J. Korean Math. Soc. 46 (2009), No. 2, pp. 295-311

THE GROUP OF UNITS OF SOME FINITE LOCAL RINGS I

SunG Sik Woo

ABSTRACT. The purpose of this paper is to identify the group of units
of finite local rings of the types F2[X]/(X*) and Z4[X]/I, where I is
an ideal. It turns out that they are 2-groups and we give explicit di-
rect sum decomposition into cyclic subgroups of 2-power order and their
generators.

1. Introduction

The purpose of this paper is to find the isomorphism type of the group of
units of a finite local ring of some special types namely the ring of the form
R = Z4[X]/(X* +2X 2X"). This is not a chain ring unless a = 0 ([1]). An
ideal of such ring is generated by two elements in general ([2]). We needed to
require a to be rather ‘big’ to find the group of units.

It turns out that the group of units of the rings we consider are all 2-groups.
By the classification of abelian groups they can be written as a direct sum of
cyclic subgroups of 2-power order. Therefore we need to find the generators of
each cyclic factor.

In Section 2, we collect some general information on the properties of rings
of the type we will consider. In Section 3, we compute the group of units of
the ring Fo[X]/(X*) by finding explicit generators of cyclic subgroups which
gives a clue to compute the group of units of a finite local ring of the form
R =7Z4[X]/(X* +2X2,2X").

In Section 4, we compute the group of unit of the ring R = Z4[X]/(X*) by
showing that the liftings of the generators of the group of units of Fo[X]/(X*)
and some extra elements of order 2 form a generating set for the group.

In Section 5, we compute the group of units of the ring of the type Z4[X] /
(X* +2X?) with a certain restriction on a and in Section 6 we compute the
group of units of the ring R = Z4[X]/(X* +2X2,2X").
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2. Finite local rings over Z,4

In this section we collect the properties of the rings of the type we are going to
deal with. First we show that the rings of the type R = Z4[X]/(X*+2X? 2X™)
can be characterized as a Z4-algebra generated by a nilpotent element.

We briefly recall some of the result of [2, 3]. Consider a ring of the form
R = Z4x] with ™ = 0 for some m. Then R is a quotient Z4[X]/I for some
ideal I of Z4[X]. If I is an ideal which is contained in (2), the ideal generated
by 2, then it turns out that I is of the form (2X7).

Now suppose the ideal I not contained in (2). We define an order on the set
Z4 ={0,1,2,3} in the usual way

0<1<2<3,
where we omitted the bars as we will do from now on. On the set C =
{(ag,a1,...,am—1)|a; € Zs} we define an ordering by endowing the lexico-

graphic order. Let
m—1 m—1
f(X)= Zaixa g(X) = Zbi)@
i=0 i=0

be polynomials in Z4[X] with deg(f), deg(g) < m. Then we define
f <gifand only if (ag,a1,...,am-1) < (bo,b1,...,bm—1).
Let us call the element of the form 2X" a 2xr form. And let us call the
polynomials of the form
g(X) =Xk poxh poxhe ... 4 o2xM
with hy < --- < h1 < k < m an xk2 form.

The following theorem is one of the fundamental result in [2].

Theorem 2.1. Let J be an ideal of Z4|X]/I which is not contained in (2).
Let g(X) = X* + 2h(X) € J be the smallest xk2 form in J and 2X" be the
smallest 2xr form in J. Then J = (¢(X),2X"), where —oco < r < [. Here we
let X7 =0.

Thereby we obtain easily the following fact.

Lemma 2.2. Let R be a finite local ring over Z, generated by a nilpotent
element © € R as Zs-algebra. Then R is of the form R = Z4[X]/(XF +
2h(X),2X7), where h(X) is of degree < k.

Proof. First we write R = Z4[X]/I for some ideal I. Then I ¢ (2) for otherwise
we have a surjection Z4[X|/I — Z4[X]/(2). This is impossible since Z4[X]/(2)
is infinite. Since X € R is nilpotent say, X™ = 0 we have a surjection ¢ :
Z4[X]/(X™) — R. By Theorem 2.1, Ker(¢) is generated by the form described
above. d

First we will state a simple lemma ([2]).
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Lemma 2.3. For a positive integer n and r (1 < 2™ < r) we have

(2”) _ J0 (mod 4) if r#2"71,
r/) |2 (mod 4) if r=2""1

In particular,
(a+b)%" =a® +2(ab)>" " +b*".

Let U(R) be the group of units of the ring R = Z4[X]/(X*+2X%) with a > 0
and Ui (R) be the subgroup of U(R) of the form 1 + X f(X), f(X) € Z4][X]
whenever it is well defined. Using Lemma 2.2 it is easy to show that the group
of units of the ring R = Z4[X]/I in which X is nilpotent is a 2-group.

Lemma 2.4. Let R = Z4[X]/1, where X is nilpotent. Then the group of units
U(R) and U1(R) are 2 groups.

