =d > 2, x° and XO be the
principal character modulo w and v, respectively. If r(n) = Zd‘ Xo(d)xh (%),
then for any integer m > 0 we have the identity

> 2m r(n) _ (3m+5)r*
Z = II(u, v),

where (u,v) = ——=+0
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Proof. The proof is easy once we notice that n +— r(n) is multiplicative and
that

L if plu, ptv;
+1, if ;
r(p*) =4 ° ?pfumfw
1, if p 1 u, plv;
0, if plu, plv,
for any positive integer o and prime p. O

Lemma 7. Let u and v are odd integers with (u,v) = d > 2, x° and x° be the
principal character modulo uw and v, respectively. Then for any integer m > 0
we have the asymptotic formula

m 7T4
> @B = G G, v) + 0.

x mod d
x(=1)=-1

Proof. For convenience, we put
A, x) = Y. x(n)r(n),
N<n<y

where N is a parameter with d < N < d* and 7(n) was defined in Lemma 6.
Then from Abel’s identity we have

x(n)r(n) x(n)r(n) < Ay, x

1<n<N

Hence, we can write

(14) D X@MILA, )P X))
x modd
x(—1)=-1

I
N
=
[\)
=

Z Xn1 (n1) Z X(nz)r(nz)

x mod d 1<n; <N 1<n <N

Y e |y X

x mod d 1<n1 <N

Y e |y M ”2)(/;”(;’;’_‘)@)

x mod d 1<no <N
x(—1)=-1
< Aly, X > Ay, x
([ ) ) 0
x mod d N Yy N Yy

x(—1)=-1
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= M1+M2—|—M3+M4.

Now we shall calculate each term in the expression (14).
(i) From the orthogonality of Dirichlet characters we can write

(15)
Y Y by oy )
1<n1 <N 1<na<N 1<n1 <N 1<na<N
2mny=n; (mod d) 2Mmny=n1 (mod d)

For convenience, we split the sum over n; or ns into following cases:
d<n1<N,2m <ny <N;
-dS’ILlSN,1<TL2<f71;
.1§n1§d71,2m <n2<N
.1§n1§d71,1§n2§2771.

So we have
>y )
d<m<N g <mp<n 12
2mn2—n1 (mod d)
-1 d-1
81d+11) (82d+l2)
<
o(d Z 22 o Z Z (s1d+ 11)(s2d + Io)
1<31<71<s <2=HN =1 ly=
IPEL (mod d)

81d+ll Sgd-i-ll)}e
<<¢ Z Z Z 51d+ll 52d+ll)

1<31<N 1<s;< 20N L=

Z Z [(81d+ 1)(82d+ 1)]6

5152

1<s; <& 1<, < 20N
Loy dF,
o(d) Z’ Z’ 7(n1)r(ng)
2 nin
d<ni <N 1<ny< b —1 1z
2mngo=n; (mod d)

< ¢(d) (rnad)*™

1<r< Y 1<ny < b1

and

rr(ng)r(ng)

1<n1<d—1 g <np <N

2Mmny=n1 (mod d)

< df,

<
S
!
(]
=
S

where we have used the estimate r(n) < n¢.
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For the case 1 <n; <d-—1, 1§n2§2%—

2M™ny =mny (mod d) is 2™ng = ny. Hence,

¢(d) ' o r(n)r(ng)
T Z Z lelng -

1<n1<d—11<n,<

1, the solution of the congruence

g —1
2Mmno=n1 (mod d)

o(d) Z/ r(2™ng)r(ng)

om+1 n3
1<ns< g —1

9(d) ' r(2"n)r(n) :
= ot > = + O (d°).
n=1
Now from Lemma 6, we can immediately get

oD gy rlr(ng) _ Bm ST, ) 4 0.

ning 72 - 2m+1
1<n1 <N 1<n <N

2mngo=ni (mod d)

Similarly, we can also get the estimate

(17)
¢(d) ' o r(n)r(ng)
7 2 2 T
1<n1 <N 1<n2<N
2Mmny=—n; (mod d)

_ o) na) | ¢(d)
a 2 Z Z ning + 2 Z Z ?’Llng

1<n <N 1<n, <N 1<n <N 1<ny<N
2Mno4ni=d 2mno4ni=ld, 1>2
(5 ()
2™ (n)r 2mr(n1)r L
< 9(d) Z n(d — Z Z ldny —n?
1<n<d-1 L<n SN j=[m)
N+n1
o(d) (n(d — ”1 (ld — nl)
<m =g 2 - by Z
1<n<d—1 1<m SN =[2) ny — =
N N
o(d)de nsle
m dE m €
Cmd == > T S
ni=11=1
Then from (15), (16) and (17), we have
3 5)m?
(18) My = BT T, 0) + O (d).

