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COMPLEXITY OF CONTINUOUS SEMI-FLOWS AND
RELATED DYNAMICAL PROPERTIES

FENG ZHANG, L1AN-FA HE, AND QI-SHAO LU

ABSTRACT. The equicontinuity and scattering properties of continuous
semi-flows are studied on a compact metric space. The main results are
obtained as follows: first, the complexity function defined by the spanning
set is bounded if and only if the system is equicontinuous; secondly, if a
continuous semi-flow is topologically weak mixing, then it is pointwise
scattering; thirdly, several equivalent conditions for the time-one map
of a continuous semi-flow to be scattering are presented; Finally, for a
minimal continuous map it is shown that the “non-dense” requirement is
unnecessary in the definition of scattering by using open covers.

1. Introduction

For the need of theoretical research in topological dynamical systems, Adler,
Konheim, and McAndrew presented a definition of topological entropy on a
compact space by using open covers (see [1]) for continuous automorphisms,
similar to that of measure entropy, and showed that it is a topologically conju-
gate invariant. By now, it is still one of the important invariants in dynamical
systems. Since then, Bowen also gave a definition of topological entropy on a
metric space for an uniformly continuous map, by spanning sets and separated
sets (see [4]), and proved that the definition of topological entropy is equivalent
to its definition by using open covers when the space is compact. Therefore,
these have given the topological entropy a more clear and direct dynamical
meaning.

From the definition of topological entropy, if a system can be approximated
with an infinite precision, the dynamical meaning of topological entropy is that
if the system evolves with time n, any orbit of length n needs at least C(n)
orbits of length n to be approximated within a predicted error, where C(n)
grows exponentially with n; that is to say, if the topological entropy of the
system is a, then C(n) = e®™. Therefore, when a >0, the system is actually
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complex and chaotic. People often use the topological entropy, as a criterion
whether the system is chaotic. When «a = 0, compared with the case of a > 0,
the system is rather simple; however, from the theory and application, there
still exists relatively complex and chaotic behavior. Therefore, an appealing
definition of weak-chaotic system emerges (namely, its topological entropy is
zero, and it is sensitive dependent) (see [8]). Furthermore, for more general
research on complexity of a system, C(n) is directly taken as a complexity
function, and the boundedness and growth speed of C(n) are used to analyse
the dynamic behavior of the system. This idea was introduced by Ferenczi,
first for ergodic theory (see [7]) and then for symbolic dynamic systems (see
[6]). In these cases, the boundedness of the complexity function is equivalent to
its equicontinuity. Recently, Blanchard and Host used open covers to definite
a complexity function, for a continuous map on a compact metric space, and
discussed the equicontinuous and scattering properties of the system (see [1]).

In this paper, we study the topological complexity of a continuous semi-flow.
We carry to flows the notions of topological complexity defined for transfor-
mations by Blanchard, Host, and Mass and use their idea looking at spanning
sets. We prove in this case the basic result that a bounded complexity for
all covers is equivalent to equicontinuity, and study the opposite situation in
detail, unbounded complexity for all covers.

In Section 2, the complexity function is defined by spanning sets, and the
related definition of scattering is given. In Section 3, we prove that the com-
plexity function is bounded if and only if the system is equicontinuous. In
Section 4, the relation between topologically weak mixing and scattering is put
forward. In Section 5, we use the related result of [3] to give several equivalent
conditions for the time-one map of a continuous semi-flow to be scattering. In
Section 6, we show that, for a minimal continuous map, the requirement of
“non-dense” in the definition of scattering by using open covers (see [3]) is not
necessary.

2. The definition of complexity function and scattering

In this paper, we always suppose that X is a compact metric space with
a metric d, D indicates the diameter of X. Denote ZT as the set of positive
integers, RT = [0,00) , ¢ : R x X — X as a continuous semi-flow on X (“semi-
flow” concisely). For t € R*, rewrite oy = p(t,-) : X — X. Let f: X — X be
a continuous map. For z € X and € > 0, B(z,¢) = {y € X | d(x,y) < €}.

