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Design of a Curtailed-SPRT Control Chart*

Young Soon Chang**

-m Abstract =

This paper proposes a curtailed-sequential probability ratio test (SPRT) control chart. For using the conventional
SPRT control chart, the number of items inspected in a sampling point should have no restriction since items in a
sampling point are inspected one by one until an SPRT is terminated, The number of observations taken in a sampling
paint, however, has an upper bound since sampling and testing of an item is time-consuming or expensive. When
the sample size reaches the upper bound without evidence of an in-control or out-of-control state of a process, the
proposed chart makes a decision using the sample mean of all observations taken in a sampling point. The properties
of the proposed chart are obtained by a Markov chain approach and the performance of the chart is compared with
fixed sample size (FSS) and variable sample size (VSS) control charts. A comparative study shows that the proposed
chart performs better than VSS control charts as well as conventional FSS control charts.

Keyword : SPRT Control Chart, VSS Control Chart, Sample Size Upper Bound

1. Introduction ventional approach to sampling for control charts
is to take samples of a fixed size (FSS; fixed
Control charts are used to monitor a process sample size) with a fixed time interval between
and to make sure that it stays in-control. A con- samples (FSIL fixed sampling interval), and the
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resulting charts are called fixed sampling rate
(FSR) control charts. In recent years, variable
sampling rate (VSR) control charts have been
proposed, which vary the sample size or the
sampling interval for the next sampling point
based on the value of the current charting
statistic. The VSR can be achieved by using var-
iable sample size (VSS) or/and variable sampling
interval (VSI) schemes-the VSS scheme varies
the sample size and the VSI scheme varies the
sampling interval. By increasing the sampling
rate during times in which there is evidence of
an out—-of-control state of the process, the VSR
charts can detect an out-of-control state faster
than the traditional FSR charts. See Costa [3],
Tagaras [11], Reynolds et al. [7], Runger and
Montgomery [8], and Zimmer et al. [13] for VSR
control charts.

The size of the next sample or the sampling
interval to the next sampling point of the VSR
control charts is determined in advance. Stoumbos
and Reynolds [9], Reynolds and Stoumbos [6],
Stoumbos and Reynolds [10], and Reynolds and
Kim [5] proposed sequential probability ratio test
(SPRT) control charts which determine the size
of a sample depending on the current data instead
determining the sample size in advance. The
SPRT chart applies a sequential probability ratio
test at each sampling point which is a highly ef-
ficient statistical hypothesis testing method de-
veloped by Wald [12].

The SPRT chart can be considered as a kind
of VSS chart since the sample size of a sampling
point changes. The VSS chart uses one among
a few sorts of sample sizes determined previously.
The sample size of the SPRT chart, however, can
vary from one to infinite extremely. Therefore,
the SPRT chart can detect changes in a process
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much faster than the VSS charts as well as the
traditional FSR charts. See Stoumbos and Rey-
nolds [9] for a detailed discussion.

The SPRT chart can be used when there is
no restriction on the number of observations at
a sampling point. For situations where sampling
and testing of an item is time-consuming or ex-
pensive, the SPRT chart may not be directly
applied. Therefore the SPRT scheme should be
modified for using the chart practically. The ob-
jective of this paper is to propose an SPRT con-
trol chart for a situation in which there exists
an upper bound on the sample size and to eval-
uate the performance of the proposed chart.
When the number of observations in a sampling
point reaches the upper bound, the proposed
chart makes an in~control/out-of-control deci-
sion for a process based on the sample mean of
all observations obtained in a sampling point.

The remainder of this study is organized as
follows. The next section proposes a modified
SPRT chart under the curtailed sequential sam-
pling plan. In Section 3, some statistical proper-
ties of the proposed chart are evaluated using a
Markov chain approach, and the performance of
the charts is compared with those of FSR and
VSS control charts in Section 4.

2. Curtailed-SPRT Chart

The SPRT control chart applies an SPRT at
each sampling point, which is to decide to accept
a statistical hypothesis, to reject it, or to obtain
an additional ohservation. The SPRT needs the
smallest sample size among statistical testing
methods having same type I and type I errors.

