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ON THE COMPUTATIONS OF CONTIGUOUS RELATIONS
FOR F; HYPERGEOMETRIC SERIES

MEDHAT A. RAKHA, ADEL K. IBRAHIM, AND ARJUN K. RATHIE

ABSTRACT. Contiguous relations for hypergeometric series contain an
enormous amount of hidden information. Applications of contiguous rela-
tions range from the evaluation of hypergeometric series to the derivation
of summation and transformation formulas for such series. In this paper, a
general formula joining three Gauss functions of the form 2 F1 [a1, a2; as; 2]
with arbitrary integer shifts is presented. Our analysis depends on using
shifted operators attached to the three parameters ai,as and az. We
also, discussed the existence condition of our formula.

1. Introduction

The theory of generalized hypergeometric function is fundamental in the field
of mathematics and mathematical physics. Most of the functions that occur
in the analysis are special cases of the hypergeometric functions. Professor
John Wallis in his work Arithmetica Infinitorum (1655), first used the term
hypergeometric to denote any series which was beyond the ordinary geometric
series. In fact, he studied the series

l+a+ala+1)+ala+1)(a+2)+---.

During the next one hundred and fifty years, many other mathematicians
studied similar series, notably Euler, Vandermonde, Hidenberg etc.
In 1812, Gauss defined his famous hypergeometric series as follows

(1.1) im&zl a1az z al(a1+1)a2(a2+1)i
. —  (az)n n! az 11 as(as - 1) 51 ,

where
(a)p=ala+1)---(a+n—1);(a)y = 1.
The above series is called Gauss series or the ordinary series. It is usually
represented by the symbol 3 F}la1, az; as; z], the well known Gauss hypergeo-
metric function. The series given by (1.1) converges when |z| < 1 and when
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z = 1 provided that Re(as — a1 — az) > 0 and also when z = —1 provided that
Re(az —aj; —az) > —1.

In the same paper, Gauss [5], derived his famous summation formula
F(CLg)F(CLg —ay; — (12)
F(ag — al)I‘(ag — ag)
provided that Re(as — a1 —a2) > 0. If in (1.1), we replace 2z by = and let

as — 00, then %z” — 2", and we arrive at the the well known Kummer
2

oF[ay, az;a3;1) =

series

(a3)na - ;31' a3(a3—|—1)§

i (a1)n 2" 120z ai(a +1) 2° NI
n=0

This series is convergent for all values of a1,a3 and z (real or complex)
excluding a3 = 0,—1,—2,... and is represented by the symbol 1 Fi[a1;as; 2],
the well known confluent hypergeometric functions.

Gauss hypergeometric functions o F; and its confluent form F; constitute
the core of special functions and include most of commonly used functions as
their special cases. Thus Legendre’s function, the incomplete beta function, the
complete elliptic functions of the first and second kinds and most of the clas-
sical orthogonal polynomials are particular cases of o F;. On the other hand,
the confluent hypergeometric function includes, as its special cases, Bessel’s
functions, parabolic cylinder functions, coulomb wave functions etc. Again,
Whittaker functions are also a slightly modified form of the confluent hyperge-
ometric functions.

On account of their usefulness, the functions o/} and 1 F; have already been
explored to a considerable extent by a number of eminent scholars notably
Gauss, Kummer, Pincherle, Mellin, Barnes, Slater, Luke, Erdélyi, Exton, etc.

Gauss defined two hypergeometric functions to be contiguous if they have
the same power series variable and if two of the parameters are pairwise equal
and if third pair differs by +1. He showed that a hypergeometric function
and any two other contiguous to it are linearly related. Since there are six
contiguous to a given o F}, one get a total of 15 relations. In fact, only four of
the fifteen are really independent as all others may be obtained by elimination
and use of the fact that the 5 F; is symmetric in a; and as.

It should be remarked here that whenever hypergeometric functions reduce
to gamma functions, the results are very important from an applicative point.
Only a few summation theorems are available in the literature.

On the other hand, applications of the contiguous relations range from the
evaluation of hypergeometric series to the derivation of the summation and
transformation formulas for such series, they can be used to evaluate hyperge-
ometric function which is contiguous to a hypergeometric series. For this, in
a series of three research papers, Lavoie, et. al [11-13] have obtained a large
number of very interesting results contiguous to Gauss second, Kummer and
Bailey theorems for the series 3 F; and Watson, Dixon and Whipple theorems
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for the series 3F5. These results have been obtained, checked and verified with
the help of Mathematica, a general system of doing mathematics by computer.
Very recently Kummer identity has been generalized by Vidinas [22], by using
the contiguous relations. For more details about hypergeometric series and
their contiguous relations see [1-4,6-8,10,15-18,23].

