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A HOLLING TYPE II FOOD CHAIN SYSTEM WITH
BIOLOGICAL AND CHEMICAL CONTROLS

Hunkr BAEK

ABSTRACT. For a class of Holling type II food chain systems with bio-
logical and chemical controls, we give conditions of the local stability of
prey-free periodic solutions and of the permanence of the system. Further,
we show the system is uniformly bounded.

1. Introduction

There are number of factors in the environment to be considered in popu-
lation models. One of important factors is impulsive perturbation such as fire,
flood, etc, that are not suitable to be considered continually. These impulsive
perturbations bring sudden change to the system. For example, consider the
human artificial activities to control the density of the prey and regard the prey
as a pest. There are many ways to beat pests such as biological or chemical
tactics. Biological control is to reduce the pest population using the actions
of other living organisms, often called natural enemies or beneficial species.
Another important method for pest control is chemical control. Pesticides are
useful because they quickly kill a significant portion of a pest population and
they sometimes provide the only feasible method for preventing economic loss.
Such different pest control tactics should work together rather than against
each other to accomplish successful pest population control [11].

S. Zhang and D. Tan [13] investigated complex dynamics of Holling type 11
three species food chain system with impulsive perturbations on the predator.
Especially, they took an impulsive perturbation as a biological control. Now,
we consider the following Holling type II food chain system with biological
control on the predator and chemical controls on all species:
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(1.1)

0 (o — bty — CZOD
x'(t) = z(t)(a — bx(t)) e+ 2(0)
(0) =~y + 2O WOM) B4 ot — 17

i

2'(t) = —daz(t) + 7C4y(t)z(tt),

ot%) = (1= pa(ey

y(t") = (1= p2)y(2), } t=(m+7-1T,
2(t7) = (1 — ps)z(t),

z(tT) = z(t),

y(tt) = y(t) +q, } t =nT,

2(t1) = 2(t)

(@(0%),y(0%), 2(0%)) = (0,0 20),

where T is the period of the impulsive immigration or stock of the predator,
0 < p1,p2,p3 < 1 present the fraction of the prey, predator and top predator
which die due to the harvesting or pesticides etc and ¢ is the size of immigration
or stock of the predator. Recently, it is of great interest to study dynamical
properties for impulsive perturbations in population dynamics [8, 7, 6, 12, 13,
14].

In the next section, we introduce some notations used in this paper. In Sec-
tion 3, we show the boundedness of the system and show the local stability of
prey(pest)-free periodic solutions. Furthermore, we establish sufficient condi-
tions for the permanence of the system (1.1) by using the Floquet theory and
small perturbation skills.

2. Preliminaries

First, we shall introduce a few notations and definitions together with a few
auxiliary results relating to comparison theorem, which will be useful for our
main results.

Let Ry = [0,00) and R} = {x = (z(t),y(t),2(t)) € R : z(t),y(t), z(t) >
0}. Denote N the set of all of nonnegative integers, R% = (0,00) and f =
(f1, f2, f3)T the right hand of the first three equations in (1.1). Let V : Ry x
R3 — R;. Then V is said to be in a class Vj if

(1) Vis continuous on (nT, (n+1)T] x R3, and limg y)— (nr5)t>nr V(£ Y)
=V(nT™,x) exists.
(2) V is alocal Lipschitzian in x.

Definition 2.1. For V € Vj, we define the upper right Dini derivative of V with
respect to the impulsive differential system (1.1) at (¢,x) € (nT, (n+1)T] x R}
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by

DTV (t,x) = limsup %[V(t +h,x+hf(t,x)) — V(tx)]
h—0+

Remark 2.2. (1) The solution of the system (1.1) is a piecewise continuous

function x : Ry — R3 | x(¢) is continuous on (nT,(n + 1)T], n € N and

x(nT*) = lim,_, 7+ x(t) exists. (2) The smoothness properties of f guarantee

the global existence and uniqueness of solutions of the system (1.1). (See [5]

for the details).

