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CONVERGENCE THEOREMS ON VISCOSITY APPROXIMATION
METHODS FOR FINITE NONEXPANSIVE MAPPINGS
IN BANACH SPACES

JoNG Soo Jung

ABSTRACT. Strong convergence theorems on viscosity approximation methods for
finite nonexpansive mappings are established in Banach spaces. The main theorem
generalize the corresponding result of Kim and Xu [10] to the viscosity approxima-
tion method for finite nonexpansive mappings in a reflexive Banach space having a
uniformly Gateaux differentiable norm. Qur results also improve the corresponding
results of [7, 8, 19, 20].

1. INTRODUCTION

Let E be a real Banach space and C be a nonempty closed convex subset of
E. Recall that a mapping f : C — C is a contraction on C if there exists a
constant k£ € (0,1) such that ||f(z) — f(y)|| < kllz —yll, =, y € C. We use E¢
to denote the collection of mappings f verifying the above inequality. That is,
Yc = {f : C — C | f is a contraction with constant k}. Let T : C — C be
a nonexpansive mapping (recall that a mapping T : C — C is nonexpansive if
ITz — Ty|| < |z —yll, z, y € C), and Fiz(T) denote the set of fixed points of T,
that is, Fiz(T) = {z € C : z = Tz}.

We consider the Mann iterative scheme for nonexpansive mapping: for T nonex-
pansive mapping and o, € (0,1),

(1.1) T+l = 0nTn + (1 — ap)Txn, n >0,

where the initial guess x¢ € C is chosen arbitrarily.
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The Mann iterative scheme for nonlinear mappings has extensively been studied
over the last forty years for constructions of fixed points of nonlinear mappings
and of solutions of nonlinear operator equations involving nonexpansive mappings,
monotone, accretive and pseudo-contractive operators and others. (see, e,g., (2, 3,
9, 11]). In particular, the construction of fixed points of nonexpansive mappings
by Mann iterative scheme is important and useful in the theory of nonexpansive
mappings and its applications in a number of applied areas, for instance, in image
recovery and signal processing (see e.q., [1, 14, 15]).

In 2003, Nakajo and Takahashi [13] proposed the following modification of the
Mann iterative scheme (1.1) in a Hilbert space H:

’LE() =z € C,
Un = 0nZn + (1 — an) T2y,
(1.2) 1Cn={2€C:|lyn — 2|| < [lzn — 2|},

Qn={2€C:{xp— 2,20 — zn) > 0},
\xn—l-l = PCann (CL‘(}),

where Pg denotes the nearest point (metric) projection from H onto a closed convex
subset K of H. They proved that if the sequence {a,} is bounded above from one,
then {z,} generated by (1.2) converges strongly to Pg;z){w0). Their argument
does not work outside the Hilbert space setting.

Recently, without any additional projection in the scheme, Kim and Xu [10] pro-
vided a simpler modification of Mann iterative scheme (1.1) in a uniformly smooth
Banach space as follows:

zg=x€C,
(1.3) Yn = Bnn + (1 — Bn)Tzn,

Lpt1 = Ol + (1 - an)?/'m
where u € C is an arbitrary (but fixed) element, and {a,} and {6,} are two se-
quences in (0,1). They proved that {z,} generated by (1.3) converges to a fixed
point of T" under the control conditions:

(H1) lim o, =0, lim 8, =0;
n-—>00 Nn—0o0

o o0 0o
(H2) Zan = 00, (or, equivalently, H(l —ay) = 0), Zﬂn = 00;

n=0 n=0 n=0

o oo
(H3) Z lant1 — an| < oo, Z |Brt1 = Bal < 00.

n==0 n=0
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On the other hand, as the viscosity approximation method, Moudafi [12] and Xu

[18] considered the iterative scheme: for T a nonexpansive mapping, f € ¢ and
an € (0,1),

(1.4) Tnt1l = Anf(xn) + (1 — an)Tzn, n>0.