Suppose that «, 3 are two open covers on X. Let a\/ 3 = {UNV|U €
a,V € 3}, and then a'\/ 3 is also an open cover on X. For n € Z*, since f
is a continuous map, \/?:_O1 f~%a is an open cover on X. C,(f,a,n) denotes
cardinality of a subcovers of \/?;01 fa, which its cardinality is a minimum
value in all subcovers, and then define a map C,(f,«,-) : Z+ — Z*, which is
called a complexity function of f for « (concisely “complexity function of o).
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Definition 2.1. If for any non-dense open cover o of X (i.e., « is an open
cover, and for any U € «, U # X), the complexity function C,(f,«,-) of « is
unbounded, then f is said scattering.

Remark 2.1. According to [3], if a complexity function of a non-dense closed
cover @ of X is defined similarly, denoted by C.(f,@,-), then f is scattering if
and only if for any non-dense closed cover @ of X, C.(f,@,-) is unbounded.

To introduce the complexity function of a semi-flow, we need the following
definition.

Definition 2.2. Let T > 0,e¢ > 0, F and F are two subsets of X, if for any
x € E there is y € F such that

d((pt(x)a @t(y)) < €, Vt € [O7T)7
then F'is a (T',e) spanning set of E (about ).

For the continuous map f and n € ZT and € > 0, it is similar to define F
as a (n, €) spanning set of E (about f).

Now Cs(p, E,e,T) (resp. Cs(f,E,€e,n)) denotes as the cardinal number
of a (T,e) (resp. (n,e)) spanning set of E, the cardinal number of which is
minimum. So we get a map

Ci(p,E,e,): RY — Z* (vesp. C(f, E,¢,-) : ZT — Z1),
and Cy(p, E,¢€,-) (resp. Cs(f,E,¢,-)) is called the complexity function of
¢ (resp. f) about E and e, Especially, when E = X, Cs(¢, X,€,-) (resp.
Cy(f,X,€,-)) is denoted as Cs(p,¢,-) (resp. Cs(f,€,-)), and is concisely called
the e-complexity function of ¢ (resp. f).

Definition 2.3. If for any € € (0, %), Cs(ip, €, ) is unbounded, then ¢ is said
scattering.

If for any € € (0, %) ,x € X and 6 > 0,Cs(p, B(x,0),¢,-) is unbounded,
then ¢ is said pointwise scattering.

If for any € € (0, %), such that Cs(p,€,1) =2, Cs(p, €, -) is unbounded, then
 is called 2-scattering.

Remark 2.2. If a semi-flow is pointwise scattering, then it is scattering.

Proposition 2.1. For any open cover « of X, let 3¢ (¢ > 0) define the Lebesgue
number of a. If Cs(f,¢€,-) is bounded, then Co(f,a,-) is bounded.

Proof. When Cy(f,€,-) is bounded, we assume that Cs(f,¢,-) < k (k > 0).
For any n > 0, there is a spanning set F = {y1,...,y}, which is composed
of I(< k) points, such that for any x € X there exists y; € E,j = 0,...,1,
satisfying d(f*(z), fi(y;)) <€, i=0,...,n — 1, that is,

fi(x) € B[f'(yj),el ={z € X :d(f'(y;),2) <z}, i=0,...,n—1.

Since 3e is the Lebesgue number of «, we have an open set U; ; € o such that

B[f"(y;), €] C Ui .
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Then we get
n—1 n—1
ve (£ Bl W) e) () FU).
i=0 i=0

This implies that {ﬂ;:ol Ui ), =1,...,1} is a subcover of \/:-L:_O1 i),
and C,(f,a,n) <k, i.e., Co(f,,-) is bounded.

3. Equicontinuity and boundedness of complexity functions

In this section, we still suppose that X is a compact metric space, ¢ is a
continuous semi-flow on X, and f: X — X is a continuous map.

Definition 3.1. If for any € > 0, there is § > 0 such that
d(z,y) < §,Va,y € X = d(pi(x), o (y)) < €,¥t > 0.

(vesp. d(w,y) < 8,¥a,y € X = d(f"(), f"(y)) < €,Yn > 0),
then ¢ (resp. f) is said to be equicontinuous.

Proposition 3.1. ¢ is equicontinuous if and only if for any € > 0 Cs(p, ¢, ")
is bounded.

To prove Proposition 3.1, we need the following lemma.

Lemma 3.1. (1) ¢ is equicontinuous if and only if p1 is equicontinuous.
(2) For any € > 0, if Cs(p,¢€,-) is bounded, then Cs(¢1,¢,+) is bounded.

