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SOME COMMON FIXED POINT THEOREMS USING
COMPATIBLE MAPS OF TYPE(a) ON INTUITIONISTIC FUZZY
METRIC SPACE

JONG SEO PARK

ABSTRACT. In this paper, we prove some common fixed point theorems for six maps
satisfying compatible maps of type(a) on intuitionistic fuzzy metric spaces in sense
of Park et al.[7]. Our research are generalization and extension for the results of {1],
[2]. [3] and [13].

1. INTRODUCTION

Kaleva and Seikkala [5], Kramosil and Michalek[6] etc Several authors have in-
troduced the concept of fuzzy metric space in different ways. Grabiec [2] obtained
the Banach contraction principle in setting of fuzzy metric spaces introduced by
Kramosil and Michalek [6]. Park and Kim [8] proved a fixed point theorem in a
fuzzy metric space. Jungck et al. [4] introduced the concept of compatible maps of
type(a) in metric space and proved common fixed point theorems in metric space.
Also, Chol1] introduced the concept of compatible maps of type(a) in fuzzy metric
spaces. Furthermore, Park et al. [7] defined the intuitionistic fuzzy metric space,
Park et al.[10] introduced the some properties in intuitionistic fuzzy metric space
and obtain the common fixed point theorems in intuitionistic fuzzy metric space.

Recently, Sharma [13] proved common fixed point theorems for six maps satisfying
some conditions in fuzzy metric spaces.

In this paper, we prove common fixed point theorems for six maps satisfying
some conditions on intuitionistic fuzzy metric space in sense of Park et al. [7]. Our

research are generalization and extension for the results of [1], [2], [3] and [13].
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2. PRELIMINARIES

Now, we give some definitions, properties on intuitionistic fuzzy metric space as

following:

Definition 2.1 ([14]). A operation * : [0,1] x [0,1] — [0, 1] is continuous t-norm if
* is satisfying the following conditions:

(a) * is commutative and associative, -

(b) * is continuous,

(c)ax1=aforallacl01],

(d) a*b<c+*dwhenever a <cand b<d (a,b,cde|0,1]).

Definition 2.2 ([14]). A operation o : [0,1] x [0,1] — [0, 1] is continuous t-conorm
if ¢ is satisfying the following conditions:

(a) ¢ is commutative and associative,

(b) ¢ is continuous, ‘

(c)aco0=aforallac]01],

(d) aob > codwhenever a < cand b<d(a,b,cde0,1]).

Definition 2.3 ([7]). The 5-tuple (X, M, N, ,¢) is said to be an intustionistic fuzzy
metric space if X is an arbitrary set, * is a continuous {-norm, ¢ is a continuous -
conorm and M, N are fuzzy sets on X2 x (0, c0) satisfying the following conditions;
for all z,y,z € X, such that

(a) M(z,y,t) >0,

(b) M(z,y,t) =1 <>z =y,

(c) M(z,y,t) = M(y,z,1),

(d) M(z,y,t) * M(y,2,8) < M(z,z,t+s),

(e) M(z,y,-) : (0,00) — (0,1] is continuous,

(f) N(z,y,t) >0,
(g) N(z,y,t) =0 &=z =1y,
(h) N(z,y,t) = N(y,,t),

(i) N(z,y,t) o N(y,z,8) > N(z,z,t + s),

() N(z,y,-) : (0,00) — (0,1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y,t) and N(z,y,t) denote the degree of nearness and the degree of non-nearness
between x and y with respect to ¢, respectively.
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Lemma 2.4 ([8]). In an intuitionistic fuzzy metric space X, M(z,y,-) is nonde-
creasing and N(z,y,-) is nonincreasing for all z,y € X.

Definition 2.5 ([11]). Let X be an intuitionistic fuzzy metric space.
(a) {zn} is said to be convergent to a point x € X by limpzn = z if
limy, oo M(zp,x,t) = 1, limy, oo N(zp,2,t) =0 for all ¢ > 0.
(b) {z} is called a Cauchy sequence if
'n.lgrolo A{(xn-%pv Tp,t) =1, ’}B};O N(mn-kpa Tp,t) =0

forall £ > 0 and p > 0.

(c) X is complete if every Cauchy sequence converges in X.

In this paper, X is considered to be the intuitionistic fuzzy metric space with the
following condition:

(2.1) lim M(z,y,t) =1, lim N(z,y,t)=0
t—00 =00
for all z,y € X and ¢t > 0.

Remark 2.6. Since *, ¢ are continuous, it follows from (d), (i) that the limit of the

sequence in intuitionistic fuzzy metric space is uniquely determined.