Under the conditions (H1), (H2) and (H3) on {a,}, Xu [18] showed in a uniformly
smooth Banach space that {z, } generated by (1.4) converges strongly to a fixed point
of T, which solves certain variational inequality. The results of Xu [18] extended the
results of Moudafi [12] to a Banach space setting. In 2006, Jung [8] considered the

iterative scheme: for N > 1, 171,75, --, T)v nonexpansive mappings, f € ¢ and
oy € (0,1),
(1'5) Tn+1 — anf(xn) + (1 - O‘n)Tn-Hxna n >0,

where T, := T), mod nv, and extended results of Xu [18] (and Moudafi [12]) to the
case of a family of finite nonexpansive mappings. In particular, under the conditions
(H1), (H2) on {an} and the perturbed control condition on {o,};

0o
(H4) 'an—}—N - an| < O(an+N) + On, Z On < 0,
n=0

he obtained the strong convergence of the sequence {z,} generated by (1.5) to a
solution in ﬂfvz 1 Fiz(T;) of certain variational inequality in either a reflexive Ba-
nach space having a uniformly Géateaux differentiable norm with the assumption
that every weakly compact convex subset of F has the fixed point property for
nonexpansive mappings or a reflexive Banach space having a weakly sequentially
continuous duality mapping, and gave an example which satisfies the conditions
(H1), (H2) and (H4) on {a,}, but fails to satisfy the condition (H3) on {0y} for
N >1; 37 lonen — ap] < oo.

Very recently, Yao et al. [19] proposed the following modified Mann iterative
scheme: for T nonexpansive mapping, f € X¢ and {an}, {B.} C (0,1),

xg=1x € C,
Yn = Bny + (1 - ﬂn)TfL'm
Tyl = an f(2n) + (1 — an)yn.

By using Lemma 2 of Suzuki [17], they studied strong convergence of this iterative

scheme in a uniformly smooth Banach space under the following conditions on the
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parameters {a,} and {G,}

o0
(H5) an =0, Y ap =00, 0<liminfB, <limsupf, <1,
kAuugde V]

7L 00
n=0

In this paper, motivated by (8, 18, 19], as a viscosity approximation method, we
introduce modified Mann iterative scheme for finite nonexpansive mappings : for
N > 1, T, Ty, - , Tn nonexpansive mappings, f € L¢ and {an}, {8.} € (0,1),

=1z € C,
(IS) Yn = BnTn + (1 = Bn)Tnt1Zn,

Tn+1 = Olnf(xn) +(1- an)ym
and establish the strong convergence of the sequence {z,} generated by (IS) in a
reflexive Banach space having a uniformly Gateaux differentiable norm satisfying
that every weakly compact convex subset of E has the fixed point property for non-
expansive mappings under certain appropriate conditions on the parameters {an}
and {0,} and the sequence {z,}. Moreover, we show that this strong limit is a
solution of certain variational inequality. The main results improve the recent result
of Kim and Xu [10] to the viscosity approximation method for finite nonexpansive
mappings. Our results also generalize the corresponding results of [7, 8, 19, 20].

2. PRELIMINARIES AND LEMMAS

Let E be a real Banach space with norm | - || and let E* be its dual. The value
of f € E* at z € E will be denoted by (z, f). When {z,} is a sequence in F, then
T, — T (resp., T — T, Tp — z) will denote strong (resp., weak, weak*) convergence
of the sequence {z,} to z.

The (normalized) duality mapping J from E into the family of nonempty (by
Hahn-Banach theorem) weak-star compact subsets of its dual E* is defined by

J(@)={f € E*: (z, f) = |lI* = | FI*}

for each z € E. It is single valued if and only if E is smooth.

The norm of F is said to be Géteaur differentiable (and E is said to be smooth)
if .
o) e+t~

t—0 4

exists for each z, y in its unit sphere U = {z € E : ||z|| = 1}. The norm is said to
be uniformly Gateauz differentiable if for y € U, the limit is attained uniformly for
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x € U. The space E is said to have a uniformly Fréchet differentiable norm (and E
is said to be uniformly smooth) if the limit in (2.1) is attained uniformly for (z,y) €
U x U. It is well-known that if E has a uniformly Gateaux differentiable norm, the
duality mapping J is uniformly norm to weak* continuous on each bounded subsets
of £ ([4, 5]).