When the process mean and the standard de-

viation at the in-control state are g, and o, re-
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spectively, the charting statistic of the SPRT
chart with j observations X;,---X,, at the ith

sampling point to detect a mean shift is
Uijzzgzl(zm_’ﬂ, (1

where Z, =(X,, —p,)/o, and the reference value
v=4/2 is used to quickly detect the mean shift
to p, =y, +60(6>0). When the jth observation is
obtained at the ith sampling point, i) if >4,
the chart issues an out-of-control signal and the
process is examined, i) if 7, < g, sampling at the
ith sampling point is stopped and another SPRT
is started at the next (i+1)th sampling point, or
i) if g< 7, <h, U, is calculated after obtain-
ing an additional observation X, ,,, and the SPRT
is continued. See Stoumbos and Reynolds [9] on
the detailed discussion of the chart.

The SPRT chart detects a process change
much faster than the traditional control charts,
however, it can be used only when there is no
restriction on the number of observations at any
sampling point due to the characteristic of the
SPRT. For situations where the time (or cost)

(Table 1> The probability distribution and the average
of the sampie size of the SPRT chart

(y=0.15, h=16.01, and g=10.00)

5 Num' S 515 10]> 15| > 2| > 25| average

0,00 0171010007 |00 | 04| 500

0.25 031 0241021020018 1704

050 0461043041 {039 | 035 1821

1.00 07410731056 1021008 1448

2.00 097 1020 | 000 | 000 | 000 | 897

Note) * Num : the number of observations in a sam-
pling point.

required to take an individual observation is too
long (or high), it can not be directly applied.
<Table 1> presents the probability distribution
and the average number of observations in a
sampling point when the SPRT chart with v=
0.15, h=16.01, and ¢=10.00 is used. See Chang and
Bai [2] on the formula for obtaining the proba-
bility distribution and the average of the sample
size. The table shows that the number of ob-
servations is fairly large especially when 6 < 1.0.
Therefore, the existing SPRT chart may not be
used when the limitation of the sample size exists.

To overcome a week point of the SPRT control
chart, this paper proposes a curtailed-SPRT con-
trol chart. If the upper bound of the sample size
in a sampling point is N and any distinct evi-
dence of the mean shift is not found by the SPRT
until the (¥—1)th observation is obtained, then it
is reasonable to decide the state of a process with
the sample mean of » observations after the last
~th observation is inspected. The proposed chart
uses the SPRT to detect an out-of-control state
until the (¥—1)th observation is obtained. If the
decision that the process is in-control or out-
of-control is impossible, it is made using the
mean of all & observations, i.e., the chart issues
an out-of-control signal if Z >¢- (1/v/N), where
Z, is the mean of N standardized observations,
%, Z 5, in the ith sampling point, and the mean
and the standard deviation of Z at the in-control
state are 0 and 1/ V~, respectively. From Equa-
tion (1), Uy=N-Z~N-~ Therefore, if the
charting statistic evaluated with the ~th ob-

servation in the ith sampling point,
Uyx>n=¢" VN—N- Y, (2)

i

the chart issues an out-of-control alarm. When
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the jth observation is taken at the ith sampling
point, the operating procedure of the proposed
curtailed-SPRT chart is as follows.

i) In case that j< v -1,

(a) if U;;>h, the chart issues an out-of-control
signal.

(b) if U <g, the chart concludes that the
process is in—control and go to the next
(¢+1)th sampling point.

(c) if g<U;<h and j<N -1, (a)-(c) is re-
peated after obtaining the (j+1)th addi-
tional observation.

(@ if g<U;<h and j=N -1, the following
procedure ii) is applied after calculating
U,, with the last ~th observation.

i) In case that j= A,

(a) if ¥, >, the chart issues an out-of-con-
trol signal.

(b) if U, <n, the chart concludes that the
process is in—control and go to the next
(i+1)th sampling point.

[Figure 1] shows an example of the proposed
chart with ~¥=5. In the first sampling point ¢,,
the chart concludes that the process is in—control
after the 3rd observation is obtained. In the sec-
ond sampling point t,, the chart can not make
a decision on the state of the process with first
4 observations but concludes that the process is

in—control after the last 5th observation is ins-
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[Figure 1] An example of the proposed chart with N=5

pected. In the 3rd sampling point ¢,, the chart is-

sues an out-of-control signal since U, >7.

3. Statistical Properties of the
Curtailed-SPRT Control Chart

To assess FSS control charts, the average
number of sample to signal (ANSS) is used in
general. VSS control charts, however, should be
evaluated with the average sample number (ASN)
and the average number of observations to signal
(ANOS) as well as ANSS due to the variety of
the sample size in a sampling point. In this sec-
tion, the performance measures of the proposed
chart-ANSS, ASN, and ANOS-are derived by
the Markov chain approach proposed by Brook
and Evans [1].