72 . 2m+l
(ii) Noting the partition identity

Aly,x) = Y x(mxam) Y x(m)x)(m)

n<\y m<y/n
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+ Y x(m)xpm) > x(n)xi(n)

m<\/y n<y/m

= > x(mxa(n) D x(m)xy(m)
n<v'N m<N/n

= > xm)xm) D x(m)xi(n)
m<vN n<N/m

- (Z x(n)xu(n) (Z x(n)x5(n)
nS\/y ng\/y

+ D0 x| | DD x(mxd(n)
n<VN n<vN

Applying Cauchy inequality and the estimates for character sums

2 2
Dol x| =Y > x(n)
X#Xo |[N<n<M X#Xo [N<n<M<N+d
2
= ¢(d) > Xo(n) — > Xo(n)
N<n<M<N+d N<n<M<N+d
2 9%(d)
- 4

and note that the identity
> xm)xhm) =Y pldx@ D x(n),
N<n<M dlu N/d<n<M/d

we have

(19 > A@0P<vE Y, > | > xmxim)

x mod d n< x modd |m<y/n
SV X P2t [msy/

x(=1)=-1
VYL YL | DL x(xin)

m</y ;(_;*;ozd_dl n<y/m
2
+ 3 I xmxm)| x| Y xm)xom)
B Insv "EVE

< yd*te.
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Then from Cauchy inequality and (19) we can write

4 (1
(20) e 3 ot [T X Al

1<ni <N x(=1)=-1
oo g+te d5+e
< NE/ Qﬂdy < —
N y Nz~¢
(iii) Similar to (ii), we can also get
ds+e
21 Mz <« .
( ) 3 N%iﬁ

(iv) By the same argument as in (ii), and noting the absolute convergence
of the integrals, we can write

(22)

o0 o0 1
My < Ay, x)||A
<[ X A 0llAG. s

x modd
x(=1)=-1

i
N

1 1 _
<o ] X meor| | X aeor |

x mod d x mod d
x(—1)=-1 x(—1)=-1

[N

> 1
< — Ay, ))? | dy
/Ny2 S A, )|

x mod d
x(=1)=-1

o] d1+e 2 d2+e
d .
< (/N y% y> < N

Now, taking N = d3, combining (14)-(22) we obtain the asymptotic formula

m (3m + 5)m* .
S xC@IE PO O = S b, 0) + O(d).
x modd
x(=1)=-1
This proves Lemma 7. (|

Lemma 8. Let p be a prime, o and 3 are non-negative integer with 8 > «.
Then we have

2 2 Guyarey O )

u|ph v|p>
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2
1 1
30 (1 * 5) T (p? — 1)%p*(pf — p®)
142+ o (p—1)%(p2+1)

=D

7

where d = (u,v) denotes the greatest common divisors of di and ds.
Proof. See Lemma 5 of [5]. O

Lemma 9. Let q be any odd integer with ¢ > 3, x be a Dirichlet character
modulo q. Then for any integer m > 0, we have the asymptotic formulas

(p+1)° 1
Z i | 3m+5) 3¢4( ) H p(p2+1) pe—1 +0 (q6+6)
- 79 . 9m+1 1 1 m
X modq r=1 p"‘Hq 1+p+p2
x(=1)=-1
and
4q 4 488 (png)E‘ A
- 1 o — €
Z ZTX(T) = ?q3¢4(Q) H % +Om (¢°F) .
x mod 4q [r=1 pllq p p?
x(—1)=-1

Proof. We only prove the first formula, the second one can be proved by the
same method. From Lemma 5 and Lemma 4 we have

q 4
23) Y x@™M[D_rx(r)
x mod ¢q r=1
x(=1)=-1
q
@S ) 38 (270, 5) (o)
dla fla a=1
4 u?

= Z¢ > X@L )P

x mod v
x(—1)=-1

- LRSS wamar S 3 S

dlq Llq u\d U‘[

< 3 S Z’m(zma)»@(a)|L<1,><1>|2|L<1,><2>|2.

x1 mod u x2 mod v g=1
x1(=D=-1  x2(-1)=-1

For each x1 mod u, it is clear that there exists one and only one ¢ |u with a
unique primitive character X¢111 mod ¢; such that xy; = X‘}(l X0, Similarly, we
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also have x2 = x2,X), here ga|v, and x2, is a primitive character modulo g.
Note that u|g and v|g, from the orthogonality of Dirichlet characters we have

q , q
(24) > xala)xa(a) =Y [xa, (@)x5(a)] (X2, (a)x5(a)]
a=1 a=1
¢(q), ifq =g and x} =x2,;
0, otherwise.