Lemma 2.7 ([9]). Let {x,} be a sequence in an intuitionistic fuzzy metric space X
with the condition (2.1). If there exist a number k € (0,1) such that for allz,y € X
and t > 0,

(22) M(xn+27 Tnt1, kt) > fW(xn+1 » Ty t)' N($n+g, Tn+1, kt) < N('TR+1 y Ty t)
forallt >0 andn=1,2,--- , then {z,} is a Cauchy sequence in X.

Lemma 2.8 ([8]). Let X be an intuitionistic fuzzy metric space. If there exists a
number k € (0,1) such that for all z,y € X and t > 0,

M(z,y, kt) > M(z,y,t), N(z,y,kt) < N(z,y,1),
then ¢ = y.

3. COMPATIBLE MAPS OF TYPE(a)
In this part, we give the concepts of compatible maps of type(a) on intuitionistic
fuzzy metric space and some properties of these maps.

Definition 3.1 {[10]). Let A, B be mappings from intuitionistic fuzzy metric space
X into itself. The mappings are said to be compatible if
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lim M(ABz,, BAty,,t) =1, lim N(ABxn, BAzy,t) =0
T OO

(e o]
for all t > 0, whenever {z,} C X such that limy,_.co Az, = lim, o Bxyn = z for
some x € X.

Definition 3.2 ([10]). Let A, B be mappings from intuitionistic fuzzy metric space
X into itself. The mappings are said to be compatible of type(c) if

lirrolo M(ABz,,BBxz,,t) =1 and Iinc}0 M(BAzx,, AAz,,t) =1,

Tp e Py

lim N(ABz,, BBz,,t)=0and lim N(BAz,, AAz,,t)=0
n—>00

=00
for all t > 0, whenever {z,} C X such that lim,_,., Az, = lim,— Bx, = z for
some z € X.

Proposition 3.3 ([10]). Let X be an intuitionistic fuzzy metric space and A, B be
continuous mappings from X into itself. Then A and B are compatible iff they are
compatible of type(a).

Proposition 3.4 ([10]). Let X be an intuitionistic fuzzy metric space and A, B be
mappings from X into itself. If A, B are compatible of type(a) and Az = Bz for
some z € X, then ABz = BBz = BAz = AAz.

Proposition 3.5 ([10]). Let X be an intuitionistic fuzzy metric space and A, B be
mappings from X into itself. If A, B are compatible of type(a) and {z,} C X such
that im, o Az, = lim,_,o Bz, = x for some x € X, then

(a) limp_.00o BAz, = Az if A is continuous at x € X,

(b) ABx = BAx and Az = Bz if A and B are continuous at x € X.

4. SoME CoMMON FIXED PoINT USING COMPATIBLE MAPS OF TYPE(a)

In this part, we prove some common fixed point theorems for six maps satisfying
some conditions.

Theorem 4.1. Let X be a complete intuitionistic fuzzy metric space withtxt > t,
tot <t for allt € [0,1] and satisfy the condition (2.1). Let A, B,S,T,P and Q be
maps from X into itself such that

(a) P(X) C AB(X), Q(X) C ST(X),

(b) AB=BA, ST =TS, PB=BP, Q5 =5Q and QT =TQ,

{c) A, B, S and T are continuous,

(d) (P,AB) and (Q,ST) are compatible of type(c),
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(e) There exist k € (0,1) such that for all z,y € X, B € (0,2) and t > 0,