To compute the performance measures using
the Markov chain approach, the state of the chain
should be defined. Let E, E,, E, E, - E, be
the states of a Markov chain, where E, = (— o, g
and E = (h, o) are absorbing states and #, - &,
are transient states defined by dividing (g, k] into
w regions. Let e, be the midpoint of £, u=1, - w,
and the size of the region be 24=(k-g)/w. Then,
E,=(e,~A, e,+A] y4=1,--,w. The transition pro-

babilities matrix in a sampling point is

PLU
of10
0T 01

R= , (3)

where ‘T’ means the transpose of a matrix, 0 is
the column vector whose all elements are zero,
P={p,.}, L={p,;}, and U= {p, 0}, v, v=1,-w. p,,
is the transition probability that the charting sta-
tistic will, when in state £, next make a tran-

sition into state E. p,, and p,, represent the

v



transition probabilities that the charting statistic
will make a transition into absorbing states £
and E,, respectively. See <Appendix> for the
derivation of the transition probabilities.

The performance measures of the proposed
chart can be calculated using the transition prob-
abilities matrix of Formula (3). Let p, be the ini-
tial probability vector whose elements mean the
probabilities that the first charting statistic of a
sampling point is located in transient state £,
u=1,-v, and p; be the probability that the first
charting statistic is in absorbing state £,. If a
process follows a normal distribution, then ANSS,
ASN, and ANOS can be obtained approximately
as

i
ANSS = =,

ASN=1+p} I-P) ' (1-PY" 1)1, (4)
ANOS = ASN - ANSS,

where OC=p,+p,I-P) 1 I-PY HL+ Y, (o
—e, +v—8) -,), ¢(+) is the cumulative standard
normal distribution function, and v, is the vth el-
ement of p, P~ 2. For the detailed derivation, see
<Appendix>,

For using the proposed curtailed-SPRT chart,
reference value ~ and control limits ¢, i, and #
should be calculated considering predetermined
N, 4, and in—control ANSS and ASN (ANSS, and
ASN,). ~ can be determined as /2 and 7n=¢V/N—
N4, where ¢ is determined as the 100(1-1/
ANSS, )th percentile of a standard normal random
variable z,,,.. such as the control limit of a
standardized one-sided X control chart. Then g
and A should be determined by solving Equation
(4). For example, assume that we design the cur-
tailed-SPRT chart with V=10, § = 0.5, ANSS, =

kel ) 4 33

740.8, and ASN, =3.0. In this case, v =6§/2 =0.5/2
= 200135 = 30, and n=3VN-N-~
=3/10—-10 - 0.25=6.99. By solving Equation {4)
with a numerical search methed of IMSL sub-

=025, (= 2y/7498

routines [4], g and & are obtained as g=—0.29
and k= 7.59.

4. Performance of the Cur-
tailed-SPRT Control Chart

This section compares the performance of the
proposed chart with those of the FSS and VSS
X control charts, the conventional SPRT chart,
and the cumulative sequential chart [2]. If in-
control ANSSs (and ASNs) of control charts are
same, the control chart with smaller out-of-con-~
trol ANSS and ASN has a better performance.
Therefore, out-of-control ANSS, ANOS, and
ASN (ANSS, ANOS,, and ASN,, respectively) are
used for a comparison after adjusting the control
limits of control charts whose in—control ANSS
and ASN are ANSS, and ASA,, respectively.

<Table 2> and <Table 3> show 45558, ANOS;S,
and ASN,s of the proposed curtailed-SPRT con~
trol chart, the conventional SPRT chart, the cu-
mulative sequential chart, and the FSS and V5SS
X charts according to the mean shift from 4, to
u, +dc when the upper hound of the sample size
N =10. Note that the conventional SPRT chart
cannot be used practically in this case due to the
limitation of the sample size in a sampling point.
<Table 2> is obtained when ANSS, =740.8 and
ASN, =30, and <Table 3> is constructed when
ANSS, =740.8 and ASN, =5.0. All charts issue an
out-of—control alarm when the standardized
charting statistic is greater than h. VSS X charts
use the sample size n, at the next sampling point

if a charting statistic is less than the threshold
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limit ¢, otherwise, they use n,. v is the reference
value used in the SPRT chart, the cumulative se-
quential chart, and the proposed chart. [Figure
2] depicts the change of ANSS, and ANOS, of the
proposed chart according to the upper bound of
the sample size N.