Let di = (u,v). If g1 = g2 and xj, = 732, then x x5, is also a character mod
dy. So from (23), (24) and Lemma 7 we get

q 4

(25) o x@™ o)

x mod g r=1
x(=1)=-1
- LSS wamar S Y S
dlq £lq uld vl

3 @™ L0l L 0O

x mod (u,v)
x(=1)=-1

(d Edﬁuv
LTS S

D o o)1) + O ()

3m+5)q (d)p(0)dlu?v*
) S 5 5 5 M o))

dlg £Llq uld v|}

+ O (¢°79).

For any multiplicative functions f(u) and g(v), there holds

SN u@du@)de SN fug(w)

dlg g uld v|¢
S S e -2 3 Y fwee) 42 Y fu)e)
p*llg [ulp> v|p ulpe—1 v|pe ulpe—1 y|pa—1

Now from Lemma 8 and the identity

2 2
(1+l) — —rrr (1+l) — o
p p — p p
p3a 5 ! +p2.p3a 3

145+ 145+
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2
1 1
303 (1 -+ 5) — ez (pQ _ 1)2p2a72(pa 7p0471)
[ (= 20" + 1

—2p |p

2
3a+1 (1 1
P (1-5) (G0 1)
I+ 2+ \@+Dp* p*e
we get

Z Z Z Z & dggx JdbuZy? o((u, v))(u,v)

dlg fq ulg v|¢

26) = II {2 D wddu(e éZZ(b ((u, v))TI(u, v)

p*llq \ dlp= £|p~ u| 2 v
(P+> 1
2+1 3a—1
= q¢?(q) J] 22—
1+=2+ =
p*|lg p P

Now Lemma 9 follows immediately from (25) and (26).

Lemma 10. Let ¢ > 2 be an odd integer. Then we have
4

4q 1 4q q
Yo Robou®)] = D> [Dobx®)| —256 0 Y [1-x@)" > _bx(b)
x mod q [b=1 x mod 4q |b=1 x mod g b=1
x(—1)=1 x(-1)=-1 x(-1)=-1
X#X0

Proof. Let x denotes the principal character modulo 4. There holds

4q 4 4q 4 4q
27 > Dobxxa®)] = DY Dobx®)| - D Do bxxdo)
x mod g |b=1 x mod 4q [b=1 x mod g |b=1
x(=1)=1 x(—1)=-1 x(—1)=-1
XFX0
For the inner summation in the second part, we have
4q
> bxx§(b) Z bx(b)
b=1
(b, 2) 1
q q q q
=2 > bx(b)+2) bx(d)+4gY x(b)+2¢ Y x(b)
b=1 = — —
(b,2)=1 2/b 2/b (b,2)=1
q q
=2 bx(b)+2¢ > x(b)
b=1 =

2/b
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g—1

2

=23 by(B) +2x(2) Y v().
b=1

b=1

Now from Lemma 1, we have

4q q
> b (b) = (4 - 4x(2 Z

Now combining (27), we get the lemma.
3. Proof of Theorem

In this section we will complete the proof of Theorem. From Lemma 3, we

can write
ST Y x4 -

iy 1 q 2
aZZI E2(a,q) = 4q4¢2(q) —~ N 2) - 2 (z_: >

x(—1)=-1
2

2
: > xla)x(4 (bem >+O(q2)

16

x mod ¢
x(-1)=1
XF#X0
Noting that
q
/
> xixa(a) =
a=1
if x1(—=1) = =1 and x2(—1) = 1. So from the orthogonality of Dirichlet

characters and Lemma 10, we can write

4 /
> E*(a,q)
a=1
2

S L || X, X0 - e -2 <b§=j bx(b)>
x(—1)=-1



510 ZHEFENG XU

_ 1 . _ 22 ! !
RO %;dq |(x(4) = D(x(2) - 2)?| b;bx(b)

x(=1)=-1

1 4q ! 1
e, 2, o] +o(G)
x(—1)=1
X#Xo
1 —

= 0D ) %d q 58 — 4x(16) + 20x(8) — 25x(4) — 20x(2) — 20%(2)

x(=1)=-1

4
—25%(4) + 20%(8) — 4x(16)]

> rx(r)
r=1

4
1 - B q
~ i 2 675 4@ +x(®) + X@] D rx(r)
o9 X mod q r=1
x(—1)=-1
1 L ! 1
t— > > bx(b) +o<>.
4-16 q ¢(q) x mod 4q [b=1 q
x(=1)=-1
Now from Lemma 9, we can easily get
q (p+1)* 1
’ 9¢3(q) p(pZ11) — pRa-T
Z E*(a,q) = H B 4+ 0(q¢").
a=1 Gdq r=llq I+ +5

This completes the proof of Theorem.

Acknowledgments. The author expresses his gratitude to the referee for very
helpful and detailed comments.
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