Proof. From the continuity of ¢ and definition, we directly get the result. [

Proof of Proposition 3.1. “=" If ¢ is equicontinuous, then for any € > 0, there
is 0 > 0 such that

d(xay) < 5) VI,y €EX = d((pt(x)a @t(y)) < €7Vt Z 0.

Since X is compact, there exist x1,...,x; € X, such that Ule B(z;,6) covers
X, then {z1,...,z,} is a (T,¢) spanning set of ¢. Therefore Cs(p,¢,-) is
bounded.

“<” From the condition and Lemma 3.1(2), we know that for any € > 0,
when Cs(p, €, ) is bounded, Cs(p1,¢€,-) is bounded. From Lemma 3.1(1), we
only need to prove that ¢ is equicontinuous.

The following idea comes from [3]. If ¢y is not equicontinuous, then there
is ¢g > 0 and a point zy € X, such that for any 7, > 0 there is y, € X and
kn, > 1, satisfying d(x, y,) < 1, and

d(py" (20), 91" (yn)) = €o-
Therefore we get finite points z1,...,z; of X, such that o = {B(z1, %), ...,
B(xy, )} is an open cover of X. Denote @ = {B(zx1,%¢),..., B(xr, ¢)}. Let
3e be the Lebesgue number of o, with e < . Since Cs(¢1,¢, -) is bounded and
Proposition 2.1, C, (1, a, -) is bounded, and then C,(p1,@, ) is also bounded.
Furthermore, from Lemma 2.1 of [3], there is a closed cover {D1,...,D,,} of
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X satisfying D; = (72, o1 (B(xi, D)) (i € {x1,...,21}). From this we
know that, if y,z € D;, then d(¢7(y), o7 (2)) < L < €,Yn € ZT. On the
other hand, if n,, — 0, then y,, — xg. Therefore, when n is big enough, there
are y,,zo € D; (for some i € {1,...,m} ), such that d(¢* (0), " (yn)) > eo.
This leads to a contradiction.

4. The relation between topologically weak mixing and scattering

For x € X, denote O(y, z) = {@:(x)|t > 0}, O(f,x) = {f™(x)|n > 0}.

Definition 4.1. (1) If there is z € X such that O(p,z) = X (resp. O(f,z) =
X), then ¢ (resp. f) is called topologically transitive.

(2) Let ¢ x ¢ (resp. f x f) be a semi-flow on X x X. If o X ¢ (resp. f X f)
is topologically transitive, then ¢ (resp. f) is called topologically weak mixing.

Remark 4.1. ¢ (resp. f) is topologically transitive if and only if for any two non-
empty open sets U,V C X, there is t > 0 (resp. n > 0) such that ; 1 (U)NV #
0 (resp. f~™(U)NV #£0).

Proposition 4.1. If ¢ is topologically weak mizing, then ¢ is pointwise scat-
tering.

Proof. We claim that for any z € X, 6 > 0 and N > 0, there is T" > 0 such
that
Cy(p, B(z,9),¢e,T) > N.
Since ¢ is topologically weak mixing, namely ¢ X ¢ is topologically transitive,
it follows from Remark 4.1 that for open sets U;,V; C X, (i = 1,2) there is
t > 0 such that
(1 % 00) (UL x Vi) (U2 x Va) # 0,

namely, ¢, (U1) Uz # 0,0, (Vi) Va # 0.
Let € € (0 %) Then there is 7 > 0 and open sets U, V C X such that

(o,
e+27 € (0,2), diam(U) < 7, diam(V) < 7 and d(U,V) > 2¢ (d(U,V) =
inf{d(z,y)|z € U,y € V}). Now for any z € X and § > 0, there is t; € RT
such that

v (U)NB(x,8) #0, ¢,' (V)N B(z,0) # 0.

We choose points z1,2; € B(x,8) such that ¢, (z1) € U, ¢y, (z)) € V. It is
clear that x; # . Since ¢ is continuous, there is a neighborhood Vi C B(x, )

of :cll such that ¢, (V1) C V. Hence, there are 1’2,33/2 € V; and ty € RT such
that

P, (22) € V, 01, (w3) € V (o1, (x2) # o1, (23))

and

Oty 1, (T2) €V, 04,44, (24) € UL
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As @ is continuous, there is a neighborhood Uy C V' of x5 such that ¢y, 4+, (Uz) C
U. Moreover, there are Ig,.ﬁé € Uy and t3 € RT such that ¢y, (z3) € V,
Ptitt2(23) €U, Pty 1,445 (23) €U, @1y 11,45(23) E V.