The tables and figure imply that :

1) The performance of the proposed curtailed-
SPRT chart is better than those of FSS and VSS
X charts especially when 4 is small. In the case
of §=0.5 in <Table 2>, for example, ANSS, of
the FSS X chart is 60.89 and those of the VSS
X charts are 36.66 and 20.94. Whereas ANSS, of
the proposed chart is 14.18. This means that the
proposed chart can detect the mean shift as fast
as 75% and 30~60% than the FSS and VSS X

charts, respectively.

ii) ASN, of the proposed chart.is larger than
those of the FSS or VSS charts especially when
the mean shift is small. ANOS, of the curtailed-
SPRT chart is, however, smaller than those of
the FSS or VSS charts for most cases. This
means that the proposed chart increases the effi-
ciency by obtaining more observations in a sam-
pling point if there is a strong possibility of an
out-of-control state.

iii) The proposed chart performs better than
the cumulative sequential chart when 6> 1.0. The
performance of the cumulative sequential chart,
however, is better than that of the proposed chart
when the size of the mean shift is small. This
is because the cumulative sequential chart uses
a cumulative statistic such as CUSUM (cumula-

{Table 2) ANSS:, ANOS:, ASN; of the curtailed-SPRT, conventional SPRT, and ¥ charts

{ANSSo =740.8 and ASN, =3.0)

e ST | GpiTind | e | s pae | QSR | )
5 |ANSS ANOS ASN[ANSS ANOS ASN|ANSS ANOS ASN|ANSS ANOS ASN|ANSS ANOS ASN|ANSS ANOS ASN
000( 74080 222240 300 |74080 222240 300 |740.80 222240 300 {74080 222240 300 {74080 222240 300 |74080 222240 300
05] B 392 421731 12075 738 | BR 12816 536 |1949% 58488 300 |17006 59241 348 (14376 53086 369
050] 1418 7940 560|349 372% 1068|583 3713 640|608 18267 300 | 3666 14674 398|094 874 424
075 424 B3 669 19 2064 1037] 320 06 645|248 674 3001048 4528 432|608 2619 431
10| 198 1412 713|151 1424 9431223 1424 639|976 2028 300|461 2042 443|341 1464 429
15 133 908 683|128 1088 850|160 1088 64| 4% 148 300|284 1247 49|25 1162 449
150 112 691 617|116 8% 760|132 882 668|291 873 300|214 92 43|25 108& 48
175 L5 57 548|109 743 682|112 743 663|1% 5% 300| 18 7H 420|207 1071 517
200 102 498 48| 106 643 612|105 643 612|147 441 300|159 646 406| 1M 105 54
2250 101 441 437|103 568 551|102 568 557|123 3690 300|143 556 389| 18 1018 5
950| 101 397 393|102 510 500|101 510 505|110 330 300|130 477 367|172 957 55
275) 100 361 361|101 463 458|101 463 458{ 104 312 300{ 119 412 346|161 87 546
3000 100 333 33|10 4% 4% |10 4% 42| 100 303 300|111 364 328|151 T8 52
7 | 05 0% 0.5
n| 159 10.14 1013 3.00 300 300
g | 029 0.08 -0.05
7 | 69
£ 067 0.76
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Table 3> ANSS:, ANOS), ASN; of the curtailed-SPRT, conventional SPRT, and x charts
(ANSS; = 740.8 and ASN, =50)

curaled SERT it GOl | i gy | PSS et | (S0 RS x e
s |ANSS ANOS ASN|ANSS ANOS ASN [ANSS ANOS ASN|ANSS ANOS ASN|ANSS ANOS ASNIANSS ANOS ASN
0.00| 74080 370400 500 |74080 370400 500 | 74080 370400 500 |74080 370400 500 [740.80 370400 500 | 74080 370400 500
025| 7435 48930 65811075 15181 1412|2022 15303 757 |13654 68272 500 |12530 67475 539|956 58260 5%
0501 1301 10362 79| 222 4124 1838|512 4123 805|342 16710 500|2772 1%06 5631561 10069 645
07| 38 3366 879|143 2259 1580|289 2247 7.78|1076 5380 500|903 5167 572|514 BB 660
100] 180 1590 883|119 1551 1303|209 1539 736|450 250 50| 4% UB 56| 297 1947 656
12| 122 1003 82| 109 1182 1084|165 1171 710|239 1% 500|270 1515 561|230 1527 664
10| L6 761 756|106 957 911 | 131 946 72| 157 7% 500|208 1147 551|206 1400 680
LBl 101 633 627|102 806 789110 7% 73|12 610 50| 171 96 543 1% 135 6%
2000 100 548 548|101 6% 689 102 68 674|108 540 50|15 85 53| 187 1316 704
26 100 484 434|101 614 608|100 607 607|102 510 500|143 758 530|170 1259 703
2800 100 43 AB| L0 550 55| L0 54 54|10 500 500|130 678 52|10 1184 6%
270 100 3% 3% 100 500 5001100 4% 494|100 500 500|119 612 514|160 10% 684
300] 100 364 364|100 458 458 | 100 453 453 100 500 500| L1 564 508|150 998 666
7y | 05 0.5 0.5
n| 84 11.04 1089 300 300 3.00
g | -1 -0.58 -099
7| 69
4 -068 0.14