Let C be a nonempty closed convex subset of E. C is said to have the fized point
property for nonexpansive mappings if every nonexpansive mapping of a bounded
closed convex subset D of C has a fixed point in D. Let D be a subset of C. Then a
mapping () : C — D is said to be a retraction from C onto D if Qz = z forallx € D.
A retraction @ : C' — D is said to be sunny if Q(Qz+t(z —Qx)) = Qx forallt >0
and z+t(x—Qzx) € C. A sunny nonexpansive retraction is a sunny retraction which
is also nonexpansive. Sunny nonexpansive retractions are characterized as follows
[6. p. 48]: If E is a smooth Banach space, then @ : C — D is a sunny nonexpansive
retraction if and only if the following condition holds:

(2.2) (x - Qz,J(z—Qx)) <0, zeC, z€D.

We need the following lemmas for the proof of our main results, For these lemmas,
we refer to [4, 9, 11].

Lemma 2.1. Let E be a real Banach space. If E is smooth, then one has
Iz +yl® < fall® + 20y, J(z + ), forall z,y € E,
Lemma 2.2. Let {s,} be a sequence of non-negative real numbers satisfying
Snt1 < (1= Ap)sn + Abn + 70, n >0,
where {An}, {6} and {y.} satisfy the following conditions:
(i) {\} C[0,1] and i An = 00,

n=0

(i) imsup,,_,o 6n <0 or Z Andp < 00,

n=1
(i) v > 0 (n>0), > 7 < o0.
n=0

Then lim,_ s, = 0.
Finally, the sequence {x,} in E is said to be asymptotically regular if for N > 1,

lim ||z,yn — 2n] = 0.
n—oo
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3. MaIN RESULTS

Now, we study the strong convergence results for modified Mann iterative scheme
(IS) for finite nonexpansive mappings.

We consider N mappings 71, Ta, -+ ,Tn. Forn > N,set T, :== T, mod N, Where
n mod N is defined as follows: if n =kN +1, 0 <l < N, then
{ if 1#0,
d N =
nome {N if 1=0.

For any n > 1, TpyuNTnan-1 The1 : C — C is nonexpansive and so, for any
te(0,1) and f € g, tf + (1 = ) TaNTnanN-1 - Tot1 : C — C defines a strict
contraction mapping. Thus, by the Banach contraction mapping principle, there
exists a unique fixed point z}(f) satisfying

(A) zi(f) =tf (@7 () + (1 = ) e nTnyn-1 - Tor12y (f)-

For simplicity we will write z} for z}*(f) provided no confusion occurs.

The following result for the existence of Q(f) which solves a variational inequality

’ N
(I = NQUN),JQF) —p) <0, feZc, peFi=(|Fia(T;) #0

i=1
was obtained by Jung [8].
Theorem J ([8]). Let E be a reflexive Banach space having a uniformly Géateaux
differentiable norm such that every weakly compact conver subset of E has the
fized point property for nonexpansive mappings. Let C be a nonempty closed con-

vex subset of E and Ty, --- ,Tn nonexpansive mappings from C into itself with
F .= ﬂfil Fiz(T;) # 0 and

F = Féd)(TN . 'Tl) = Fix(TlTN * ~T3T2) = = Fi:):(TN_lTN_g e -TlTN).

Then {z'} defined by (A) converges strongly to a point in F. If we define Q : X¢ —
F by

(1) Q(f) =limar, fec,

then Q(f) is independent of n and Q(f) is the unique solution of a variational
inequality

(I -N@QN)JQU)—p) <0, feXc, peF
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Remark 3.1. In Theorem 3.1, if f(z) = u, x € C, is a constant, then it follows
from (2.2) that (3.1) is reduced to the sunny nonexpansive retraction from C onto
F,

(Qu—-u,J(Qu-p)) <0, ueC, peF.

Using Theorem J, we have the following result.