Proof. Suppose X! = 0 for some . It suffices to show that a*" = 1 (a € R*)
for some n. But a € R* is of the form ¢ + X f(X) for some ¢ = 1,3 and
f(X) € Z4[X]. Then €2 = 1 and by the lemma above we have (e + X f(X))?" =
2" + 2(€Xf)2n71 + (Xf)Qn = 1 for suitably chosen 2" bigger than [. O

Theorem 2.5 ([1, XVIL3]). If R is a local commutative ring of characteristic
p", then R is generated by its units as an algebra over Zpn.

Hence we can say that the group of units of R takes a ‘large’ portion of the
ring. However our results show that the functor from the category of finite local
rings over Z4 to the category of abelian groups which sends R to the group of
units U(R) is not faithful. In fact, we can construct nonisomorphic rings by:

Proposition 2.6. Let R = Z4[X]/(X* +2X* 2X") with a < r < k. Then
distinct triples (k,a,r) gives rise to nonisomorphic rings.

Proof. Obviously k +7 —a > 2. Hence X* = 2X® and so X*t7"~¢ = 2X" =

and we see that the nilpotency of X is k4+r—a. On the other hand, the additive
structure of R is isomorphic to Z} & Zg_r. Hence 7,k —r and k + r — a are
invariants of R. Therefore distinct triples (k, a,r) gives rise to nonisomorphic
rings. O

Now we will see, by using Theorem 6.5 of Section 6, quite a few of them give
rise to isomorphic group of units.

For the rest of the paper we restrict our attention to the rings of the types
R =TFo[X]/(XF*), Ry = Z4[X]/(X* +2X%) and Ry = Z4[X]/(X*+2X2,2X7).
We have surjective ring homomorphisms
Z4[X]/(X* +2X%) — Zy[X]/(XF +2X 2X7) — Fo[X]/(XF),

which induces surjective group homomorphisms on the groups of units since a
unit in Z4[X]/(X* 42X 2X") (resp. Fo[X]/(X¥)) can be lifted to the units
of the same expression in Z4[X]/(X* +2X?) (resp. Z4[X]/(X* +2X9,2X")).
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3. The group of units of the ring R = Fo[X]/(XF)

In this section we determine the group of units of the ring R = Fa[X]/(X*).
First we observe that the order of the group of units U(R) of R is 2¥~!. By the
classification of finite abelian groups we know that U(R) is a product of cyclic
groups of order a power of 2. To find the isomorphism type of the group we
need to determine the exact order of the cyclic subgroups and their generators.
Throughout this section we let R = Fo[X]/(XF).

Definition 3.1. For a rational number a let [r], to be the smallest integer
greater than or equal to log,(a). Hence 2L7)2 is the smallest power of 2 which
is greater than or equal to a.

If the order o(G) of a group G is 2", then we will say the 2-logarithmic order
of G is n and we will write lo2(G) = n. For x € G we will write loz(z) = n
for the 2-logarithmic order of the subgroup is generated by x. To simplify our
notation we will write lo(G) for loa(G).

First we observe that a unit of R = Fo[X]/(X*) is of the form 1 + X f(X).

Lemma 3.2. Let R = F3[X]/(X*). Then

(i) o(U(R)) = 2871,

(i) lo(1 + X°) = [£],.

Proof. (i) We already remarked on this.

(i) Since U(R) is a 2-group we know that the order of 1 + X is a 2-power.
Let k; = [%],. Then i2% > k and (1 + X2 =14 X" =1 by Lemma 2.2.
On the other hand, if b is a 2-power less than 2L§J2, then obviously (14 X%)® =
1+ X0 #1. O

Lemma 3.3. If a subgroup of U(R) contains all {(1+X™)|n is odd less than k}
then it contains (1 + X¢) for each positive integer i smaller than k.

Proof. For each even integer a write a = 2°c with an odd integer ¢. Then
(1+X°2" =1+ Xe. O

For each odd integer < k we let G; be the subgroup of U(R) generated by
1+ X% We will show that U(R) is the direct sum of G;’s.

Theorem 3.4. Let R = Fy[X]/(XF). Let G; be the subgroup generated by
(14 X?), where i is an odd positive integer < k. Then the group U(R) of units
of the ring R is the direct sum

UR)=G1®G3® -+ B G,

where m is the largest odd integer smaller than k. Further, the logarithmic
order of the cyclic subgroup generated by (1 + X?) is L%JQ

Proof. First we show that (G1+Gs+---+G;)NGit2 = 1. Suppose (1+X+2)! €
(G1 + Gs + -+ + G;) with I < 2l77)2. Then since G/(G1 + G3 + -+ + Gy)
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is a 2-group we can assume [ (by choosing the smallest such) is a power of 2,
namely, (14 X*t2)?" belongs to (G + G3 + - -- + G;). Hence we can write

1+ XD = (14 X)) (14 X3)% . (14 XY

for some 0 < a; < L?JQ for each odd j smaller than k. Write a; = 2%b;, where
b; is odd. Then we can write

(1 +X(i+2)2r) _ (1 +X261 )bl(l +X3-263)b3 L (1 +X’i'20i)bi.