We will use a comparison result of impulsive differential inequalities. We
suppose that g : Ry x Ry — R satisfies the following hypotheses:
(H) g is continuous on (nT, (n + 1)T] x R4 and the limit

li t,y) = g(nT™,
<t,y>~lgle+,x>g( v)=g(nT™,z)

exists and is finite for x € Ry and n € N.

Lemma 2.3 ([5]). Suppose V € V; and

DTV (t,x) < g(t,V(t,x)), t # (n+7—1)T,nT,
(2.1) V({t,x(t7)) < vp(V(t,x)), t=(n+7 - 1T,
V(t,x(t")) <y (V(t,x)), t =nT,

where g : Ry x Ry — R satisfies (H) and z/J}L,z/Ji : Ry — Ry are non-
decreasing for all m € N. Let r(t) be the maximal solution for the impulsive
Cauchy problem

(2.2)

defined on [0,00). Then V(O+,x0) < wg implies that V (t,x(t)) < r(t),t > 0,
where x(t) is any solution of (2.1).

We now indicate a special case of Lemma 2.3 which provides estimations for
the solution of a system of differential inequalities. For this, we let PC(R,R)
(PC*(R4,R)) denote the class of real piecewise continuous (real piecewise con-
tinuously differentiable) functions defined on R .

Lemma 2.4 ([5]). Let the function u(t) € PCY(RT,R) satisfy the inequalities

< FOu(t) + ho), £ 70t > 0,
U(T]j) < Oéku(Tk) + ﬂka k > 07
U(0+) S ug,

(2.3)
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where f,h € PC(R4,R) and ax, > 0, B and ug are constants and (7y)k>0 is a
strictly increasing sequence of positive real numbers. Then, fort > 0,

u(t) < Uo( I1 ak> exp( /O tf(S)dS)

0<m <t

+/0t< 11 dk) exp(/:f(v)dv)h(S)ds

0< <t

2 ( 11 dj> eXP(/ﬁjf(V)dW)ﬁk.

0<Tp <t \Tp<7; <t

Similar result can be obtained when all conditions of the inequalities in the
Lemmas 2.3 and 2.4 are reversed. Using Lemma 2.4, it is possible to prove
that the solutions of the Cauchy problem (2.2) with strictly positive initial
value remain strictly positive.

3

Lemma 2.5. The positive octant (R%)® is an invariant region for the sys-

tem (1.1).

Proof. Let (x(t),y(t),2(t)) : [0,t0) — R? be a saturated solution of the sys-
tem (1.1) with a strictly positive initial value (2(0), y(0),2(0)). By Lemma 2.4,
we can obtain that, for 0 <t < tg,

z(t) < z(0)(1 —pl)[%] eXp( ; fl(s)ds>,
(2.4) y(t) < y(0)(1 = p2)!F exp( 0 f2(s)ds),
2(t) < 2(0)(1 — p3)lF] exp( f3(5)d5>,

where f1(s) = a—bx(s), fa(s) = —di + ej’fé‘a) and f3(s) = —dg—&—%z(s). Thus,

x(t),y(t), z(t) remain strictly positive on [0, tg). O

Now, we give the basic properties of another impulsive differential equation
as follows:
y'(t) = =diy(t), t#nT, t #(n+7—1)T,
(2.5) y(tt) = (L —p2)y(t), t=(n+7-1)T,
y(t") =y(t) +q, t =nT.
The system (2.5) is a periodically forced linear system. It is easy to obtain that
—di(t—(n—-1)T
ot == DD) () ypy < g - )T
(26) y*(t) — 1-— (1 - p2) exp(—le)
q(1 = p2) exp(—=di(t — (n — 1)T))
1—(1—p2)exp(—diT)

