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Abstract 

This paper deals with design procedure of online guidance and control law for 
future missiles that requires agile maneuverability. For the purpose, the missile with 
high powered side thruster is proposed. The guidance and control law for such missiles 
is discussed from a point of view of optimal control theory in this paper. Minimum time 
problem is solved for the approximated system. It is derived that bang-bang control is 
optimal input from the necessary conditions of optimal solution. Feedback guidance 
without iterative calculation is useful for actual systems. In this paper, multiple design 
point method is applied to design feedback gains and feedforward inputs of the 
guidance and control law. The numerical results show that the proposed guidance and 
control law has a high-performance for wide-ranging boundary conditions. 

Keywords : Guidance and control, Optimization, High Maneuvering 

Introduction 

For the future missile, it is well known that high maneuvering and high response rate 

are required. However, conventional steered wing systems lack ability for the future missile 

to cope when high maneuvering and high response conversion is needed. In addition, the 

front wing (canard) on the missile model has tendency to be unstable when the control 

systems are designed[1]. The minimum time guidance and control of the missile systems 

are studied among many researchers with guidance of point mass model, control of rigid 

body systems, and etc[2-3]. In addition, there are also cases which mainly concerns on 

attitude control with linear equation of motion [4-5]. 
The authors have been studying on guidance and control system design of the missile 

with the efficient side thruster method for the high maneuvering and high response rate. The 
side thruster system has an independent gas generator and generates thrust in the 
perpendicular direction to body axis. In addition, the thrust does not depend on dynamic 
pressure and is effective even in the low-speed region immediately after launching or in the 
high altitude region. It is expected that this method is useful for high maneuvering and rapid 
response in the future missiles. It is assumed that the side thruster device changes the 
amplitude of thrust continuously.  
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In this paper, the new design procedure that uses optimal control theory in order to 
aim at designed guidance and control system of missile using the side thruster is proposed. 
The proposed control law is superior in safety and effective in this agile motion. The 
guidance and control system is required to calculate a optimal trajectory under 
wider-ranging boundary conditions in short period of time.  

Iterative calculation is used in the conventional algorithm to solve optimal control 
problem [2-3,6-7]. However, another calculation is necessary to derive the trajectory for 
the different boundary condition. It is not suitable for realistic missiles system. The 
proposed design procedure is the design system that uses the guidance law by the multiple 
models which optimizes multiple boundary conditions simultaneously. This feature is 
calculating the switching function by feedback.  

As the previous study of the multiple design point method, following papers are 
written [8-10]. Miyazawa applies this design procedure to design feedback controller [8-9]. 
Optimal trajectory is designed in reference [10].  

The proposed procedure also has ability to correspond flexibly to the change in the 
change frequency of bang-bang input by using the tendency that the switching function 
continuously changes by the initial condition. The designed system is able to calculate the 
continuing optimal input and trajectory within designated section with different boundary 
conditions. This new designed procedure is applied to the side thruster on-board missile and 
the numerical simulation is done. The usefulness of the proposed system is verified.  

Missile Model 

In this paper, maneuvering in the vertical plane is treated. In this section, the missile 
model of longitudinal motion is derived. Outline of the missile model and coordinate system are 
shown in figure 1. The missile model uses the equation of motion of a general missile that flies 
in the inertial space. In addition, this equation expresses both rotational and translational 
motion. The velocity and mass of the simulation is set as constant, the effect on the 
aerodynamic coefficient by the control surface and thrusters are omitted, and gravity force is 
not taken into account. Under these conditions, the equations of motion are as follows [11]. 