The right hand side must contain more than one factor for otherwise (1 +
X422y — (1 4+ X27)b for some j which is not possible.

Note that 21,3 -2 ...,7-2% are all distinct. Hence we can choose the
smallest one which we call m. Obviously, m < (i 4+ 2)2" since the right hand
side contains more than one factor. Then the right hand side of the above
equality contains X™, but there is no such term in (1 + X(”Q)QT). This con-
tradiction shows that (G1 + Gs + -+ G;) N G2 = 1.

Now we prove that U(R) = G1 + Gs + -+ Gp,. Let f(X) =1+ X" +
X% 4 ...+ X% be a unit with a1 < a2 < --- < a; < k. We induct on
deg(f). If deg(f) = 1, then our result is obvious. Hence we assume g(X) =
1+ X"+ X2 4...4 X% € G; +G3+ -+ G, and we proceed to prove
fX)=1+4 X2+ X%24...4 X% €G1+G3+ -+ Gyy. By Lemma 3.3 we
need to express f as a product of (14 X?%)’s with various integers ’s. First note
that g(X)(1+ X%) = f(X) + X®T% 4 ... 4 X%-179  Next, if we multiply
(14 X*ra) by f(X)+XF% ... 4+ X%-17%  then the term X% drops
out and we get g(X)(1+X%)(1+X4T%) = f(X)+X291T% 4... . If we repeat
this, then the lowest degree of nonzero terms in the tail of this expression gets
bigger and bigger. By using the fact that X* = 0 when we keep multiplying
the elements of the form (1 + X*) we come up with an expression of f(X) as
a product of the form f(X) = g(X)(1+ X")(1+ X%) .- (1 + Xb). O

Corollary 3.5. Let R = Fo[X]/(X¥). Then the group of units of the ring R is
of order 25=1 and it is isomorphic to the direct sum of cyclic groups of orders
P LIEN 2L§J2, .. .,2L%J2, where | is the largest odd integer < n.

Corollary 3.6. Ifl is the largest odd integer < n,
k k k
k] + Lng"’ Lng"’""" L7J2:k’_1-

Remark. It is interesting that there seems to be no rather easy way to show
this identity directly.

Example 3.7. Let R = F,[X]/(X'?). We have [10], =4, %], =2, [¥], =
1,[22], =1, 4], = 1. Hence the group of units U(R) of R is the direct sum
of cyclic subgroups generated by 1 + X, 1+ X3, 1+ X% 14+ X7, 1+ X° whose
respective orders are 24,22, 2,2 2. Therefore

UR)=Z/2* x 722 x T)2 x 7)2 x L]2.
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4. The group of units of the ring R = Z4[X]/(Xk)

In this section, we determine the group of units of the ring R = Z4[X]/(X*)
with k& > 2. For this it suffices to determine the subgroup Uy (R) of U(R). Since
U (R) consists of elements of the form u+X f(X) with u = 1 or v = 3, and Uy (R)
of elements of u+ X f(X) with uw = 1, it is not hard to see U(R) = U;(R) x (3)
and, of course, (3) is a cyclic group of order 2.

When i is odd < k we let G; be the subgroup of Uy (R) generated by 1+ X*.
When ¢ is even with i = b2° we let G; to be the cyclic subgroup of U;(R)
generated by (1 + X%2)(1 + X?)~2;

_J 1+ X7 (if 4 is odd),
1A+ X214 XP) 2 (for even i = b2¢ with b odd).
Lemma 4.1. Let R = Z4[X]/(X*). Then

(i) if i is odd, lo(1+ X*) = [£], +1,
(ii) if i is even, G; is cyclic of order 2.

Proof. (i) We know that the order of every element of U(R) a power of 2 since
U(R) is a 2-group. Now we have (1 + X¥)2" = 1 4+ 2X2" " 4 x2" = 1 if
2n-l > % The smallest such power of 2 is oli ot
(ii) If ¢ = b2¢ with an odd b, then
(1 +X12 =1 4+ 2xb2° +Xb2c+1
=(1+x%)2"
by Lemma 2.2. O
We have a natural ring homomorphism ¢ : R = Z4[X]/(X*) — Fa[X]/(XF).
The map ¢ induces group homomorphisms on the groups of units
o : U(Za[X]/(X¥)) — U(Fa[X]/(X"))
and
¢1 1 Ur(Za[X]/(X")) — U(F2[X]/(X")).
Let Ty be the kernel of ¢g and T be the kernel of ¢;. Then the elements of
T are of the form 1+ 2X f(X) with deg(f) < k. Let

Ti={1+2(X"+ (hdt))} = {1+ 2X"f(X)} (i=1,2,...,k — 1),

where hdt stand for ‘higher degree term’ (terms with degree higher than ).
Then T; is a subgroup of T" such that T; D T;4;. Further

T;-T; C T; whenever ¢ < j.
Lemma 4.2. Let i be an odd integer. Then G;NT C Tyor,—1, where k; = L%JQ