,(n+7—1)T <t <nT,
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* ok _ * _ q(1—p2) exp(—di7T)
y (0+) =Y (nT+) B 1*(1*P2)ZXP(*¢11T)’ Yy <(n+T_1)T+> - ff(lgngei(p(*lle)

is a positive periodic solution of (2.5). Moreover, we can obtain that
(2.7)

e q(1 —p2)e ™
1- p2) ! (y(OJr) - 1_ (1 _p2) exp(—le)
n—1DT <t<(n+71—-1)T,
_ e T
n+7—1T <t<nT,

) exp(—dut) + (1),

(
y(ty = ¢
(
(

is a solution of (2.5). From (2.6) and (2.7), we get easily the following result.

Lemma 2.6. All solutions y(t) of (2.5) tend to y*(t), i.e., y(t) —y*(¢)] — 0

ast — o0.

It follows from Lemma 2.6 that the general solution y(¢) of (2.5) can be syn-
chronized with the positive periodic solution y*(¢) of (2.5) and we can obtain
the complete expression for the prey and top predator free periodic solution of
the system (1.1)

(0,57(2),0).

3. Main results

First, we show that all solutions of (1.1) are uniformly bounded.

Theorem 3.1. Thereis an M > 0 such that x(t) < M,y(t) < M and z(t) < M
for all t large enough, where (x(t),y(t), 2(t)) is a solution of the system (1.1).

Proof. Let (z(t),y(t), 2(t)) be a solution of (1.1) and let u(t) = Zx(t) +y(t) +
S2(t) for t > 0. Then, if t # nT, t # (n+7—1)T and ¢ > 0, then we
obtain that 2410 = —22ba2(¢) 4 224(t) — dyy(t) — ©%22(t) and hence 24 +
Bou(t) = —%bx2(t) + 2%x(t) + (B — di)y(t) + (8 — d2)2(t). From choosing
0 < Bo < min{dy,ds}, we have

du(t)
at + Bou(t)

02b

(3.1)

IN

p (t)+%2(a+ﬂo):v(t), t#nT, t# (n+7—1)T, t>0.
1 1

As the right-hand side of (3.1) is bounded from above by My = %, it
follows that
du(t)
dt

+ Bou(t) < My, t #nT, n# (n+7—1)T, t > 0.
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Ift = nT, then u(t™) = u(t)+q and if t = (n+7—1)T, then u(tT) < (1—p)u(t),
where p = min{p1, p2, ps}. From Lemma 2.4, we get that

u(ﬂéUo( I1 <1p>> exp( /Otf)’odS)

0<kT<t
t t
+ (1 —p)> exp( [ —PBody)Mods
(3.2) /0 (0511}« (/s ’ ) ’
e (I el [ )
0<%7;<t (kTI[jTQ‘, (/IcT 0 )
qexp(BoT)

My
< u(0™) exp(—fot) + E(l — exp(=fot)) + exp(BoT) — 1

Since the limit of the right-hand side of (3.2) as t — oo is
M,
My gqexp(BT) _ oo,
fo  exp(BoT) —1
it easily follows that u(t) is bounded for sufficiently large t. Therefore, x(t), y(¢)

and z(t) are bounded by a constant M for sufficiently large t. O
Theorem 3.2. The periodic solution (0,y*(t),0) is locally asymptotically stable
if
I — —dy7T
(3.3) ol +1In(1 - p;) < c1q( eapz exp(—d177))
61d1F

and
(3.4)

r —d7T))(T 1-— —di T dy d1dsT

(I' + gexp(=dirT))(I' + ¢(1 — pp) exp(~diT)) _ (1= pg) ™ exp(_ 142 )

T+ )+ q(1 — p2) exp(—d17T)) c4

where I' = ea(1 — (1 — p2) exp(—diT)).