In [23], several properties of coefficients of these general contiguous relations
were proved and then used to propose effective ways to compute contiguous
relations. Contiguous relations are also used to make a correspondence be-
tween Lie algebra and special functions, these correspondence yields formulas
of special functions [14].

In [21], contiguous relations were used to establish and prove sharp inequal-
ities between Gaussian hypergeometric function and the power mean. These
results extend known inequalities involving the complete elliptic integral and
the hypergeometric mean.

Recently, a good progress has been done in the direction of further study
of these contiguous relations. In [19], some interesting consequences of the
contiguous relations of oF} were proved, while in [9], a new method of the
shifted operators for computing the contiguous relations of 3 F} are introduced.
In [20], a general form of the relation between three gauss function has been
established and with the help of the computer algebra system Mathematica,
two computational examples using the results obtained are presented.

In order to extend the work, our aim, in this paper, is to obtain a general for-
mula joining three Gauss functions of the form o F[ay,as; as; z] with arbitrary
shifts is presented. Our analysis depends on using shifted operators attached to
the three parameters a1, as and as. In the end, we also discussed the existence
conditions of our formula.

We devote the rest of our introduction to notations and recall the following
helpful definition which introduced in [9].

Definition 1. Let A" : X — X, (i = 1,2,3), where X is the set of all Gauss
functions o Fi[aq, as;as; z] with variable z, and parameters aq,as and az such
that ag #0,—1,—2,.... Then

AT (Clar, az, as) 2 F1lar, az; as; z]) = Clay + o, az, a3 2 Filar + o1, az; as; 2],
A5? (Clay, az, as) 2 F1lar, az; as; z]) = Clay, as + az, a3 2 Filar, as + as; as; 2],
A5? (Clay, az, as) 2F1]ar, az; as; 2]) = Clay, az, az + as] 2 Fi[ay, as; az + as; 2],

where a;,i = 1,2,3 are any integers, and C[ay, as,as] is an arbitrary constant
function of a1, as and ag such that for any such operators

A?-AZ_O” (C[a1,a2,a3] 2F1[a17a2;a3;2]) = I(C[a17a27a3] 2F1[a1aa2;a3;2])~
and 7 is the identity operator defined on X with
Ik (C’[al,aQ,ag] 2F1[a1,a2;a3;z]) :I(C[al,ag,ag] gFl[al,aQ;ag;z])
= C[al,ag,ag] 2F1[a17a2;a3;z]; VF € X.
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2. Preliminaries and tools
Theorem (2) in [9] introduced the five shifted operators of the 15 degree

Agl, Ayt AT Ag and Ajz in terms of the two operators A; and Z as follows:

aq a3—a1—1

Al = A Z; 1
3 a3—1 1t ag—l Cl37é
_ ai(z—1 a1 + as — as
A21:¥A1+17251; as # as
az — as ag — as
_ ai(z—1 2a1 + (as —a1)z —a
A11:71( ).A1+ 1+ (o ) 31; ay # as
a; — as ap — ag
a as — a
Azifl./h*% 2 1I; GQ#O
as a9
araz(z —1) _a3((a3—a2)z—a1) )

Az =

(a1 —as3)(as — az)z ! (a1 —as3)(as —az)z
a1 # as,as # ag and z # 0.

Lemma (6) in [9], defines two sets each of three dimensional vectors LU) and
MU, j e 7 as follows:

[ a=d 0 1
LD = | at=h | o ||, ®= o ,
a2a_1a3 0 ajaz(z—1)
L as—a1 (az—az)(az—az)z

r as+(a1+1—a2)z—2(a1+1)
(a14+1)(z—1)
L(Q) _ ai[(az—2a2—2)+(as—a1+1)z]
- az(az+1)(z—1)
araz(z—1)(az+1)[as+(a1+a2—2a3—1)z]
L (a1—asz—1)(a1—az)(az—a2)(az—az+1)z2

and
[ 2a1—as—(a1—az)z 1 0
MED = % MO | 1| pw = az=a
a3tzga1aj,1) 1 asfai—(az—az)z]
L T az—1 (a1—a3)(az—az)z
B a1—asz+1
@i -1
M@ — (a2—a1)[(az—2a2—2)+(az—a1+1)z]+az(az—az+1)
- as(az+1)(z—1)
az(az+1)[[a1 —(az—a2)z][las—(2az3—a1—az+1)z]+(a1—a3)(az—a2)(z—1)z]
L (a1—az—1)(a1—asz)(az—a2)(az—az+1)z2

from which we will have in general

LW = KjflL(jfl) + Tj,lL(j*Q),
(2.1) , 20
MU = Kj_lM(j—l) + Tj_lM(j—Z)
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or
LU) = 7}111 [LU+D) — K, LD