Proof. Obviously, G; N T = ((1+ X%)2"). But (1 +X%)2" =1+2x2""" ¢
Toper 1. 0

7.
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Lemma 4.3. Let 2n = b2° be an even integer < k. Then (1 + X?")(1 +
X072 e T, but (1+ X2)(1+ X%~ ¢ Ty

Proof. Since we know that (14 X?")(1 4+ X*)™2" € T we write (1 4+ X*")(1 +
X 72" = 1 4+ 2(X¢ 4 hdt), where hdt stand for “higher degree terms”. Hence

(14 X2) = (14 X°)?" (1 + 2(X? + hdt))
=1+2X"2"" 4 2(X% 4+ hdt) + 2X%"(X? 4 hdt) + X"

Now the middle terms 2X%’s have to vanish. Since the degrees of the 4th term
gets bigger they has to cancel off with the higher degree terms of the third term.
And therefore 2X%2° " has to cancel off with 2X?. Thus d = b2°"1 =n. O

Lemma 4.4. Let R = 7Z4[X]/(X*). Then the group U1(R) of 1-unit of R is
of order 22(k=1)

Proof. The number of elements of the form 1 + a; X*, where a; € Z4 and i < k
is 22(k=1) O

Using these lemmas we can write U (R) as a direct sum of cyclic subgroups.

Theorem 4.5. Let R = Z4[X]/(X*). Then the group Ui(R) of 1-unit of R is
isomorphic to the direct sum

Gi®G3D - DGoayt1 PGB Gy P - D Gam,

where 2n + 1 is the largest odd integer less than k and 2m is the largest even
integer less than k. If i is odd, then the group G; is cyclic group of order
ol latl gnd if © is even, then G; is cyclic of order 2.

Proof. First we need to show
(G1+Gs+ -+ Go—1) NGop1 = (1).
Suppose y € (G1 + G3 + -+ + Go1—1) N Gor41. Then it is of the form,
(14 X2H1)aees = (1 4 X)) (1 4+ X3)% ... (1 4+ X2-1)aa,
Reducing the equality modulo 2 we see that both sides are equal to 1 since

U(F2[X]/(X*) =G1 @ G3® - @® Gapy1 by Theorem 3.4. Therefore a; = 2%
or where k; = [£],. Now we have

14+ 2X(2l+1)2k21+1*1 _ H (1 + 2X(2i_1)2k2i—1*1> — 14 Z 2X(2i_1)2k2i—171.
i<l i<l
But by Lemma 4.2 no power of X in the above equation are the same. Hence the
equality above is impossible. This proves that (G1+G3+- -+ Goj—1)NGaj41 =
(1).

Now we need to show that (Gi1 + Gs + -+ + Gany1 + Goam + Gom—a +
<o+ Gai42) N Gop = (1), where 2n + 1 is the largest odd integer < k and
2m is the largest even integer which is < k. Write 21 = 02°. Suppose y
belongs to the intersection then, since Gy; is of order 2, it must be of the form
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(1+ X2 (14 X?)~2° and it must be an element in (Gy + Gz + -+ + Gopy1 +
Gam + Gam—2 + - - - + Ga+2). For each even 2i write 2i = b;2%. As before it is
of the form

a+x)a+x)7 = ] a+ x0T {a+x*)a+xm)7" ],

j odd 2i>21

Reducing modulo 2 both sides must be equal to 1 by Theorem 3.4. Hence we
have a; = 2%/, where k; = L?JQ or 0. Now by Lemma 4.2, (14 X7)% € Tge; -1
with j2ki—1 > g On the other hand, for each 2i appearing in the product
[Toicor {(1+X2) (14 X%)=2" } we have (14+X%)(14X%)=2" € T, with i > L.
Therefore the righthand side is in T, with a > [ since [ < % But the left hand
side contains the term 2X*‘. This is a contradiction. Hence we conclude that
the intersection (G1+Gs+- - -+ Gant1+Gom+Gom—2+- -+ Ga12)NGoy = (1).

Finally, we need to check that the group G1 ®Gs® - D Gopt1 PG ® G4 P

-+ @ Ggy, has the right order. By Lemma 4.4, we need to show that it has
order 22¢=2_ We see easily that

k . .
2 if k£ is even
ositive odd integers < k} = { 2 ’
# {positiv & } {—kgl if k is odd,
and
=2 if  is even
ositive even integers < k} = { 2 ’
it & J {% if & is odd.
By Corollary 3.6, we see that |k], + [£], + [£], 4+ + L#JQ =k—1.In
either case, the order of the direct sum of cyclic groups is 2272, O

Example 4.6. Consider the ring R = Z4[X]/(X'°). The group U;(R) of
1-units of R is isomorphic to

2/ L) CL/22 L/ L/ L2020 L/2D L2,
where the first five cyclic groups are generated by the units
I+ X1+ X3 14+X°14+ X714+ X°
and the last four groups are generated by
I+ XHA+X)2 1+ XHA+ X)L 1+ X1+ X321+ X8 (1+X)8

in this order.