We iterate this process, and get countably many points {z1,zo,...} C X and
{t1,t2,...} C R* satisfying:

X1,L2,y .y T, ... € B(x,0),
@tl(ml)EUa @tl(mi)e‘/vi:273a"'7
‘Pt1+t2(x2) ev, @t1+t2(xi) el,i=34,...,

Pty +ta+ts (I?)) € U7 Pti+ta+ts (xl) € Va 1= 4) 57 KN}

when n is an odd number,

Ptrttottt, (Tn) €U, Ot ptotott, (T:) €V, i=n+1n+2,...,

when n is an even number,

Ptrttotttn (Tn) €V, Qtiptopete, (@) €U i=n+1n+2,...,

Therefore, for any given N > 1, let T' = Zivzl t;. Then Cs(p, B(x,96),¢,T) >
N. In fact, let E be any (T, €) spanning set of B(z,d). Then for any y € B(z, ¢)
there is z € E such that

d(ei(y), pr(2)) < e(t € [0,T)).

Now constructing a map o : B(x,d) — E so that o(y) = z, and d(p:(y), ¢(2))
<Vt €[0,T), When z; # z; (x;,2; € B(z,9),4,j € {1,2,...,N}), there is
k € [0,T) such that

or(xi) € U, p(x)) € V(orgr(zi) € V,pr(z;) € U),

and then d(pg(x;), pr(x;)) > 2¢. Therefore, d(vx(o(x;)), pr(o(x;))) > 0. Ac-
cordingly o(z;) # o(z;), so Card(E) > N, Cs(p, B(x,0),¢,T) > N, namely, ¢
is pointwise scattering. O

Remark 4.2. From the proof of Proposition 4.1, we know that it is not necessary
that X is compact.

Definition 4.2. If for any z € X, O(p,z) = X (resp. O(f,z) = X), then ¢
(resp. f) is called minimal.

Proposition 4.2. If ¢ is minimal, then the following properties are equivalent:
(1) ¢ is 2-scattering;
(2) @ is scattering,
(3) @ is topologically weak mizing.
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Proof. From the definitions and Proposition 4.1, (3) = (2) = (1) is obvious.

From [2] we know that for any minimal system (X, ), if it is not topologi-
cally weak mixing, then (X, ) has a non-trivial equicontinuous factor, and ¢
is not scattering, nor 2-scattering. From these, we get (1) = (3), (2) = (3).
Therefore, they are equivalent.

5. The scattering property of the time-one map of a topologically
transitive semi-flow

Denote T'(p) = {x € X|O(p,x) = X},T(f) = {z € X|O(f,z) = X}.

Lemma 5.1. Let ¢ be a topologically transitive semi-flow on X. If for x €
T(p), there exist a sequence of integers {n;} and an irrational number T > 0
such that lim;_,o0 @n, (x) = @ (), then x € T(p1).

The proof can be found in [11].

Proposition 5.1 ([11]). Let ¢ be a minimal semi-flow on X. If vy is not
minimal, then there is an integer k > 1 such that for any minimal set Yo C X
of ¢1, we have U0§t<% Y, = X (where Yy = ¢(Yp)), and {Y; | t € [0, 1)} is
the family of all minimal sets of e1, thus, it is also the family of all minimal
sets of 1.

For a transitive semi-flow, we have the following similar result.

Proposition 5.2. Suppose that ¢ is a transitive semi-flow on X. If o1 is
not transitive, then for any x € T(yp), there is an integer I > 1 such that
U0§t<% Y: = X (where Yy = O(¢1,2), Vi = 0(Yp)) and ga%(Yt) =Y (Vt €

[0, 7))-

Proof. For x € T(¢), Yo = O(p1,x) is a closed invariant set of ¢7. For 0 <
t <1, note that Y; = ¢+(Yp), then Y; is also a closed invariant set of 1, 1 is
transitive in the limitation of Y;. Since O(p,z) = X, Uy<,oq ¥z = X.