(2.2) , J <0
MG = Tjjrll [M(j+2) — Kj+1M(j+1)}

where
Kn = DnKO
az—2(a;+n)+(a1+n—az)z
(a1 +n)(z—1) 0 0
— 0 az—2(az+tn)+(astn—ai)z 0
(ag+n)(2—1) ’
0 0 (az+n)[(az+n—1)+(a1+az—2(az+n)+1)z]
(as+n—az)(ai—az—n)z
ait+n—ag
@1 G—1) N 0
az+n—asg
Ty = DnTp = 0 ErE ey 0
0 0 (ag+n)(ag-+n—1) (z—1)

(az+n—az)(a1—agz—n)z

where D,, is the nt" shifted matrix defined by

A 0 0
0 0 A3
and
[ ety 0 0
Ky = 0 %@i;w 0 7
0 0 azl(az—1)+(a1+az—2az+1)z]
- (az—az)(a1—as)z
a?l(;f?) . O_w 0
Ty = 0 a;&fﬁ ( 0 e
asz(az—1)(z—1

Moreover, Lemma (7) in [9], asserts the possibility of expressing any shifted

operator with arbitrary degree A, i = 1,2,3 and j € Z as a linear relation of
A; and 7 as

where [;; and m;; are the ith row of the two vectors L9 and M) respectively,
defined in (2.1) and (2.2) above.

In addition, relation (2.3), can be written in the matrix form

X, =LMA, + MMT,

where
A At
X,=D, | A) | =| A%
A3 Ag

The aim of this paper is to establish a general formula joining three Gauss
functions of the form o F}[a1, as; as; z] with arbitrary integer shifts.
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In order to complete the requirements of our desired result, let us introduce
our next lemma to obtain a general expression for the mixed shifted operator
A%Ag AJ for some integers a, 3 and 7 in terms of the two operators A; and Z.

Lemma 2. Let Ay, As and As be the linear operators defined in Definition 1.
Then for any integers «, 3 and v we have

A?‘AgAg = G(al7a27a37a367772)/41 + H(al,ag,ag,a,ﬂ,’y,z)f : :GAl +HI7

where

5] ] (k)

H Ai(ms ) m3y Ai(mag) map mi o
In addition, forr =0,1,2,...
AT (L (a1, a2,a3,2)) = l;; (a1 + 1, a2, a3, 2)
and
AT (my; (a1, a2, a3, 2)) = my; (a1 + 7, a2, a3, 2),
where l;; and m;; are the it" row of the vectors LY and MY) respectively.

Proof. From (2.3), we have A¢, A5 and AJ as follows
- 1T

a _ lla _Al_
1*llo¢Al+m1aI*_mla_ I T _7
- -T- -
lo Ay
and -
- l3 - _Al -
=t emet = ][9]

hence, the direct ordered multiplication of Af, A§ and AJ can be obtained as

ASASAY

EANEAIEAREAIEANED
8 el
(24) - [ o ]T[Alazm A (msg) } [Alagw Ax(m3) ]H ]

Mg lag mMag I3~ M3y

If we write

N c1'rA
(2.5) AlAgAngAnLHI:{H} [ 11 ]

then from (2.4) and (2.5), we get

(2:6) [ff][f&)) %?Hﬁgnl% rfffﬁHrgfa}' O
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It is important to notice that, (2.6) can be generalized as follows

{ G; ] _ { Ai(ls:) sy } { Ai(l2) g ] [ I, ] i—1923

H; Ai(msz,) mas, Ai(map,) mag, mi,a;

3. Main results

The following theorem is the main theorem of the paper, it gives a general
formula connecting any three arbitrary shifted Gauss functions.