tive sum) control charts.

iv) As N increases, the performance of the
proposed chart is improved exponentially. If the

0 1 |

1 ' L L 1

20

[Figure 2] ANSS: and ANOS: of the curtailed-SPRT chart according to N
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mean shift is small, the conventional SPRT chart
performs better than the proposed curtailed-
SPRT chart with the small upper bound of the

ol 1
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0 20
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sample size. Otherwise, the performance of the
proposed chart is similar to that of the conven—
tional SPRT chart.

5. Conclusions

This paper proposes a curtailed-SRPT control
chart, where items are inspected one by one and
a sequential probability ratio test at each sam-
pling point is applied. The proposed chart can be
used practically when the restriction of the sam-
ple size exists, whereas the conventional SPRT
chart cannot be used in such a case. The per-
formance measures to evaluate the proposed chart
are developed using a Markov chain approach.
The comparative study shows that the proposed
chart performs better than the FSS and VSS X
charts. The performance of the curtailed-SPRT
chart is dramatically improved as the upper
bound of the sample size increases. Further, the
optimal decision problem of the upper bound of
the sample size and the control limits should be
studied.
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(Appendix)

Let the process mean be =, +do, then the

transition probabilities

Po =Pr{U,,.\SE,| U, F,) (A1)
=Pr{e,~A<U, i+ Ze, AU =e,
=d5(el,—eu+A+'yf§)—43(e,,,—eu~A+7—6),

u,v=1,2,--, w

Py =Pr{U,, €5 U, <8 (A2)

NPr{ L‘j+1““g|1/vlj eu}

=d(g—e, +y~0),

u=1 2, w,
Puo=Pr{ U €Epl U, EE:} (A3)
"’Pr{ j+l>h| eu

=1-®(h—e, +y~(s),
u=1,2, w

E

As a similar way, initial probabilities p,, v=1,--,
and p, can be calculated as p, =Pr{
(e” +A+y—6)—

U, E}=¢
Dle, —A+~—6) and Dy :Pr{Ui1 =
E}= &(g +v—4), respectively.

Using Chapman-Komogorov Equation, the n
step transition probabilities matrix, which con-

sists of the probabilities that the nth charting

statistic ¢, will make a transition into state £
when U ,€E, is
P” LIY UII
Re=|0"1 0], (A4)
0f 0 1

where L =P" L+L
U, =1-P)" ' {I-P")U.

he1 =I=P)'1-P"L and

i) Derivation of ANSS

Since the proposed chart performs the SPRT in—
dependently at each sampling point, ANSS can be
easily obtained with the probability OC that the
chart concludes the process is in—control at a sam-

pling point. The probability OC is obtained as

OC=Pr{withU , }+Pr{withU,, ~ U, ,_,}  (A5)
+Pr{with 7} ,}
N [Bl—e, v =00y, ]
=p,+p, I-P) '(I-P"2)L
+Do0 [e—e, +7=8)¢,),

pf+P0

where ¢, is the vth element of pj PY~2. There-

fore, ANSS=1/(1—0C).

it) Derivation of ASN

Let SN be the number of observations ob-
tained in a sampling point, then the cumulative
distribution function of SN is

Pr{SN<n}=pl(L,_,+U,_)+p,+p, (AB)
=pg (I-P" " ")1+(1—pl1)
=1-p{P""'1, a=1,-N—1,

Pr{SN< N} =1,

where p,=Pr{U,; € E,}=1—-&(h +v—45). Using
(A6), ASN can be obtained as

ASN =31 .Pr{sN=n} (A7)
=1-pl14+ 3, ln-pl (P 2-P" )1
+N-p/P¥ 1

=1+py (I-P)" " (I-P¥" 1)1,