5. The group of units of the ring R = Z4[X]/(X* + 2X?)

Now consider the group of units of the ring R = Z4[X]/(X* + 2X%) with
(0 < a < k). As before, we have the natural surjection ¢ : R — Fa[X]/(XF)
which induces surjective group homomorphism on the groups of units and the
groups of l-units. As in the previous section we denote the kernel of ¢ by T
and {7} be the filtration of T which was introduced in the previous section.
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For each positive odd integer i, let G; be the cyclic subgroup of Ui (R)
generated by 1+ X?; and for each positive even integer 2i = b2, let G; be the
cyclic subgroup of U; (R) generated by (14 X2V)(1 + X°)~2". Write

Goaa= Y Gi and Gy = »  Gi.

odd i<k even i<k
Lemma 5.1. Let R = Zy[X]/(X* +2X?). Then 1+ X2" ¢ Goqa.

Proof. Let 2n = b2¢ with ¢ > 1. Assume the contrary and write
L+ x% =T 1+ x9)".
todd

Reducing the expression modulo 2 we see that it should of the form

1+ x2 = (14 x)7 I 1+ x9)”
i:odd
i#b

where k; = L%JQ Expanding the right hand side we have

(1 +oxtrT 4 XW) 14+ (@x2" T yoxiti—kra)
i#b
To simply the notation, let K = (2k~1 3.2k=1  m2kn—1) and 2XK =
, 2X 2" Using this notation if we expand the right hand side we have
i#b

1+2Xb2¢*1 +2XK+2X2K—k+a+2X2n(XK+X2K—k+a)+X2n.

Now 2X%2°"" cannot cancel off with a term in 2X¥ since the sum runs over
i such that ¢ # b. Hence either 2X2°" cancels off with a term in 2X2K—k+a
or does not vanish. (It cannot cancel off with a term in 2X27( XK 4 XK-k+a)
since b2¢71 < 2n.) If 2X%2 " cancel off with a term of 2X2K—F+e then the
number of terms in 2X%2° " 4 2X2K—k+a ig Jess than the number of terms
in 2XX. (Some of the exponents 2% — k + a may be bigger than k so that
Xi2" —k+a = ) Hence 2X K +(2X2° " 42X 2K—k+a) £ 0. Therefore it contains
at least a term of the form 2X®. If 2X%2° " does not cancel off with a term
of 2X K ~F+a then it contains the term 2X%2°7" | In either case, the right hand
side contains a term of the form 2X“ whereas the right hand side does not
contain such term. This is a contradiction. O

Lemma 5.2. Let 2n = b2° be an even integer < k. Then (1 + X?")(1 +
X072 €T, but (1+X2")(1+ X°) "2 ¢ Ty

Proof. The same proof of Lemma 4.3 works for our case. O
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Lemma 5.3. Let R = Z4[X]/(X* +2X?) and i be an odd integer less than k.
Then
; ki if k—a=1d2~"!
lo(1 4+ x7y = Fi if a=i )
k; +1 otherwise,

where k; = L%JQ Ifa>% thenlo(l+X?%) = L%b + 1. Furthermore, there are
at most one odd i satisfying k —a = i2F~1.
Proof. First suppose 2X%2" " + X" = 0. This happens only when i2" > k
and i2"~! = k — a. The smallest such one is when n = k;. In this case, if we
let n = k; in the equality

(1+ X9 =1+42x2" " 4 x72",

Then X 2" = 2x 2" ~kt+a — gxi2"—i2" ™" — 9 x 2" 414 hence (1 + XO)ki =
1. And obviously no smaller power can make it to be 1.

Now suppose 2X2" " 4+ X2" £ 0. Then we must have 2X?2" ' = 0 and
X" = ( for the equality above reduces to 1. Note X2¥=¢ = 2X* = (0 and
these are the smallest such power. Let n = k; + 1 in the equality above. Then
21 > 9k > 2k—q and ik; > k. Hence (1+X%)2" " = 142X2% 4 x2""" = 1,
And obviously 2%t is the smallest such power. If a > %, then 21 =k —aqa
is impossible since 2%~ > £,

For the last part simply note that if 2lila—1 = j2L§J2_1 with odd integers
1,7, then we must have i = j. O

Lemma 5.4. Let R = 7Z4[X]/(X* + 2X%). Then the order of the group of
1-unit Uy (R) is 221,

Proof. Similar to the proof of Lemma 4.4. O

Combining these lemmas we can decompose the group of units of R =
Z4]X]/(X* +2X%) into a direct sum of cyclic groups.

Theorem 5.5. Let R = Zy[X]/(X*+2X®). Ifa > %, then the group of 1-units
Ui(R) of R is isomorphic to the direct sum
GieG3P - BGopnt1 PGB Gy B -+ D Gopy,
where 2n + 1 is the largest odd integer less than k and 2m is the largest even
integer less than k. If i is odd, then the group G; is cyclic group of order olilo+1
generated by 1 4+ X° and if i is even, then G; is cyclic of order 2 generated by
(1+ X27)(1 4+ X*)~2" with 2n = b2° < k.
Proof. First we show
(G1+Gs+ -+ Go—1) NGop1 = (1).