( ) r T SZ Z Z Tγ θ γ δ= − + +& α δ                     (1) 

( ) r T Sq M M M Tα δθ γ δ= − + +&                       (2) 

mz V γ=&                        (3) 

q

x

axT

q=&                        (4) 

Here, the constraints on steering input and thruster input are given as follows. 

rmin r rmaδ δ δ≤ ≤                          (5) 

Smin S SmT T≤ ≤                      (6) 

Where [mV m s ] is flight velocity and r  [ deg] is rear wing steering angle. [N] 

and [N] shows thrust of the orthogonal direction to body axis and lift. In addition, 

δ ST

rL

α δZ ,Z [1 s ] and α δM ,M [ 21 s ] are aerodynamic differential coefficients. The state variables are 

region attitude angle θ[ ], pitch rate q[deg deg s ], flight-path angle γ [ ], and distance 

of

deg
z [ ]axial direction. m

Here, the thruster combusts the gas to vertical direction and the valve is used to 
control the difference between two thrusters. Therefore, this is the non-impulse thruster. It 
is possible to modify the thrust continuously. In addition, the thruster arrangement is to the 
front from center of gravity, the rear steering wings are set at the rear from center of 
gravity.  
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Fig.1. Outline of the missile model and coordinate system  

Furthermore, the constraint on the angular velocity of the steering angle is not given 
in this paper. The horizontal directional distance is not given for they are not used in the 
optimal control problem used in this paper. 

Design Procedure 

3.1 Minimum time problem 
a) Statement of problem 

In this chapter, optimum input is derived by solving the minimum time problem with 
open loop numerical calculation. Outline of that system is shown in figure 2. In this paper, 
problem of terminal maneuvering is treated. Block diagram of conventional design system is 
shown in figure 3. A missile is required to shift in the z direction within the minimum time. 
The required distance of maneuvering is presented as Z0. The trajectory for minimum time 
maneuver is calculated under equation of motions Eqs. (1) ~ (4) with given initial conditions 
and constraints. The initial condition and the terminal condition are defined as follows [12].  

( ) ( ) ( ) ( ) 0θ 0 = q 0 = γ 0 = 0,z 0 Z=                  (7) 

( ) ( ) ( )f f fθ t =q t =γ t =0 , ( )fz t = 0                (8) 

These constraints define that the missile is placed in parallel position at terminal condition as 
shown in Fig. 3. However,  is terminal time. The criterion function is as follows  ft

f

 0

t
J = d∫ t                  (9) 

From criterion Eq. (9) and boundary conditions Eqs. (7) and (8), the optimal input for the 
thrust and the steering angle is derived.  
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Fig. 2. Block diagram of conventional design system 

Z0

z

x  

Fig. 3. Outline of minimum time problem 

b) Necessary condition of optimization solution 

Before numerical calculation, the necessary condition from optimal control theory is 

shown. When the adjoint variables are , the Hamiltonian of the system is as follows with the 

integrand of the criteria

λ
Land state equation f .  

TH = L+ λ f                     (10) 

In case of the designated thruster on-board missile model, the Hamiltonian is as follows.  

( )
(
1

2

3 4

1 ( )

( )
r T s

r T s

m

H Z Z Z

)
T

M M M T

V q

α δ

α δ

λ θ γ δ

λ θ γ δ

λ γ λ

= + − + +

+ − + +

+ +

               (11) 

From necessary conditions of the optimal control theory, following two equations are 
derived. 

1 1r 2H Z Mδ δσ δ λ λ= ∂ ∂ = +                              (12) 

2 1 Ts 2 TH T Z Mσ λ λ= ∂ ∂ = +                              (13) 

The optimum inputs are given as follows. 

( )
( )
( )

rmax 1

r rint 1

rmin 1

δ < 0

δ = δ = 0

δ > 0

σ

σ

σ

⎧
⎪⎪
⎨
⎪
⎪⎩

,

( )
(
( )

smax 2

s sint 2

smin 2

T <

T = T = 0

T >

σ

σ

σ

⎧
⎪⎪
⎨
⎪
⎪⎩

　

　

　

)
0

0

                 (14) 

rintδ and sintT are singular input which uses intermediate values of input, obtained when the 

switching function iσ  keeps 0. From differentiate of iσ given from necessary condition of 

optimum control theory, iσ is difficult to keep 0 in finite time. Therefore, existence of 

singular input is impossible and optimal solution is bang-bang input. From the following 

section, optimum input is calculated as bang-bang input.  

c) Condition of the simulation   

Simulation condition is at altitude of 10,000ft, flight velocity of Mach 2, and designed 
the Z0 displacement of the missile as 10m. 