Proof. The local stability of the periodic solution (0, y*(¢),0) of the system (1.1)
may be determined by considering the behavior of small amplitude perturba-
tions of the solution. Let (z(t),y(t), 2(t)) be any solution of the system (1.1).
Define u(t) = x(t),v(t) = y(t) — y*(t),w(t) = z(¢). Then they may be written
as

u(t) u(0)
u(t) | =2(t) | ©(0) ],
w(t) w(0)
where ®(t) satisfies
a— Zy*(t 0 0

o (N0 0o

E = Zy ( ) —aq _62+y*(£) (b(t)
0 0 —dy + cay™ (t)

ea+y*(t)
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and ®(0) = I, the identity matrix. So the fundamental solution matrix is

exp(fot a— ;—iy*(s)ds) 0 0
d(t) = exp( ot% *(s)ds) exp(—dit) exp(— Ot ezs_fy(fg) ds)
0 0 exp( [y —ds + L) ds)
The resetting impulsive conditions of the system (1.1) become
u((n+7—1)TT) 1-pm 0 0 u((n+7-1)T)
v((n+7-1T) | = 0 1—po 0 v(ln+7—-1T)
u((n+7—1)TT) 0 0 1—ps) \w((n+7-1)T)
and
u(nT™) 1 0 0\ [u(nl)
v(nTT) | =10 1 0] | v(nD)
w(nTt) 0 0 1) \w(nT)
Note that all eigenvalues of
1—p 0 0 1 00
S = 0 1—po 0 0 1 0]o(T)
0 0 1—ps 0 0 1

are pu = (1—p1) eXp(foT a— 2y (t)dt), p2 = (1—p2) exp(—=diT) < 0 and pz =

T cay™(t . * exp(—dit
(1—ps)exp(f, —da+ ez‘fyf(l) dt). Since y*(t) = 1_(1‘1_p2‘;(expt_)le),O <t<r7T,

and y*(t) = 13((11—71;22)):3;2((—:?:%), 7T <t <T, we have

T — €EgPp2 eXpl—a1T
(3.5) /O y*(t)dtZQ(F pdellf)( di7T))
and
(3.6)

oy Ty Ty @)
/o €2+y*(t)dt_/o e2+y*<t>dt+/ﬁe2+y*<t>dt

_ 1 m((l“ + gexp(—di7T))(T + q(1 — p2) exp(—le))>
dq (T + q)(I' + q(1 — p2) exp(—d17T)) ’

where I' = e5(1 — (1 — pa) exp(—diT)). It follows from (3.5) and (3.6) that the
conditions |p1] < 1 and |us| < 1 are equivalent to the equations (3.3) and (3.4),

respectively. Therefore, from the Floquet theory [1], we obtain (0,y*(t),0) is
locally stable. O

Definition 3.3. The system (1.1) is permanent if there exist M > m > 0 such
that, for any solution (x(t),y(¢), z(t)) of the system (1.1) with xo,yo, 20 > 0,

m < tlim infz(t) < tlim supz(t) < M,

m < 75lim infy(t) < tlim supy(t) < M,
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and

m < lim inf z(¢) < lim sup z(¢) < M.
t—o0 t—o0

To prove the permanence of the system (1.1), we consider the following two

subsystems. If the top-predator is absent, i.e., z(t) = 0, then the system (1.1)

can be expressed as

() = a()(a — ba(t)) ~ LA
. x(t)y(etl)Jr =t £nT, t# (n+7— 1T,
y(i): dy (t)+m,
z(t7) = (1= p1)z(t),
3.7 _
(3.7) WD) = (1 poye), [ #(n+71-1T,
x(t+) = .T(t), _
ut =y +p [T
(x(07),5(07)) = (x0, yo)-
If the prey is extinct, then the system (1.1) can be expressed as
V(1) = —diy(r) - S0,
erzL)y((tt)) } t#nT, t# (n+71— 1T,
") = —doz C4
Z((tj)_ (d2 (t))+(e)2 N
3.8 yit7) = {1 =p2)ylt), _
(3-8) () = (1 — po)a(t) } t#m+71-1T,
y(t") = y(t) +p,
2(t) = 2(8), b=nl,
(y(07),2(07)) = (yo, 20)

Especially, B. Liu et al. [7] gave a condition for permanence of the subsystem
(3.7).