M(Pz,Qy, kt)
> M(ABz, Pz, t) « M(STy, Qyu,t) x M(STy, Pz, 3t)
* M(ABz,Qy, (2 — B)t) x M(ABz, STy, t),
N(Pz,Qy, kt)
< N(ABz, Pz, t) o N(STy, Qu,t) o N(STy, Pz, 8t)
o N(ABz,Qy, (2 — 8)t) o N(ABz, STy, t).
Then A, B,S,T,P and Q have a unique common fized point in X.
Proof. By (a), since P(X) C AB(X), we can choose a point z; € X such that
Pzry = ABxy. Also, since Q(X) C ST(X), we can choose o € X for this point
z1 such that Qzy = STxy. Inductively construct sequence {y,} C X such that
Yon = Pron = ABToni1, Yont1 = Qrans1 = STZapyo for n =1,2,---. By (b), we
have for all t > 0 and 8 =1 — q with ¢ € (0, 1),
M(y2n+1, Yon+2, kt)
= M(Pzan+1, QTania, kt)
> M(ABzxony1, Pxony1,t) ¥ M(STZan12, QTant2,t) * M(STTont2, Prony1, Bt)
* M(ABxoni1, QTony2, (2 — B)t) * M(ABxopn i1, STT2n42,t)
= M(y2n, Y2n+1,t) * M (Yont1, Yon+2,t) * M (Y2041, Y2n+1, (1 — q)2)
* M(yon, Yan+2, (1 + @)t) * M(y2n, Y2n+1,1)
2 M(yan, Yon+1,t) * M(Yon+1, Yan+2, t) ¥ M(Yon, Y2nt1, qt),
N (y2n+1, Y2n+2, kt)
= N(Pzon+1, QTan+2, kt)
< N(ABzon+i1, Prani1,t) 0 N(STxont2, QTont2,t) © N(STzont2, Pront1, Bt)
¢ N(ABxon+1, QTanq2, (2 — B)t) © N(ABx3n41, ST Ton2,t)
= N(y2n, Y2n+1,t) © N(Y2n+1, Y2n+2,t) © N(yan+1, Yans1, (1 — @)t)
o N(y2n, Y2nt2, (1 + @)t) © N(yan, Y2n+1, 1)
< N(¥2n, Y2n+1,t) © N(Y2n+1, Y2n+2, 1) © N(Y2n, Y2011, 1)

Letting ¢ — 1,

M (y2n+t1, Yon+2, kt) > M (yon, Y2n+1,t) * M (Y2nt1, Yant2, 1),
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N (Yon+1, Y2nt2, kt) < N(y2n: Yont1,t) © N (Y2n41s Yont2, 1)

Similarly, we have

M(y2n+2’ Yon+3, kt) > M(y2n+1; Yoan+2, t) * M(92n+2, Yon+3, t)
N(Yon+2, ¥2n+3, kt) < N(yant1, Yont2,t) © N(Yont2, Yonss, t).

Thus,
M (y2n+1, Yont2, kt) = M (Yn, Ynt1,t) * M (Ynt1, Ynt2s t),
N(y2n+l » Y2n+25 kt) < N(?}m Yn+1, t) < N(yn-!—-l: yn+27 t)
for n=1,2,---. And for positive integers n, p,

t
M(yn+la Yn+2, kt) = M(?/m Yn+1, t) * M(yn+1: Yn+2, ﬁ)

t
N(yn-i-h Yn+2, kt) < N(yn’ Yn+1; t) % N(yn+17 Yn+2, ’EI;) .

Since limy, .00 M (Yn+1, Yn+2, k_ip) =1 and limp—o0 N (Yn+1, Yn+2, 75) = 0, we have

M(y?’a-}-l » Yn+25 kt) 2> M(y‘na Yn+1, t)a N(yn+11 Yn+2» kt) < N(yn7 Un+1, t)‘

By Lemma 2.7, {y,} is a Cauchy sequence in X and since X is complete, {yn}
converges to z € X. Also, since {Pz2,}, {Qz2n+1, {ABz2n+1} and {STxz2,42} are
subsequences of {y,}, hence

lim P:IIgﬂ =z= lim Q$2n+1 = lim AB£27,+1 = lim ST.Z‘Qn+2.
n—00 n—o00 n—o0 n—00

Since A, B are continuous and (P, AB) are compatible maps of type(a), by Propo-
sition 3.5(a), we have

nanolo P(AB)zap41 = ABz and T}Lngo (AB)%*z9,+1 = ABz.

Also, since S,T are continuous and (Q,ST) is compatible maps of type(a), by

Proposition 3.5(2), we have lim,,_,oo Q(ST)xan42 = STz and limy,_,0o(ST)?T2n 42 =

STz.

First, let £ = (AB)Zon41 and y = zop40 with 8 =1 in (e), we obtain
M(P(AB)z2n41, @T2n+2, kt)
> M((AB)*zon+1, P(AB)Zon41,t) ¥ M(8T 22019, Qonta,t)