Note that r = inf{t € [0,1] | ¢:(Yo) = Yp}. Let us prove that r > 0.
Otherwise, there is a real sequence {t¢,} such that ¢, — 0 and ¢ (Yy) = Yo.
Therefore, for any positive integers k and n, we have g, (Yo) = Yp. Since the
real sequence {kt,|k =1,2,...;n =1,2,...} is dense in [0,1] for any ¢ € [0, 1],
we have ¢;(Yy) = Yo. Then X = Yy = O(¢1, ) since 1 is not transitive. This
is a contradiction.

Now let us prove that r is a rational number. If not, it follows from ¢, (Yy) =
Yo and z € Yo (T (p), then . (x) € Yy. Hence there is an integer sequence
{n;} such that lim;_, o ¢n, (z) = ¢, (z). From Lemma 5.1, = € T'(¢1), namely,
1 is transitive. This leads to a contradiction.

Now suppose that r = % (where k, [ are positive integers, [ is coprime with
k and k <1). It is claimed that k = 1. If not, let Il = nk+m (1 < m < k),
so Yy = ¢1(Yp) = (P k-t (Yo) = ¢m o @%(YO) = ¢=(Yp). This leads to a
contradiction with the definition of r.
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Finally, since Jy<,; Y2 = X and ¢1(¥p) = Yj, it follows that U0§t<% Y =
X and . (¥i) = Y;(vt € [0, 1)). o

Proposition 5.3 ([3]). Suppose that f : X — X is a transitive continuous
map. Then the following properties are equivalent:

(1) f is not scattering;

(2) there exists a minimal map g : Y — Y on a compact metric space Y
such that f x g: X XY — X XY is not transitive. When such a system exists,
there is a minimal homeomorphism with the same property;

(3) there exists a minimal map g : Y — Y on a compact metric space Y
a closed invariant proper subset J of f x g: X XY — X XY and a positive
integer N, such that ., ny(Idx g")J = X xY. When such a system exists,
there is a minimal subshift with the same property.

Theorem 5.1. Let ¢ be a transitive semi-flow on X. Then the following
properties are equivalent:

(1) there exists t > 0 such that p; is not scattering,

(2) for any t > 0, ¢y is not scattering;

(3) there exists a minimal semi-flow ¥ on a compact metric space Y, such
that the semi-flow ¢ X ¥ on X XY, which is defined by pr X ¥y : X XY —
X xY(Vt > 0), is not transitive;

(4) there exists a minimal semi-flow ¥ on a compact metric space Y, a closed
invariant proper subset ) of ¢ x ¢ and a real T > 0, such that |y, ,(Id x

Y)Y =X x Y.

To prove Theorem 5.1, we define a suspended semi-flow and related concepts
first.
Suppose that f : X — X is a continuous map, for a > 0, define an equivalent

)

relation “~ " on [0,a] x X as follows:

t1:a,
th =t
1,T1) ~ (l2,22) <= or 2=V,
(t,00) ~ (an) = { 275 or d ta =
T1 = X2;
Zgif(xl).

Denote Y = [0,a]x X/ ~, and 7 : [0, a] x X — Y is the quotient projection.
Now we define the semi-flow ® on Y® as follows:

V7, [t,x]) =t + T —na, f*(2)], na<t+7<(n+1)a, ¥n>0.

1® is called a suspended semi-flow of f under a, Y is called a suspended
space induced by f and a (concisely “suspended space”).

Remark 5.1. (1) Let Y = {[0,2] € Y*lx € X}. Then Yy is an embed-
ding of X in Y%, Y§ is a closed invariant set of ¢ and satisfies ¥¢([0, z]) =
[0, f(x)], V[0, 2] € Y. Therefore, (Y, 1¢|ye) and (X, f) can be considered as
the same, and replace Y, ¢, Yy by Y, ¢, Yy, respectively.

(2) Y is a metric space according to [5].

(3) f is minimal if and only if ¢ is minimal.
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Proof of Theorem 5.1. (2) = (1) It is obvious.
(1) = (3) Define a continuous semi-flow @ on X by :

Bs(2) = pst(2),Vo € X, 5 > 0.

It is clear that P is transitive, and @; is not scattering. Therefore, we assume
that ¢ is not scattering. We prove this theorem as follows:

Case 1: ¢ is transitive.