As the flight velocity in simulation is constant at Mach 2, aerodynamic characteristic 
does not change. 

3.2 Example calculation   

The minimum time problem that is shown with the previous section is solved 
numerically, optimum input is calculated. The side thruster is arranged at 0.5m forward from 
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center of gravity of the missile with total length of 3m. The maximum input for the side 
thruster and steering angle is limited to 4g and 20 deg due to the quality and flight 
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Fig. 4. Optimum input (thrust)                        Fig. 5. Z coordinate  
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Fig. 6. State variables (Design point at 10m) 

characteristics of the hardware. The optimum calculation result is shown in Fig.4-6. In Fig. 4, 
input becomes bang-bang input, both the steering angle and the thrust. In Fig. 5, transition of the 
flight-path obtains the satisfying result with little overshoot by use of the side thruster. In Fig.6, 
state variable are obtained within the satisfying result without errors. 

Multiple Design Point Method 

4.1 Design procedure 
Large amount of calculation is necessary to solve the optimal control problem like the 

one that is shown in the previous chapter. It is impossible for real-time systems to solve the 
optimal control problems because of calculation time and reliability of conversion in iterative 
calculation. The optimal inputs or reference trajectories are required to be provided as 
functions of time for the different boundary conditions. This paper proposes a new design 
procedure to provide a guidance law which is suitable for real-time systems. The guidance 
law calculates the switching function of input variables from the given initial conditions and 
the varying state variables.  

The switching function is formed with the feedback term and the feedforward term 
that are defined as function of nondimension time. The feedback is necessary in order to 
cope with terminal error of state variables. However, it is difficult to generate the optimum 
input only by linear combination of state variables. Therefore, the feedforward term is 
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necessary. Iterative calculation is not necessary the feedback term and feedforward term. It 
is possible to calculate the switching function optimally without iterative calculation even if 
the boundary condition changes. The switching function is shown in the following equation. 

 ( ) ( ) ( )0 1, 2i i it t k x i　 　σ σ= + =                    (15) 

where ki is a vector of feedback gains. The subscript i represents the input variable, i=1 is 
the steering angle of rudder and i=2 is the thrust of side thruster. It is useful that the 
feedforward term is common for each boundary condition. The terminal time, however, 
depends on each boundary condition. Therefore, non-dimensional time is introduced in this 
paper. The definition is as follows. 

 ft tτ =                   (16) 

where tf is estimated terminal time, which is given as the following equation. 

1 0ft A Z= 2A+                                  (17) 

where 1A and 2A are constants and Z0 is the initial position of the missile in z-direction. The 

feedforward term is given as follows. 

 ( ) ( ) ( )0 0 0i N f Nt t tσ σ σ= = τ                  (18) 

where ( )0 Nσ τ is the common feedforward term in non-dimensional time. The input variables 

are given as bang-bang control in the optimal solution. Bang-bang control, however, is not 
suitable for optimal design procedure because the input variable does not change even if the 
switching function changes in most regions. Therefore, this paper proposes that the input 
variables are given as following equation. 

1
max 1

1
max 2

2

2

tan

tan

rr

s S
T T

π

π

δ σδ

σ

−

−

⎛ ⎞⎛ ⎞ ⎜=⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

⎟                  (19) 

The input variable depends on the switching function in all of the regions. The block diagram 
of proposed guidance law is shown in Fig.7. The unknown parameters to be designed are 
feedback gains ki in Eq. (15) and 1A and 2A in Eq. (17). The unknown function to be 

designed is ( )0 Nσ τ  in Eq. (18).  