Suppose y € (G1 + G3 + -+ + Goy—1) N Goy41. Then it is of the form,

(1+ XPHheemn = (14 X)™ (1 + XP)% . (14 X2 T)oar,
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If we reduce modulo 2, then both sides are equal to 1 by Theorem 3.4. Therefore
a; = 2%, where k; = [£],. But lo(1 + X*) = k; + 1 by Lemma 5.3. Hence we
have

(1 x2)2= =TT (4 X927,

<2041
i=odd

where the product is taken over odd integers i with 7 < 21 + 1.
142X (LD -1 9 g (L1250 —ka

= JI @+2x 7 pox@ickray =14 N (x4 ax okt

1<20+1 1<2l+1
i=odd i=odd

Hence we must have

> (2x® T axhi k) o,

i<2l+1

i=odd
But the equality above is impossible. This follows from the observation: If
K ={ai,as,...,a,} strictly increasing numbers with a’s are of the form 2% =1,
then 2K — o = {241 — «,2a2 — «,...,2a, — a} is also a strictly increasing

numbers. In order that the two sets to be equal a; = 2a; — «, namely a; = «
for all i. We apply this with {a;} to be the exponents {i2¥~1} appearing in the
sum which are all distinct. Hence we see (G1+Gs+ -+ Ga—1)NGap1 = (1).

Now we need to show that (G + G3 + - - + Gant1 + Gom + Gomp—o + - +
Gai42) N Go = (1), where 2n 4+ 1 is the largest odd integer < k and 2m is
the largest integer which is < k. Write 2] = b2°. Suppose y belongs to the
intersection then, since Gg; is of order 2, it must be of the form (1 + X2!)(1 +
Xb)’QC and it must be an element in (G1+Gs+ -+ Gant1+ Gom + Gom—2 +
-+« + Go42). For each even 2i write 2¢ = b;2%. Then, as before, it is of the
form

(1 +X2l)(1 +Xb)_2c = H (14 X7)% . H {(1 + X201 +Xb7')_2Ci},
j odd 2i=b;2% >21

Suppose there is no right hand side product [; svenso{(1+X%)(14X%) 72"},
Then we have 1+ X2 € G,qq which contradicts to Lemma 5.1. Hence the right
hand side product is nontrivial. Let (14 X2/)(1+ X?)27 = 2X52""" 4 (hdt)
and let B = {h;2¢*"1}. Then b;2¢~! > [. Now by reducing modulo 2, we see

that a; = k; = j2L§J2. Hence the left hand side product can be written
[T+ xR =142 (x4 x20 -ktay,
If we write K = {i2¥~1}  then we can write the sum simply by

[T+ X0k =14 2(XK 4+ x2K-hta),
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Note that 2%—1 > g and 2% —k4+a > a > % by our assumption on a.
Therefore the whole product is of the form 1+ 2(X? + (hdt) + XK 4 X2K-k+a)
and is contained in Ty, for some « with o > [. On the other hand, the left hand
side is of the form 1+ 2(X' + (hdt)) € T} by Lemma 5.2.

This proves that (G1 + Gz + -+ + Gapt1 + Ga + -+ + Go—2) N Gy = (1),
where 2n + 1 is the largest odd integer < k.

To finish our proof we need to check that the order of the subgroup Goqq ®
Gy is 22— However, the same proof of last part of Theorem 4.5 also works
for this case also. O

Question’ and Remark. Is Theorem 5.5 true without assuming a > %?
Under our assumption on a Theorem 5.5 asserts that the group of 1-unit of the
ring R = Z4[X]/(X* + 2X*) depends only on k.

Example 5.6. Let R = Z4[X]/(X® + 2X3). Then o(U;(R)) = 28. Now we
have
lo(1+ X) =4,lo(1 + X?) =2,
lo(1+ X1+ X)) =1, lo(1+XH(1+X) Y =1.
Hence
Ul(R)=2G18G30G G, 2L 0 L/22° D L/20 Z/20 Z/2.
Here we note that (1 + X*)(1+X)™* =1+ XH(1+X)2 =1+ XY+
2X2 4 3X%) =1+2X2. And (14 X)3 =1+ 2X*.
6. The group of units of the ring R = Z4[X]/(X* +2X*,2X")
Let R = Z4[X]/(XF+2X* 2X"), where 0 < a < r < k. We have surjective
ring homomorphisms
Za[X]/(X* +2X) 25 7, [X)/(XF 4+ 2X%,2X7) 22 Fy[ X]/(XF).
They induces surjective maps on the groups of units and their kernels are
Ker(¢1) = {1+ 2(X" + hdt)},
Ker(¢2) = {1+ 2(X + hdt)}.
Lemma 6.1. Let R = Z4[X]/(X* + 2X%,2X") with 0 < a < 7 < k. Then

the number of elements of R is 2¥*" and the number of elements of U(R) is
2k47=1 and the group of 1-units Uy(R) has order 28472,

Proof. The number of elements of S = Z4[X]/(X*+2X) is 4*. Since the num-
ber of elements of the ideal (2X") in S is 2~". Hence the number of elements
of R is 4% /2%~ = 472k="_ On the other hand, note that R = U(R)U(1+U(R))
is a disjoint union and they have the same number of elements. Therefore the
number of elements of U(R) is 4"2*7"~! and o(U1(R)) = 10(U(R)). O

"This question is resolved in [4, 5].
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Lemma 6.2. Let R = Z4[X]/(X* +2X%2X") with0 < a <r < k. Then for
each odd integer i less than k we have

(G) Ifk <r+a and k —a #2712 then lo(1 + X?) = 1 Z],.