*M(STxon+2, P(AB)Zan41,t) * M((AB)*Ton+1, QT2n42,t)
*M((AB)?zon11, STZon42,1),
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N(P(AB)zon+1, Qranta, kt)
< N((AB)?zons1, P(AB)Zoni1,t) © N(STx2n42, QTont2,t)
oN(STzan49, P(AB)Ton11,t) © N((AB)*z2n+1, QT2nt2, t)
01V((AB)2.’L'271+1, STxon42,t).
Letting n — oo,
M(ABz, z, kt)
>1%1%M(z, ABz,t) x M(ABz,z,t) * M(ABz, z,t)
> M(ABz, z,t),
N(ABz,z,kt)
<0600 N(z,ABz,t) o N(ABz,z,t) o N(ABz,z,1)
< N(ABz, z,t).
Hence, by Lemma 2.8, ABz = z.
Second, let x = Pxy, and y = T3,41 with 3 =1 in (e), we have
M(P(Pxap), Qrant1, kt)
> M(AB(Pzxs,), P(Pxas),t) * M(STzon4+1, QTon+1,1)
*M(STxans1, P(Pxon), t) * M(AB(Px2,), QT2n41,1)
* M(AB(Pzo,), STxon41,1),
N(P(Pzan), Qxant1, kt)
< N(AB(Pz3,), P(Pzan),t) o N(STx2n+1, Q22n+1,1)
oN(STzon i1, P(Pxay,),t) © N(AB(Pxay), QTont1,1)
ON(AB(Pzx2,), STxon+1,1).
Taking the limit n — oo, we have
M(Pz, z, kt)
> M(Pz,2,t)* M(z,z,t) * M(z, Pz, t) * M(z,2,t) * M(z,z,t)
> M(Pz, z,t),
N(Pz,z,kt)
< N(Pz,z,t) o N(z,2,t) o N(z, Pz,t) o N(z,z,t) o N(z,2,t)
< N(Pz, z,t).

Therefore by Lemma 2.8, Pz = z. Hence Pz = z = ABz.
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Third, we show that Bz = 2. Let x = Bz and y = @341 with S =1 in (e), and
using (b), we obtain
M(P(Bz), Qzana1, kt)
> M(AB(Bz), P(Bz),t) x M(S8Txan+1, Q%2n+1,t) * M(STxon41, P(Bz),t)
*M(AB(Bz),Qzan+1,t) * M(AB(Bz2), STzon+1,1),
N(P(Bz),Qr2n41,kt)
< N(AB(Bz), P(Bz),t) o N(STz2n+1, QT2n41,t) © N(STz2n41, P(B2),1)
oN(AB(Bz),Qz2n+1,t) © N(AB(Bz), 8Tz +1,1).
Letting n — o0,
M(Bz, z,kt)
> M(Bz,Bz,t) « M(z,z,t) * M(z, Bz,t) x M(Bz,z,t) *x M(Bz, z,t),
N(Bz,z,kt)
< N(Bz,Bz,t)o N(z,z,t) ¢ N(z, Bz,t) o N(Bz,z,t) o N(Bz,z,t).
Therefore, by Lemma 2.8, Bz = z. Also, since ABz = z, hence Az = z.
Forth, let z = z and y = ST2gp4+2 with 8 = 1 in (e), we have
M(Pz,Q(ST)xon+2, kt)
> M(ABz, Pz,t) * M((ST) xan12, Q(ST)xonsa,t) * M((ST) %o 42, Pz,t)
*M(ABz, Q(ST)x2n42,t) ¥ M(ABz, (ST) zont2,t),
N(Pz,Q(ST)x2n42, kt)
< N(ABz, Pz,t) o N((ST)*z2n+2, Q(ST)Zan42,t) © N((ST)*x2n12, P2, 1)
oN(ABz,Q(ST)x2n42,t) © N(ABz, (ST)?xon 42, t)
As n — 00, we have
M(z, 8Tz, kt)
> M(z,2z,t) « M(STz2,S8Tz,t) * M(STz,z,t) * M(2,5Tz,t) * M(z,STz,t)
> M(z,STz,t),
N(z,8Tz,kt)
< N(z,2t)o N(STz,8Tz,t)o N(STz,z,t) o N(z,8T2,t) o N(z,5T'z,t)
< M(z,8Tz,t).
By Lemma 2.8, $Tz = 2.
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Fifth, by putting z = z and y = Qz2,41 with 8 = 1 in (e) and using (b), we have

M(Z,QZ kt)

M(z,2,t) * M(z,Qz,t) * M(z,2,t) x M(2,Qz,t) x M(z,2,t)
> M(z,Qz,1),

N(z,Qz,kt)
< N(z,2,t) o N(z,Qz,t) o N(z,2,t) o N(2,Qz,t) o N(z, 2,t)
< N(z,Qz,t).