Theorem 3.4 ([7]). The subsystem (3.7) is permanent if

c1q(T — eapo exp(—di7T))
61d1P ’

aT +1In(1 —py) >

where T' = ez (1 — (1 — pa) exp(—diT)).
Theorem 3.5. The subsystem (3.8) is permanent if

(T + gexp(—di17T))(T + q(1 — pa) exp(—diT)) T _ didoT
(F'+q)(I'+ (1 — pa) exp(=dy7T)) <(-rs) p( ca )

where T' = ez (1 — (1 — pa) exp(—d1T)).
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Proof. Let (y(t),2(t)) be a solution of the subsystem (3.8) with yo > 0 and
zo > 0. From Theorem 3.1, we may assume that y(f) < M and z(t) < 2M.
Then ¢/ (t) > —(d1+M)y(t). From Lemmas 2.3 and 2.6, we have y(¢) > u*(t)—¢
for € > 0, where

gexp(=(di + M)(t = (n—1)T)) o

- ) 1 payesp(—@ anr) "o DTS
q(1 —p2)exp(=(di + M)(t — (n — 1)T))

1—(1—po)exp(—(di + M)T)

,(n+7—-1)T <t <nT.

Thus, we obtain that y(t) > — (ficg‘zp)(;(;d(f(%fjej)T) — € = myg for sufficiently

large ¢. Therefore, we only need to find an mg > 0 such that z(¢) > mqy for
large enough ¢. We will do this in the following two steps.

(Stepl) From the assumption of this theorem, we can choose my > 0, ¢; > 0
small enough such that

_ G (Bt
P =(1 pg)exp( dsT 6261T d11n<A2)>>1’

where Ay = (v +gexp(—(di + &ma)7T)) (v + q(1 — p2) exp(—(dy + £2m1)T)),
Ay = v+ q)(v+q(l — p2)exp(—(di + 2m1)7T) and v = (e2 +€1)(1 — (1 —

p2) exp(—(di + £2mq)T)). In this step, we will show that z(¢1) > m; for some
t; > 0. Suppose not, i.e., z(t) < my for ¢t > 0. Consider the following system.

V(1) = ~(d + o),

w/(? = -(da- M)W(t), } t# (ntr— 1T, t#nT,
IR e B

;}53 _ Uw<(tt)>,+p’ t=nT,

Then, by Lemmas 2.3, we obtain y(t) > v(t) and z(t) > w(t). By Lemma 2.6,
we have v*(t) + €1 > v(t) > v*(t) — €1, where, for ¢t € ((n — 1)T, nT],

gexp(—(di + 2my)(t — (n —1)T))
1— (1 —p2)exp(—(dy + &2m1)T)
q(1 — p2) exp(—(dy + Z2my)(t — (n — 1)T))
1= (1= p2)exp(—(di + £2m)T)

L (n—DT<t<(n+r-1T,
v (t) =

,(n+7—-1)T <t<nT
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is the periodic solution of the impulsive equation (2.5) with d; changed dy +
Z—gml. Thus

’ C4U*(t) — C4€1
w'() > (—do + my*—(ﬂjq)w(w

cqv*(t) cy
> (o = S Ju(t).
7( 2+62—|—61 -‘r’U*(t) 6261 w()

(3.10)

Integrating (3.10) on ((n +7 — 1)T, (n+ 7)T, we get
w((n+7)T)

C4 cqv*(t)
>wln+7—1)TH)ex (/ —dy — —€ +dt>.
( T") exp (n4r—1)T 2T ' et e +or(t)

(n+1)T

Since

(n+7)T * (¢
/ B O N
(

ntr—1)T €2 + €1 +v* (t)

= B /T n(1 = ps) r — L /TT il dx
di+ 2my Ji_nyr ez + e +n(l—p2)w di+gm Jy extet+nr

we get w((n+7)T) > w((n+ 7 —1)T)®. Therefore z((n + 7+ k)T) > w((n +
T+k)T) > w((n+7)T)®* — 0o as k — oo which contradicts the boundedness
of z(t).