Theorem 3.1. Let E be a reflexive Banach space having a uniformly Géteaux
differentiable norm such that every weakly compact convexr subset of E has the
fized point property for nonexpansive mappings. Let C be a nonempty closed con-

ver subset of E and Ti,--- ,Tn nonexpansive mappings from C into itself with
F .= ﬂf\;l Fiz(T;) # 0 satisfying the following conditions:

(i) INTN 1Ty =TTN - T3Ty = - =Ty1Tn-2 - T1Tn;

(ii) F = FiI(TNTN_l e ~T1) = Fi:r(TlTN - ~T3T2) == Fix(TN_l - -TlTN).
Let {an} and {8,} be sequences in (0,1) which satisfy the conditions:
(C1) limp o0 0 = 0 and 307 (i = 00;
(B1) limp_ o0 Bn = 0.
Let f € £¢ and let {x,} be the sequence generated by
ro=1x € C,

(IS) Yn = BnTn + (1 - Bn)Tn-f—l-Tn:
Tnt1 = onf(zn) + (1 — an)yn, n>0.
If {xn} is asymptotically regular, then {z,} converges strongly to Q(f) € F, where

Q(f) is the unique solution of a variational inequality

(I = NQ()),JQ(f)—p)) <0 feZc, peF
Proof. First, we note that by Theorem J, there exists a solution Q(f) of a variational
inequality

(I - 1QUN,JQ(f)—p) <0, feZc, pEF,
where Q(f) = lim¢—oz;, and z; is defined by z; = t(z;) + (1 — t)Szs for § =
TNTn_1---Th and t € (0,1).
We proceed with the following steps:
STEP 1. We show that ||z, — p|| < max{||zo — p||, 7=z ||f(p) — p||} for all n > 0
and all p € Fiz(T) and so {z,} is bounded. Indeed, let p € F and d = max{||zo —
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pll, 21/ (p) — pll}. Noting that
lyn =PIl < Bullzn — pll + (1 = Ba)l| Tnrzn — pll < llzn — pll,
we have
1 = pll < (1 — ao)|lyo — pll + coll f (o) — pll

< (1= ao)llwo = pll + ao(llf (o) = f(R)I + I f(p) — pl)

< (1= (1 = k)ao)llwo — pll + ol f(p) — pll

<A -(1-kap)d+ap(l —k)d=d.
Using an induction, we obtain ||zn4+1 — p|| < d. Hence {z,} is bounded, and so are
{vn}, {Tnt12n} and {f(zs)}.

STEP 2. We show that lim, o0 |2n — TneNTnenN-1 - Tnt+12n|| = 0. Indeed, as
a consequence with the control conditions (C1) and (B1), from Step 1 we get
[Zn+1 = Tnr12nll < l2nt1 = Yall + lyn — Trtrznll

< an(lf @n)ll + lynll) + Balllynll + [ Tns1znl)) — 0 (as 7 — o0).

By using the same method, we have

|Tnin = Tnan -+ Togr2n)l = 0 (as n — 00).

Indeed, noting that each 7; is nonexpansive and using just above fact, we obtain the

finite table
Tp+N—LntNTn+N-1 — 0,

Tn+an+N—l - n+NTn+N—l In4N-2 O:

TTH-N v ThyoTntr— n+N 't Tn+lmn — 0.
Adding up this table yields

Zn+N = Tnin - - Tpp12n — 0 (as n — o0).
Since {z,} is asymptotically regular, we have

nh-{lgo Hxn —TnsNToyn—1-"- Tn.,_]:l?n” =0.

STEP 3. We show that limp e |2 — Szp|| = 0 for S = TyTn-1---T1. Indeed,
it is easily to see the following:

Ifn mod N =1, then TnynTnyn-1 Tne1 =1 TN - To;

If n mod N =2, then T NThan-1 Tns1 = o1 TN -+ T3;

Ifn mod N =N, then Ty nThinN-1 Tne1 =TnIN-1--Th.
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In view of the condition (i)

InTn_1-- - Ti =TTy Ts3To = =Tn_1Tn_o - TiTn,

so we have

InTN, - Ty =TheNThen_1- - Thy1, foralln > 1.
By Step 2, this implies that
lon — Szp| = [lan = TnTN-1- - Th@s||
= |zn = Ty NTnyn-1 - Tnra1Znll — 0 (as n — oo).
STEP 4. We show that limsup,,_,.. (I — F{Q(f)), J(Q(f) — zn)) < 0. To prove
this, let a subsequence {x,,} of {x,} be such that

limsup((I = £)(Q(f), J(Q(f) = zn)) = lim (I = /(Q(f)), J(QS) = &ny))

n-—oo

and z,, — p for some p € E. Since
xt — xp = (1 — )(Szy — zn) + t(f(z1) — Tn),
by Lemma 2.1, we have
lze = zal® < (1= )%)1Szs = 2al|® + ¢(f (24) — Tn, I (@e — 20))-
Putting