The unknown parameters and function should be designed under optimization 
technique. Multiple-model technique is used in this paper. In this paper, the multiple models 
mean the multiple boundary conditions. The multiple optimal control problems with the same 
guidance law and the different boundary conditions are solved simultaneously. The solution 
provides the optimal parameters i , k 1A and 2A , and the optimal function ( )0 Nσ τ .  

An example using two models is shown in this chapter. The state variables are x(1) 
and x(2). The numbers of subscript represent the number of each boundary condition. The 
state differential equations are given in the following equation. 

( )

( )

(1) (1) (1) (1)(1)

(2)
(2) (2) (2) (2)

, , ,

τ τ , , ,

T

T

q zxd d
xd d q z

g q

g q

念 ÷ç念 ÷ç÷ç ÷ç÷ ÷ç = ç÷ ÷ç ÷ ç ÷÷çç曜 ç ÷÷ç ÷ç曜

(1) (1) (1)

( 2 ) ( 2 ) ( 2 )

( , )
( , )

f

f

t f x u
t f x u
念 × ÷ç ÷ç= ÷ç ÷÷×çç曜

                  (20) 

The independent variable is the non-dimensional time defined in Eq. (16). The initial and 
terminal conditions are given as follows. 
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Fig. 7. Block diagram of new design system 
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( )

( )

( )

( )

(1) (1) (1)

(2) (2) (2)
τ 1

γ , , 0,0,0

0,0,0γ , ,

T T

TT

z

z

q

q
=

念 念÷ç ÷÷ çç ÷÷ çç ÷÷ = çç ÷÷ çç ÷÷ ç ÷÷ç ç÷ 曜÷ç ÷ç曜

                      (22) 

The pitching rate q is not specified at the terminal. The input variables are given using Eqs. 
(15)-(19). The criterion to be minimized is given as the summation of terminal time and 
terminal error of q. 

                 (23) ( 2
( ) ( )

τ 1

2

1
f j j

j

J t q
=

=

殞= +油薏å )

The design procedure is defined as an optimal control problem. The optimal parameters and 
function are given in the optimal solution. 

4.2 Example calculation 
In this section, the control system that was designed in the previous chapter is used to 

verify various basic characteristics.  Figs. 8-10 shows the results from the initial position 
of 10[m] by the guidance and control law which is designed at 5[m] and 10[m] through 
simultaneous optimum calculation. Fig. 8 shows that thrust input becomes bang-bang input 
in deformed shape. However, steering angle becomes almost bang-bang input. Fig. 9 shows 
time history of z trajectory. The same result by optimum offline calculation with single design 
point is shown in Fig. 5. The terminal time is a little longer in Fig. 9 than in Fig. 5. However, 
two lines in Figs. 5 and 9 are similar. State variable fluctuation is small enough compared to 
the whole scale in Fig. 10. Although there is a little error in pitch rate at the terminal, the 
error is small enough and obtains satisfying results. From the results of optimization with 
multiple conditions, the design procedure is possible to obtain almost similar result with 
optimally calculated results as a single design point by iterative numerical calculation. The 
results show that deigned online optimal control was able to control the missile with littlie 
deterioration. However, when Z0 exceeds design points as in Fig. 11, the design procedure is 
difficult for on-board missile since terminal error becomes too large. fZ is terminal error in 

z coordinate. From these results, the optimal computation of the wide region maneuver 
becomes possible using Eq. (15), which is the real-time calculation without iteration. For 
the proposed guidance and control law, iterative calculation is only once and off-line in the 
design procedure. It is great advantage calculation time for a real-time system. 
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Fig. 10. State variables ( Z0=10m )          Fig. 11. Terminal error in z coordinate      

(Design points 5m and 10m) 

New Guidance and Control Law 

In the previous chapter, the good result was obtained by the method. However, the 
following point is necessary in the realistic missile guidance and control system. The point is 
the simultaneous optimization whose terminal error is small in the wide region.  

In this chapter, the guidance law for realistic missile guidance and control system is 
proposed by improving the method of the previous chapter. The guidance law is verified by 
the following law.  