From Proposition 5.3, there exists a compact metric space Z and a minimal
continuous map f on Z, such that p; X f: X X Z — X X Z is not transitive.
Note that Y is the suspended space induced by f and number 1, 3 is the
relative suspended semi-flow. It follows from Remark 5.1 that ¢ is minimal. It
is claimed that ¢ X 1) is not transitive. If not, take a point (x,y) € T(p X ).
For any t > 0, (p:(x),¢¥+(y)) € T(p X ), so assume (z,y) € X x Z. For
any point (u,v) € X x Z, there exists a sequence {¢;} such that ¢; — oo and
(gt (), ¢4, (y)) — (u,v). Denote t; = n; + 7(0 < 7 < 1). Generally, we
suppose that 7, — 7 € [0,1], on, (x) = a € X, ¢p,(y) = f™(y) — b€ Z. Since

(pr(a), ¢ (b)) = (u,v),

and b € Z, so when 7 € (0,1), we have ¢, (b) € Z = Y. Taking account of
Y- (b) =v € Z, then 7 = 0 or 1. This shows that 1 x f is transitive, so this is
a contradiction. Therefore ¢ x 1 is not transitive.

Case 2: ¢ is not transitive.

For x € T(p), let Yo = O(p1,x). From Proposition 5.2, there exists an
integer [ > 1, such that X = Ute[O,%) Y: (where Y; = ¢(Yp)) and ga%(Y}) =Y.
We claim that ¢1]y, is not scattering. In fact, otherwise there exists a non-
dense closed cover @ = {Ay,..., Ax} of Yy, such that the complexity function
Ceo(¢1, Yo, @, n) is unbounded. Let A, = (prlve) H(A)GE = 1,...,k),B; =
([0, %],A;), then 8 = {Bi,..., By} is a non-dense closed cover of X, and
C.(¢1, X, B,n) = Cu(ip1, Yo, @, n). Therefore, ¢; is scattering. This is a con-
tradiction with the assumptions.

By using Proposition 5.3, then for 1|y, there exists a minimal continuous
map [ : Z — Z, such that (¢1]|v,) X f : Yo x Z — Yy x Z is not transitive.
Let Y be a suspended space induced by f and %, 1) be the relative suspended
semi-flow, then v is minimal. As in the proof of case 1, we know that, ¢ x ¥
is not transitive.

Finally, suppose that (Y, 1/;) is a natural extension of (Y, 1), i.e., (Y, 1[)) is an
inverse limit flow induced by (Y, ). It is clear that (Y, 1)) meets the condition.

(3) = (1) It is claimed that ¢y is not scattering.

Case 1: ¢ is not transitive.

Denote Yy = O(p1,z) for € T(p). From Proposition 5.2, there exists an
integer [ > 1, such that X = Ute[o,%) Y: (where Y; = ¢:(Y))), and (p%(Yt) =
Yi(Vt € [0, 7). LetA; = ¢([0, 2], Yp), A2 = ([0, %],Y%l). It is obvious that
@ = {A;, Ay} is the non-dense closed cover of X, and ¢;*(4;) = A;(j =
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1,2;4 = 0,1,2,...). Therefore, the complexity function C.(p1,X,a@,n) = 2
(Vn > 0). This shows that 1 is not scattering.

Case 2: ¢ is transitive.

Suppose that 1 is minimal. Since ¢ X ¥ is not transitive, we know that
(1 X 11 is not transitive. From Proposition 5.3, ¢; is not scattering.

Suppose that 7 is not minimal. For any point y € Y, let Zy = O(¥1,v).
It follows from Proposition 5.1 that there exists an integer k£ > 1 such that
Y = U0§t<% Zy (where Zy = 9+(Zy)). For any t € [0, %),Zt is the minimal
set of ¥, and Z; is also the minimal set of ¥ 1. Since ¢ x ¥ is not transitive,
as in the above proof, it follows that ¢1 X (¥1]|z,) : X X Zyg — X X Zp is not
transitive. Therefore, from Proposition 5.3 we know that ¢; is not scattering.

(3) = (2) For any t > 0, let B, = g, ¥ = Ps. Then B is the transitive
semi-flow on X, v is the minimal semi-flow on Y, and @ x 1) is not transitive.
Therefore, it follows from the proof of (3) = (1) that ; = ¢ is not scattering.