a;(t) = (1 = )2)|Szp; — 2n; |(2l|22 = ny | + [|S2n; — 24, 1)) — 0 (as § — 00)
by Step 3 and using Lemma 2.1, we obtain
e = @n, 12 < (1 = )*||Sze — 2, ||* + 26(F (22) — Ty I (22 = @ny))
< (1= 8)2(11Szs = Szpyl| + 1525, — 20, 11)?
+ 2t{f(xt) — 1, J (2t — ) + 2|2t — T &
< (1= 1) lze — 2, |* + a5(2)
+ 26(f (x0) — @1, J (@6 = Tny)) + 28|00 — @y |1 %
The last inequality implies
(0= £(0), T (@ = n,)) < Sllze = o, I + 505(0),
It follows that

. t

(3.2) lim sup(z; — f(z¢), J(z — Tn;)) < 5
j—o0

where M > 0 is a constant such that M > ||z; — z, % for all n > 0 and ¢ € (0,1).

Taking the limsup as ¢ — 0 in (3.2) and noticing the fact that the two limits are
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interchangeable due to the fact that J is uniformly continuous on bounded subsets
of E from the strong topology of E to the weak* topology of E*, we have

limsup({I — f)(Q(f)), J(Q(f) — zn;)) <O

J—00

STEP 5. We show that limp—,0 {|Zn — Q(f)|| = 0. By using (IS), we have

Znt1 — QUf) = an(f(zn) — Q(f) + (1 — an)(yn — Q(f))-
Applying Lemma 2.1, we obtain
znt1 ~ QAN
< (1= an)?llyn — QUAN? + 200 (f(n) — Q(F), J(@ni1 = Q(S)))
< (1= an)llzn = QUOI + 200 (f(zn) = F(Q(F)), I (wns1 = Q(H))
+ 20, (f(Q(f)) — Q(f), I (Tns1 — Q(F)))
< (1= an)llzn = QUAIP + 2kanlizn — QA Tnt1 — QNI
+ 200 (f(Q(f)) — Q(f), J (zni1 = Q(f)))
< (1= )z = QUAOIP + kan(llzn = QUOI® + llzas1 — QAN
+ 200 {f(Q(F)) = QUf) J(znt1 = Q())).

It then follows that

fen - QU < 2= Ra ey g2
F T2 (1~ £)(QUN), Q) ~ Tns)
h = l___@___é’_)?_,,_”x QU+ 2
=T " ke, MEn 1= kay,
1 fa,;;n (I = AU, TQ(S) = Tns1)),
where M = sup,5q ||z — Q(f)|*>. Put
b= B a6 = 0 L= DQULI@UD) — i)

From the condition (C1) on {a,} and Step 4, it follows that A, — 0, > 2 (A, = 00
and limsup,_, 6, < 0. Since (3.3) reduces to

21 = QAP < (1 = An)llzn — QAN + Anbn,
from Lemma 2.2 with v, = 0, we conclude that limp— ||z — Q(f)|| = 0. This
completes the proof. O

Remark 3.2. If {a,} and {3,} in Theorem 3.1 satisfy conditions:



CONVERGENCE THEOREMS ON VISCOSITY APPROXIMATION METHODS 95

(B2) > Bnsn — Bl < o0,
n=0

(C1) limy, o0 = 0, Z oy = 00 and

n=0

(C2) Z |ant N — 0| < 00, or,

n=0
o

(C3) |lantn — an| < o(aninN) + On, Z on < 00 (the perturbed control condition),

then the sequence {z,} generated b; (%S) is asymptotically regular.