1) The guidance law of the continual coefficient change which connects design section 
and connecting section 
2) The guidance law by continuous design section  
Details of the guidance law are as follows.  

1) Guidance law Ⅰ    

Outline of the guidance law is shown in Fig. 12. The procedure connects design 
section and connecting section which makes one guidance law. 

Here, dis interval of the design points. Design section is between two design points, 
and connecting section is between two design sections. represents the number of design 
section. is the maximum number of n .

n

maxn maxD is the maximum design point which is equal to 

( )max 1n d+ . maxD is optional value and is defined 20[m] in the following simulation. The 

optimum calculation is calculated from d[m] to maxD [m]. 
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Optimal calculation for every d[m] interval, and in Eq. (15) are defined as follows.  ik

Z0

0

;Design point
;Design section

;Connecting section

・・・

ik
0iσ

d

maxD

d d d d d d

;1n ;3n;2n ;4n ;5n max;n n

 

Fig. 12. Outline of Guidance law Ⅰ  

( )

( )

0

0

( ,( 1) )

(( 1) , ) (( 1) ,( 2) )

Z ( 1) ;

Z 1 ;

i nd n d

i
i n d nd i n d n d

k nd n d

k a k b k

nd n d n even　                     

    

　

+

− + +

⎧ ≤ ≤ +
⎪
⎪⎪= ⎨ × + ×⎪
⎪ ≤ ≤ +⎪⎩ ( )

n odd

　

　

　

         (24) 

( ) 01n d Z
a

d
+ −

= , 0Z ndb
d
−

=  

where i is ) whenk ( ,2i d dk 0Z is smaller than and i is  whend k
max max( , )i n d Dk 0Z is greater than maxD .  

0iσ are similarly defined as follows. 

( )

( ) ( )

( ) ( )
( )

0

0 ( ,( 1) ) 0

0 (( 1) , ) 0 (( 1) ,( 2) )

0

Z ( 1) ;

Z ( 1) ;

i

i nd n d

i n d nd i n d n d

t nd n d n odd

t
a t b

nd n d n even

　 　 　 　

              　

σ

σ
σ σ

+

− + +

⎧ ≤ ≤ +
⎪
⎪⎪= ⎨ × + ×⎪
⎪ ≤ ≤ +⎪⎩

t

                (25) 

( ) 01n d Z
a

d
+ −

= , 0Z ndb
d
−

=  

( )0i tσ is ( )0 ( ,2 )i d d tσ when 0Z is smaller thandand ( )0i tσ is ( )0 m ax m ax( , )i n d D tσ when 0Z is greater than . maxD

ft are defined as follows. 

( )
( )

1

1 2

 0

0 0 max 0
f

0

max

A Z
t

A Z A d Z D Z D

　                  　 　

　 　 ,

⎧ ≤⎪= ⎨
+ < ≤ >⎪⎩

Z d
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A a A b A

nd n d n evev

　 　              

　  　

                              

　

　

+

− + +

⎧ ≤ ≤ +
⎪⎪= × + ×⎨
⎪

≤ ≤ +⎪⎩

                     (26) 

( )

( )

( ,( 1) ) 0

(( 1) , ) (( 1) ,( 2) )

0

Z ( 1) ;

Z ( 1) ;

i nd n d

i i n d nd i n d n d

A nd n n odd
 ( ) 01n d Z

a
d

+ −
= , 0Z ndb

d
−

=  

When 0Z is smaller than d, 2A in Eq. (17) is not used because the terminal time is 0 in case 

of initial error is 0. iA is when( ,2i d dA ) 0Z is smaller than dand iA is when ( )m ax m ax,i n d DA 0Z is 

greater than maxD . 