(Step 2) Without loss of generality, we may let z(t1) = mq. If 2(t) > my
for all t > t;, then the subsystem (3.8) is permanent. If not, we may let
to = infysy, {2(t) < mi1}. Then z(t) > my for t; <t < ty and, by continuity
of z(t), we have z(t2) = m; and ¢; < to. There exist a ¢ (> t2) such that
z(t") > mq by Step 1. Set t3 = infyse,{2(t) > m1}. Then z(t) < my for
to <t < ts and z(t3) = m;. We can continue this process by using Step 1.
If the process is stopped in finite times, we complete the proof. Otherwise,
there exists an interval’s sequence [tog,tor+1],k € N, which has the following
property : Z(t) < my,t € (t2k,t2k+1), top—1 < top < togy1 and Z(tn) = m,
where k,n € N. Let Ty = sup{tor+1 — tar | k € N}. If Ty = oo, then we can
take a subsequence {ta, } satisfying top,+1 — tor, — 00 as k; — co. As in the
proof of the first step, this will lead to a contradiction to the boundedness of
z(t). Then we obtain T < co. Note that

z(t) > Z(tgk)@XP(/t —dy — 6—461 + L*(S)ds)

tor €2 €2 + €1 + v*(s)
> mq exp(—dgTO) =mg, t € (tgk,tgk_i_l], k e N.

Thus we obtain that liminf;_ ., 2(¢) > mso. Therefore we complete the proof.
O
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Theorem 3.6. The system (1.1) is permanent if
c1q(T — eapaexp(—dy7T))

(3.11) aT +In(1 —p;) >

61d1F
and
0L gexplodir T + 401 = o) expl—aT)) dvdyT
qgexp(—a1T q(1 — p2)exp(—dy %ex 10z
(T + q)(T' + q(1 — p2) exp(—d,7T)) <(d=ps) p( 4 >7

where T' = ea(1 — (1 — p2) exp(—diT)).

Proof. Let T' = ea(1 — (1 — p2) exp(—diT)). Consider the following two subsys-
tem of the system (1.1).
(3.13)

#4(t) = a1(6) (a — bar (1) - effﬁgt) ).

yi(t) = yl(t)(—dl + efflx(f()))
p1)z1(t),
)y

[(0), }t (n+7—-1)T,

t£nT, t# (n+7—-1T,

t=nT,

and

(3.14) {2l

(y2(07), 22(0%)) = (0, 20)-

It follows from Lemma 2.3 that z1(t) < z(t) , y1(¢) > y(¢), y2(t) < y(t) and
20(t) < z(t). If aT +In(1 — p1) > Clq(r*egz?rﬁ(*d”n), by Theorem 3.4 the
subsystem (3.13) is permanent. Thus we can take T3 > 0 and m; > 0 such

(D+gexp(—=diTT))(T+q(1—p2) exp(—diT))
that x(t) > my for ¢ > Ty. Further, if q(Fiq)(%+q(1 ngexp?Q lepT)) 1 <

dy
(1—pg) =t exp(— by Theorem 3.5 the subsystem (3.14) is also permanent.
Therefore, there exists To > 0 and mgy,m3 > 0 such that y(t) > my and
z(t) > mg for t > T5. The proof is complete. O

dldgT)
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Remark 3.7. It follow from Theorems 3.1, 3.2 and 3.6 that Theorems 3.1, 3.2
and 3.4 in [13] are Corollaries.
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