Theorem 3. Let Ay, As and A3z be the three linear operators defined in Defi-
nition 1. Then the following three Gauss functions

(31) 2Fl[al+a27a2+/817a3+717z]a Z:172a3
are linearly dependent if they satisfy the following recurrence relation
APAD AT APARA AT AR AP
(3.2) Gy G G o Fi[a1, ag;a3;2] =0
H, H, Hs

for some constants G; and H;.

Proof. The idea of the proof is to compute the product A?"'AgiAg”’, and then
using the result of Lemma 2, replacing «, 8 and v by «;, 3; and ~;, respectively,
to get such product in the form

(3.3) A AT AT = GiAy + HIT,

where

Gi _ Al(l37’7i) l37’Yz‘ A1<l2,5i) 12,51' ll,oéi
H; Aq (m37'Yi) m3,y; Ay (m27ﬁi) ma,g; M,
fori=1,2,3.
Now, assuming that the three Gauss function (3.1) are linearly dependent
and hence we have the linear form
3

(3.4) Zci oF1ay + o, a2 + Bizas +7vi52] =0
i=1
or in the operators form as
3

(3.5) S (A‘l’”AgiAgi) oFila1, az; az; 2] = 0
i=1
for some non-zero coefficients ¢;,7 = 1,2, 3.
Substituting (3.3) in (3.5), we get

3
Zci (GZ.A1 + HiI) 2F1[CL1,CL2;CL3;Z] =0.

=1
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Consequently, we will have the systems

(3.6) iciGi =0 and iciHi =0
i=1 i=1
which have the non-trivial solution
61 a=| g W le=| 5 G mda=] G R
substituting in (3.5), we will have
(5 5 o5 & wen
+ fli ? A;*SAg‘zAgB) 2Filar, az;az;2] = 0

from which, we will have the desired formula (3.2) and hence the proof of the
theorem is completed. ([

The existence of the formula (3.2) of Theorem 3 depends on whether the
system (3.6) has a non trivial solution. Indeed, the system (3.6) has the non
trivial solution (3.7) if and only if the matrix [IGfi gz gﬂ is of full rank (= 2).

Clearly, we can introduce any arbitrary recurrence relation by choosing any
arbitrary integer values for the parameter a;’s, 3;’s and ;’s where ¢ = 1,2, 3,
provided that the corresponding matrix [gi gz gﬂ is of full rank.

With the help of the computer algebra system “Mathematica”, we can easily
do much computations with the help of our method, to establish and verify such
contiguous relations of the form (3.4).

For simplicity, let us write o Fy [a1, ag; as; z] as F also o Fy [a1 £ 1, as; ag; 2] by
F(ai)or F(ay), 2F [a1,a2 + 1;a3; 2] by F(a3) or F(ay ) and 2 F [ay, az; az£1;
2] by F(aj) or F(a3 ), that means we shall omit the subscripts. As well as, by
means of F(af ™) and F(a; ), we means oF [a; + 2, as; ag; 2] respectively, an
SO Om.

Table 1, presents the description of the following four Gauss contiguous
relations

[2a1 — a3 + (ag —a1)z] F —ay (1 — 2)F(af) + (a3 — a1)F(a]) = 0,
(a1 —ag)F — a1 F(a}) +axF(ad) =0,
(a1 —az +1)F — a1 F(af) + (a3 — 1)F(az) =0
and
az(ar + (ag — a3)2)F — ajaz(1 — 2)F(a]) + (a3 — a1)(az — a2)zF(aj) = 0.

In such relations, two hypergeometric series differ just in one parameter from
the third hypergeometric series, and the difference is 1. It is very important to
notice that a contiguous relation between any three contiguous hypergeometric
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relations.
Shifts G, H, Ci
Gy =1 Hy =0 e
Qg = ai(z—1) _ _astai(z=2)—azz = — ’
as = —1 22 B Oaras 52 B i a1-as 22 B 2a117a3+z(a2*l11)
3= 3 = 3= (g —ar
Gi= Hy =1 Cr=m=m
a:
BTl | e=t Hy =0 C=a”
: Gy=2 Hy = Co=
1 G = Hy =1 =
O<2:_1 Gy =1 Hy =0 Cy = 1
13 Gy = 524 Hy = oot T
— — _ az(ar1+(az—asz)z
| @i=0 H =1 Ol = (o —as)(as—a)s
2 Gy = Hy = G, = —masz=1)
3 =1 Gy = —masz=D) | g _ es(ait(as—as)z) NTERICEDE
3 = (a1—as)(az—a2)z 3~ (ai—as)(az—a»)z Cs =1