(3) = (4) Suppose that U # ( is an invariant non-dense open subset
of X xY. Denote Y. = U. The project from U to X is a non-empty
open set, which includes a transitive point zp such that 3 (zg) is closed in
Y, so it has a non-empty interior. Hence, there exists 7' > 0 such that
Usejo,r) ¥ (2o(@0)) =Y. Denote K = U;g(o.1)(Id X 9¢) 3-, then K(zo) =Y.
Since zg is a transitive point, and Y is minimal for any tg € BT, and > (¢4, (70))
includes almost periodic points, it follows that (U, (o ) %t (3 (01, (20))) = Y,
namely, K (¢, (x0)) =Y. For any z € X, since there exists 6 > 0 such that
d(pr, (20), ) < 8,d(K (¢4, (70)), K(z)) < + we have d(Y, K(z)) < + for any n.
Therefore, we have K(z) =Y,Vx € X. Then K = X x Y.

(4) = (3) It follows from the Baire theorem (a complete metric space is
second category) that the interior of > is a non-empty and non-dense invariant
set, so ¢ X 1 is not transitive. Taking account of the natural extension of (Y, v),
so we get the minimal flow having this property. (I

It follows from Theorem 5.1 that we have the following corollary.

Corollary 5.1. Let ¢ be a transitive semi-flow on X. Then the following
properties are equivalent:

(1) there exists t > 0, such that p; is scattering;

(2) for any t > 0, ¢ is scattering;

(3) for any minimal semi-flow 1, @ X 9 is transitive.

Combining the above results with the proof of (3) = (1) in Theorem 5.1, we
have the following relation between scattering and transitivity:

Corollary 5.2. Let ¢ be a transitive semi-flow on X. Then we have
(1) if p1 is not transitive, then for any t > 0, ¢ is not scattering.
(2) if @1 is scattering for any t > 0, @4 is transitive.

Remark 5.2. It follows from Theorem 5.1 that the result still holds after
parametrization of time .
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6. The definition of scattering on a continuous map

In the writing of this paper, we discussed with F. Blanchard, the author of
[3], about the “non-dense” limitation question in the definition of scattering
for a continuous map. Generally, the “non-dense” requirement is necessary, but
under which situation does it become unnecessary? Therefore, F. Blanchard
brought the following question: when the system is minimal, is the “non-dense”
the requirement necessary? The aim of this section is to give a positive answer
to it.

Theorem 6.1. Suppose that X is a compact metric space, and f: X — X is a
continuous map. If f is minimal, then the following properties are equivalent:

(1) (X, f) is scattering;

(2) for an open cover a = { Ay, As}, which is composed of any two non-dense
open sets, Co(f, a,+) is unbounded,

(3) for an open cover B = {D1, Dy}, which is composed of any two open
sets, Co(f, B,-) is unbounded.

Proof. It follows from [10] that (1) is equivalent to (2).

(3) = (2) It is obvious.

(2) = (3) Assume that there exists an open cover 8 = {D1, D2}, which is
composed of two open sets, such that C,(f,3,:) < M (where M > 0). If the
elements of 3 are non-dense, obviously the claim holds. In what follows, we
assume that Dy = X, D5 is non-dense (if both Dy =X and D5 = X, the proof
is similar). For any nonempty open sets U,V and V C U, since f is minimal,
for any z € U there exists k such that f¥(x) € V. Taking account of f is
continuous, there exists a neighborhood V;, of = such that f¥(V,,) C V. Since
U is a compact set, we have a finite open cover {Vi,...,Vpland Iy € ZT, to
ensure that for any = € U there exists k € {0,...,[;} satisfying f*(x) € V C U.
Therefore, for any n € ZT there exists k, € {n,n+ 1,...,n + 1}, satisfying
fFn(x) € U. Tt can be proved by induction. When n = 0, it is obvious.
Assuming that it holds for n = m, we discuss the condition for n = m+1. When
km > m + 1, it is obvious. When k,,, = m, since f*=(x) € V, there exists t €
{0,...,11} such that f*=*+(z) € V C U. Due to kp,+t € {m+1,...,m+1+1},
so it holds for n = m 4+ 1. For X is a compact space, there exists a finite open
cover E = {Uy,...,Unx} and L such that for any = € U;,7 € {1,...,N} and
any n € Z1, there exists s € {n,...,n + [} such that f*(z) € U;, and then
Co(f,E,-) < MNE/ this is contradictory with (1). The theorem is proved
completely. O
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