Now we give only the proof in the case when {a,, } and {3,} satisfy the conditions
(B2), (C1)) and (C3). Indeed, by Step 1 in the proof of Theorem 3.1, there exists a
constant L > 0 such that

L = max { sup{|| f(zn) |l + | Ta+12a 1}, sup{llznll + IITn+1xn|!}}-
n>0 n>0

Since for all n > 1, T,y = T}, we have
LTn+N — Tn
= (antN-1 = an1)(f(2n-1) = TnZn-1) + (1 = @t N-1) Bt N1 (TnsN-1 — Tn-1)
+ [(Bnan-1 = Bn-1)(1 = antn-1) = (@niN-1 = @n-1)Bn-1}(Tn-1 — TnZn-1)
+ (1 = Bnan-1)(1 ~ any N 1) Ty NTngN-1 — Ty NTn—1)

+ anyN-1(f(@Znyn-1) — f(2n-1)),
and so
|1Zn+N — 2n

< (1= Bren-1)(1 = anpn-1) Tt N-1 — Zn1]|
+ kony N1 |Znyv—1 — Zn-1ll + (1 = @naN-1)BnaN-1|TnsN-1 — Tn-1]|
+ |BntN-1 = Bn-1|L + 2]anyN-1 — an-1|L
<A -Q-konsN-D)lZntN-1 — Tno1| + |Bnsn-1 — Ba-1|L
+ 2(o{anyn-1) + 0n-1)L.
By taking spy1 = ||Tnen — Znll, An = (1 — K)ansn—1, Andn = 20(an+n-1)L and
Yn = |BnyN-1 — Bn-1|L + 20,_1L, we have
Snt+1 < (1= Ap)sn + Anbn + Yoo
Hence, by (B2), (C1), (C3) and Lemma 2.2,

nh_{rolo Zntn — znf = 0.
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In view of this observation, we have the following result.

Corollary 3.1. Let E be a uniformly smooth Banach space. Let C' be a nonempty
closed conver subset of E and Ty,--- , Ty nonerpansive mappings from C into itself
with F := ﬂfvzl Fiz(T;) # 0 satisfying the following conditions:

(i) InTn— Ty =TTy - BT =--- =Ty aTn_2---ThTnN;

(ii) F= Fi:D(TNTN__l v Tl) = Fi:E(TlTN i ‘T3T2) == Fii}(TN_1 R 'T]TN).
Let {an} and {Bn} be sequences in (0,1) which satisfy the conditions

00
(C1) limp—oo n, = 0 and Z Oy = 00;

n=0 o
(C3) |lansn — an| < 0(an+N) + On, Z(fn < 0305
n=0
(B1) limpoo Bn = 0;
00
(B2) > 1Bnsn — Bal < o0,

n=0
(or the conditions (C1), (C2), (B1), aend (B2) in Remark 3.2). Let f € ¢ and let
{z,} be the sequence generated by

g =1z € C,

Un = BnTn + (1 - ﬁn)Tn+1wm

Tn+1 = nf(Tn) + (1 = n)yn, n=0.
Then {x,} converges strongly to Q(f) € F, where Q(f) is the unigque solution of a
variational inequality

(I =NQN)IHQ) -p) <0, feko, peF

Proof. Since E is a uniformly smooth Banach space, E is reflexive and the norm
is uniformly Géateaux differentiable norm and its every nonempty weakly compact
convex subset of E has the fixed point property for nonexpansive mappings. Thus the
- conclusion of Corollary 3.1 follows from Theorem 3.1 and Remark 3.2 immediately.
O

Remark 3.3. (1) Theorem 3.1 improves the corresponding results of Jung {7, 8],
Kim and Xu [10] and Zhou et al. [20] (that is, Theorem 10 of (7], Theorem 2 in [8],
Theorem 1 in [10], and Theorem 6-and Theorem 10 in [20]) in several aspects.
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(2) Theorem 3.1 also extends Theorem 1 of Yao et al. [19] to the case of a family
of finite mappings in more general Banach spaces under the different conditions on
the parameter {3,} and the sequence {z,}.

(3) Corollary 3.1 also improves Theorem 1 of Kim and Xu [10] to the viscosity
approximation method for finite nonexpansive mappings together with the condition
(C3) different from the condition (C2) on {a,}.

(4) Even the case of 3, = 0, Corollary 3.1 generalizes Theorem 10 of Jung [7] and
Theorem 2 of Jung [8] since the assumption of the weakly sequentially continuous
duality mapping was removed.

(5) Even the case of f(z) = u, z € C, a constant, Theorem 3.1 and Corollary 3.1
also work in a Banach space setting as opposed to iterative scheme of Nakajo and
Takahashi [13}, which works in only in the framework of Hilbert spaces.
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