At first, relationship of feedback gain of thrust to state variable z is shown in the Fig. 
13. Feedback gain is changed continuously. Terminal error in z coordinate is shown in Fig. 
14. From the result, optimum calculation of the wide region became possible. However, 
terminal errors appears with connecting section. The terminal state variables are shown in 
Fig.15. Error has appeared largely in connecting sections. The connecting sections is the 
section whose change is large. 
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2) Guidance law Ⅱ 

The guidance lawⅠwas designed to satisfy the rapid wide range calculation. The 
result has shown that the guidance law has some problems with the terminal errors. 
Therefore, the guidance law with continuous design section is designed. Outline of the 
guidance law is shown in Fig.16. The procedure connects design section and design section 
and makes one guidance law. 

ik of Eq. (15) are defined as follows. 

( 0( ,( 1) ) maxZ ( 1) ;1i i nd n dk k nd n d n n n　 　 　  += ≤ ≤ + ≤ )≤

i d

                    (27)   

0Z is smaller than dand ik is )  whenik is )k when( max maxi n d Dk ( , 0Z is greater than maxD .  ,2d

0iσ are similarly defined as follows. 

( ) ( ) ( )0 ;0 0 ( ,( 1) ) Z ( 1) 1i i nd n dt t nd n d n　 　 　  σ σ ≤+= ≤ + maxn n≤ ≤                    (28) 

( )0 i tσ is ( )0 ( ,2 )i d d tσ when 0Z is smaller than d and ( )0i tσ is ( )0 ( , )max maxi n d D tσ when 0Z is greater 

than maxD . 

ft are defined as follows. 
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1 0 0

1 0 2 0 max 0 max

f

A Z
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A Z A d Z D Z D

　                     

　  ,

⎧ Z d≤⎪= ⎨
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                 (29) 
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When 0Z smaller than d, 2A in Eq. (17) is not used because the terminal time is 0 in case of initial 

error is 0. iA is  when( ),2i d dA 0Z is smaller thandand iA is when( ),max maxi n d DA 0Z is greater than maxD . 
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Fig. 16. Outline of the guidance lawⅡ 

Relationship of feedback gain of thrust to state variable z are shown in the Fig. 17. 
The feedback gain has not changed continuously. Terminal error in z coordinate is shown in 
Fig. 18. Since error is small in the wide region, it is possible to obtain the wide region 
guidance system by making design section continually. State variables are shown in Fig. 19. 
Error is small in all regions. Therefore, the guidance law of continuous design section is 
effective.  

The interval of d is changed to check the ability of the control law for various 

calculating conditions. The results are shown in Fig. 20. When the interval of dbecomes wide, 

terminal error becomes large. Therefore, interval of dis suitable at 2m. 
Next, in terminal time, the optimum calculation by present guidance law and single 

point optimum calculation are compared. The results are shown in Fig. 21. The newly 
designed online guidance law using continuous design point method shows similar result with 
the offline optimum numerical calculation. From the result, the optimum calculation in wide 
region is possible according to a simple calculation without the time consuming iterative 
calculation. 

0 4 8 12 16 20 24
-8

-6

-4

-2

0

 

 

k 2

Z0 [m]
0 4 8 12 16 20 24

-1

0

1

2

 

 

Z f [m
]

Z0 [m]

 

Fig. 17. Feedback gain from state variable      Fig. 18. Terminal error in z coordinate 

z to thrust (Guidance law using Eqs.           (Guidance law using Eqs.  
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Fig. 19. Terminal state variable , θ γ  (Guidance law using Eqs. (27) ~ (29), d=2) 
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Fig. 20. Terminal error in z coordinate                Fig. 21. Terminal time 

(Guidance law using Eqs. (27) ~ (29)) 

Conculsion 

In this paper, new guidance and control law for the future missile is introduced. More 
realistic high maneuver construction of missile guidance and control system became possible by 
using new procedure for the missile which uses the side thruster. Error minute being by using 
the guidance law which continues design section, wider-ranging guidance and control system 
was produced. Minimum time maneuver was obtained with almost same result as the result from 
optimal numerical calculation as a single unit. From these results, the optimum calculation in a 
wide region was possible according to a simple calculation without the iterative calculation. 
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