(ii) If k > r + a, then
[ FE=e ]y,

&), if k—a=1d2k1,

7

lo(1+ X") = {

where k; = L%b There are at most one positive odd integer i less than k
satisfying the condition k — a = i2Fi—1,

Proof. Note that X**"=¢ = 2X" = 0 and these are the least such exponents.
Now we have (1+ X2 = 14+ 2X2"" 4+ X2" = 1 if 21 > r and i2" >
k+r—a. Hence if 2r > k+r —a, ie, k <r+a, then lo(1 + X*) = | Z],.

On the other hand, suppose k > r + a. Consider the case k —a = 281 If
we let n = k; in the equality

(1 JrXi)2” -1+ 9 xi2" ! +Xi2”’
then X 12" = 2X 2" —kta — g xi2¥—i2" " — 92" 41 q hence (1+ X )k =1
and obviously no smaller 2-power can make it to be 1. Hence lo(1+ X?) = L%J 9

And this is the only case when 2.X 2" cancels off with X" for if 7 is another
odd such that k —a = j2% =1 then j2¥~—1 = §2%~1 and hence i = j. If
k —a # i2%~1 then there is no chance that 2X%2" ' cancels off with X",
Hence the smallest power of 2 that makes (1+X*) to be 1 will be [&t2=2| = O

Let R = Z4[X]/(X* +2X% X") with 0 < a < r < k. As before we have the
natural surjective map @2 : R — Fo[X]/(X¥*) which induces surjective group
homomorphism on the groups of 1-units. As in the previous section, we denote
the kernel of ¢1 by T and T; be the filtration of T' as defined there.

Again as in the previous section, for each odd i less than k, let G; be the
cyclic subgroup of Uy (R) generated by 1+ X and for even 2i = b2°¢ let G; be
the cyclic subgroup of Uy (R) generated by (1 + X?)(1 4+ X?)~2". Write

Goaa= »_ Gi and Gy = > Gi.

odd i<k even i<k
Lemma 6.3. Let R = Z4[X]/(X* +2X® 2X"). Then 1+ X" ¢ Goqq.

Proof. We slightly modify the proof of Lemma 5.1. Let 2n = b2°, ¢ > 1.
Assume the contrary and write

i:odd
Reducing the expression modulo 2 we see that it should of the form
c L
1+ X% =1+ X9 J] (1+x7)°

i:odd
i#b
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where k; = L%JQ Expanding the right hand side we have

(142X 4 X) (14 )X xRy
i#b
To simplify the notation let K = (2k—1 3.2ks=1 " m2km=1) and 2XK =
D iz 2X i2%7" Using this notation if we expand the right hand side we have

1+2Xb2¢*1+2XK+2X2K—k+a+2X2n(XK+X2K—k+a)+X2n.

If b2°~! > r, then since K # 2K — k + a the above sum contains a nonzero
term of the form 2X®. Now let 52°~! < 7. As before 2X*2° " cannot cancel
off with a term in 2XX since the sum runs over i such that i # b. Hence
either 2X%2°" cancels off with a term in 2X2K—*+¢ o1 does not vanish. (It
cannot cancel off with a term in 2X27(X K + XEK=F+a) gince 2°71 < 2n.) If
2X%2°7" cancel off with a term of 2X2K—%+¢ then the number of terms in
2Xb2°" 4 9X2K-k+a ig less than the number of terms in 2X%. (Some of the
exponents i2¥ — k 4 a may be bigger than r so that xi2hi—kta - 0.) Hence
2XK + (2Xl’2071 + 2X2K-kta)y o£ (). Therefore it contains at least a term of
the form 2X®. If 2X%2°" does not cancel off with a term of 2XE k¥4 then it
contains the term 2X%2° ", In either case the right hand side contains a term

of the form 2X“ whereas the right hand side does not contain such term. This
is a contradiction. O

Lemma 6.4. Let 2n = b2 be an even integer < r. Then (14+X2)(1+X" "2 ¢
T, but (1 4+ X2)(1+ X" ¢ T, 1.

Proof. The same proof of Lemma 4.3 works for our case. O

Finally we compute the group of units of the ring R = Z4[X]/(X* +
2X® 2X") with a certain restriction on a.