In Table 2, we presents a sample of 3 contiguous relations since their param-
eters a1, ao and ag differ by +1

(a1 —az2)(a1 —a3)F(ay] )+ a1(ag — a1 — ag)F(a]

and

TABLE 1. A sample of Gauss contiguous relations

+az(2a; — az + (az — a1)z)F(ag) = 0,
ai(az — 2as + (ag — a1)2)F(af) + (a1 — az)(az — az)F(ay)
+ag(ay +as —az)F(af) =0

1)

(ag —az + 1)(az — az)F(ay ) + az(1 — az + (a3 — a1 — 1)2)F(a3)
— (ag — 1)(z(a2 — a1) — 2a2 + a3)F(az ) = 0.

In Table 3, we presents the contiguous relations

(ag—a3+1)F—(2a2—a3+2—|—(a1—ag—l)z)F(
(aa—1)(z—1)F — (a3 —2a2+2+ (a2 —a1—1)z)F(ay ) —(aa—az—1)F(az 7) =0

and

aj)—(az+1)(z—1)F(az ") =0,

(a1 —az+1)(ag —as+ 1)F — (a3 — 1)(2 — az — (a1 + a2 — 2a3 + 3)2)F(a3)
— (a3 —1)(az —2)(1 —2)F(az 7)=0

such type of relations called recurrence identities of “consecutive neighbors”,
for which one parameter of one of the contiguous functions differ by +2, [1,8].
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_ ai(z—1) _ _aztai(z2—2)—azz Cp =%
o = -1 Gl o mas Hl B ar1=as az(zfa az—aias:
=1 G=1 Hy=0 Co ==t ay)
0 — ., = a1 , — d2—a1 _ —2ai1+asztaiz—asz
B3 Gy =gt Hj P O e re—
ap =1 G =1 H =0 C, = ‘2“‘“22“333‘;’1;“‘“22
o _ai(z—1) __ aitaz—as _ 2142743
ﬁ2 =-1 Ga = ;gfas H, = 1@7% Cy = %
B3=1 Gy=2 Hy = @270 Oy = utaz—ay
2 - az—agz
B =1 Gy = wk=y Hy = wita—ay Cr= %ﬁzj)‘“a‘
-1 G = a‘i27a3 H, — a.za,za_las O, = —a1+a1a2+a1z+a§z—a1a3z
B2 = 27 4y 27 T | 2= (02*%)(@%*1)

— _a __ az—a;— —92, —
=l | Gy= My Hy = =555 Oy = Z2mtatadedidmes
TABLE 2. A sample of 3 contiguous functions

Shifts G, H, G
G =0 Hy=1 O1 = S0 FaeD
B=1 | C2=i Hy = o ‘ Cr = -y
By =2 Gs = % H. — @2(ta)(E—1)taiz N arz—ans)
' e B i Tl
az(1+az)(z—1) T et 3= —ob
Cr = - |+ﬂ\il)2(+2a|z)
az—az— az—as
G =0 - Zl =1 s +72(u1u227u11)2( +u1u2)z
ai(z—1 _ aitaz—ag as—az—1)(az—a:
ﬂ2 =-1 G2 = az—as : —:22;8’132—0,3)2+a,1+02z Cz = 2*’&&18Z7})<i2+}a27a32
fa==2 | Gy=a(z-1) Hy = = Dasan) e laatas Rasastay
. (az—az—1)(az—as3) z4a1z—asz)
w (F2-as—az(z—2)+z+a:12) a1(=2+2a242—as(1+z)) s S ra—"
(a2—a5—1)(az~as) + (az—az—1)(az—a3) C : 1211(;—1) e
37 " wran
G1=0 Hy =1 2a3+arastazas—a3)
=1 | Ga=3 Hy = tazwl o) (T G- 1)
G = —a1(=2+as Ha — (1+a;—as) Cy = ——aul=2tas
73 =2 3 = i (a-Rag) (-1 8 = @T(_3tagas)z- 1) oy g ) (=)
| (3ta1taz)z—2052) o (2tast(2tay)z—azz) 4 Btrartas—2a3)2)
(2+(a3—3)az)(z—1) (+(—3+ag)as)(z—1) (2-3as+a5)(z—1)
37T T ap1

TABLE 3. A sample of 3 recurrence identities of “consecutive
neighbors”
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