Theorem 6.5. Let R = Zy[X]/(X*+2X%,2X"). Suppose & < a <1 then the
group U1(R) of 1-units of R is isomorphic to the direct sum

Gi®G3D - BGoyt1 PGB G P - D Gam,

where 2n + 1 is the largest odd integer less than k and 2m is the largest even
integer less than r. If i is odd < k, then the group G; is cyclic group of order
2l generated by 1+X" and if i is even, then G; is cyclic of order 2 generated
by (14 X27)(1+ X°) =2 with 2n = b2° < k.

Proof. First we show
(Gi+Gs+ -+ Gy_1) NGoy1 = (1).
Suppose y € (G1 + G3 + -+ + Goy—1) N Gory1. Then it is of the form,
(1+ XPHhmemn = (14 X)™ (1 + XP)% . (14 X2 T)oar,
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If we reduce modulo 2, then both sides are equal to 1 since Fy[X]/(X*) =
G1 @ G3 @ -+ @ Gappr. Therefore a; = 2% or 0, where k; = [£],. Hence the
equality above is of the form

(1 x2)25 =TT (4 x7)2°,

1<20+1
i=odd

In other words,

142X D221 oy (2U41)2"204 —kta

— H (1 + 2Xi2ki—1 n 2Xi2ki—k+a) =1+ Z (2Xi2k-;71 n 2X’i2k’i—k+a).

1<2l+1 i<2l+1
i=odd i=odd

Hence we have
3 ex® paxiioktay =,

i<2141

i=odd
But the equality above is impossible. This follow from the observation: If
K ={a1,az,...,a,} strictly increasing numbers, then 2K —a = {2a1 —a, 2a2 —
a,...,2a, —a} is also a strictly increasing numbers. In order that the two sets

are the same a; = 2a; — a namely a; = a for all i. We apply this with {a;} to
be the exponents {i2¥~!} appearing in the sum which are all distinct. This
proves that (G1 + G3 + -+ + Go—1) N Go41 = (1).

Now we need to show that (G; + G3 + -+ + Gapt1 + Gam + Gom—o +
<o+ Gai42) N Goy = (1), where 2n + 1 is the largest odd integer < k and
2m is the largest integer which is < r. Write 21 = b2°. Suppose y(# 1)
belongs to the intersection then, since Gy; is of order 2, it must be of the form
(1+ X2 (14 X*)~2" and it must be an element in (G; + G + -+ + Gopyi1 +
Gam + Gam—2+ -+ Go142). For each even i write ¢ = ;2. As before it is of
the form

X +x) = TLa+x)s [T {a+x®)a+x)=,
j odd >2i=b; 20 >21

Suppose there is no right hand side product [; , enso {(1+X?)(14X%) 72"},
Then we have 1 + X2 € Goqq which contradicts to Lemma 6.3. Hence the
right hand side product expression is nontrivial. Let (1 4 X2¥)(1 4+ X%)?" =
2X%2" 7" 4 (hdt) and let B = {b;2%~'}. Then b;2%~! > [. Now by reducing

modulo 2, we see that a; = k; = jZL%J? Hence

JJE¢ +Xi)ki =142 (XQk“1 +X2k“’f+a) .

If we write K = {i2¥~1}  then we can write the sum simply by

[T +x)" =142 (XK 4 x2K-ktay,
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Note that i2F—1 > g and 2% —k+a > a > g by our assumption on a.
Therefore the whole product is of the form 1+ 2(X? + (hdt) + XK 4 X 2K -k+a)
and is contained in T, with « > [. On the other hand, the left hand side is of
the form 1+ 2(X"'+ (hdt)) € T; by Lemma 6.4 which is impossible. This proves
that (G1 +Gs+--+Gopy1 +Go+ -+ GQI,Q) NGy = (1), where 2n + 1 is
the largest odd integer < k.

To finish our proof we need to show that the direct sum of our subgroups
has the right order. In fact we know that

2r—1

> fl—,TJQ =2r — 1.

odd i>1

If i is odd > k, then |2 |, = 1. Since the numbers of such 4’s are

{2’“—2’“ if k is odd,

# if k is even.

Hence

S to(G1) {Ezr—n— 2okl if ks odd,

2r—k : :
= 2r —1) — == if k is even.
On the other hand,

== if k is even.

Bl 5 ki
Z lo(G;) = #(even < k) = {k22 if k is odd,

7 even

Therefore l0(Goda)+10(Geyp) = k+7—2 which is exactly the order of U1 (R). O

Example 6.6. Let R = Z4[X]/(X5 4+ 2X3,2X*). Then the order of U;(R) is
27 and

Ui(R) 2 G1®G3® Ga ® Gy,
where G1 = (1+X) with order 23 and G5 = (1+X?3) having order 2%; G2, G4 are
cyclic groups of order 2 generated by (1+X2)(1+X) 2 and (1+X4)(1+X)~*
respectively. Therefore,

Ul(R)=Z/22 072 ©Z/2 D L)2.

Acknowledgement. In the sequel of this paper [4, 5] we will remove the
restrictions imposed in the paper by modifying the set of generators.
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