Therefore Qz = z and hence STz = z = Qz.
Sixth, we prove that Tz = z. Let = z and y = Tz with 3 = 1 in (e) and using

(b), we have
M(Pz,Q(T=z), kt)
> M(ABz, Pz, t) « M(ST(Tz),Q(Tz2),t) x M(ST(Tz), Pz,t)
*M(ABz,Q(Tz),t) * M(ABz,ST(Tz),t)
> M(Tz,z2,t),
N(Pz,Q(Tz), kt)
< N(ABz,Pz,t)o N(ST(Tz),Q(Tz),t) o N(ST(Tz), Pz,t)
oN(ABz,Q(Tz),t) o N(ABz,S8T(Tz),t)
< N(Tz,z,t).
Therefore, Tz = z. Since STz = z, hence STz = z = Sz. Thus, Az = Bz = Sz =
Tz =Pz = Qz = z, that is, z is a common fixed point of A, B, S, T, P and Q.
Finally, we prove the uniqueness of common fixed point. Let u(u # z) be another
common fixed point of 4, B, S, T, P and Q, and 3 = 1, then by (e),
M(Pz,Qu, kt)
> M(ABz, Pz,t) * M(STu,Qu,t) * M(STu, Pz,t)
*M(ABz,Qu,t) x M(ABz, STu,t),
N(Pz,Qu, kt)
< N(ABz,Pz,t) o N(STu,Qu,t) o N(STu, Pz,t)
oN(ABz,Qu,t) o N(ABz,STu,t).

It follows that
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M(z,u kt)
M(z,z,t) « M(u,u,t) * M(u,z,t) * M(z,u,t) x M(z,u,t)
> M(zu,0)
N(z,u,kt)
< N(z,2,t) o N(u,u,t) o N(u, z,t) o N(z,u,t) o N(z,u,t)

N(
N(z,u,t).
Hence z = u. That is, z is unique common fixed point of A, B,S,T,P and Q. O
Corollary 4.2. Let X be a complete intuitionistic fuzzy metric space with t*t > t,
tot <t for allt € [0,1] and satisfy the condition (2.1). Let A, S, P and Q be maps
from X into itself such that

(a) P(X) C A(X), Q(X) C 5(X),

(b) (P, A) and (Q,S) are compatible of type(a),

(c) A and B are continuous,

(d) There exist k € (0,1) such that for all z,y € X, a € (0,2) and t > 0,

M(Pzx,Qy, kt)
> M(Ax, Pz, t) * M(Sy,Qy,t) * M(Sz, Pz, 8t)
*M(Az, Qy, (2 — B)t) * M(Az, Sy, t),
N(Pz,Qy, kt)
< N(Az, Pz,t) o N(Sy,Qy,t) o N(Sz, Pz, 3t)
oN(Az,Qy, (2 — B)t) o N(Ax, Sy, t).
Then A, S, P and Q have a unique common fized point in X.
Proof. Let Ix be the identity map on X. Then the proof follows from Theorem 4.1
with B=T = Ix. O

Corollary 4.3. Let X be a complete intuitionistic fuzzy metric space with t+t > t,
tot <t for allt € [0,1] and satisfy the condition (2.1). Let Pand Q be a maps from
X into itself. If there exists a constant k € (0,1) such that

M(Pz,Qy, kt)
> M(x, Px,t) * M(y,Qy,t) x M(y, Pz, Bt) * M(z, Qy, (2 — B)t) * M(x,y, t),

N(Pz,Qy, kt)
< N(z, Pz,t) o N(y,Qy,t) o N(y, Pz, 8t) o N(z,Qy, (2 — B)t) o N(z,y,t)
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forallz,ye X, 3 €(0,2) andt > 0. Then P and Q have a common fized point in
X.

Proof. The proof follows from Theorem 4.1 with A =B =S8 =T = Ix. O

Corollary 4.4. Let X be a complete intuitionistic fuzzy metric space with t xt > t,
tot <t for allt € [0,1] and satisfy the condition (2.1). Let P,S be compatible maps

of type(a) on X such that P(X) C S(X). If S is continuous and there ezists a
constant k € (0,1) such that

M(Px, Py, kt)
> M(Sxz, Pz, t) « M(Sy, Py, t) * M(Sy, Pz, 8t)
*M(Sxz, Py, (2 — 3)t) « M(Sz, Sy, t),
N(Pz, Py, kt)
< N(Sz, Pz,t) o N(Sy, Py,t) o N(Sy, Pz, 5t)
oN(Sx, Py, (2 — B)t) o N(Sz, Sy, t)
forallz,y € X, 3 €(0,2) andt > 0. Then P and S have a unique common fixed
point in X.

Proof. The proof follows from Theorem 4.1 with P = Q, S = Aand B =T =
Ix. O

Example 4.5. Let X = [0, 1] with the metric d defined by d(z,y) = |z — y| and for
each t € [0, 1], define

t d(z,
M(z,y,t) = Ty N(z,y,t) = T dle D +(d(i)y)

forall z,y € X and t > 0.

Clearly, X is a complete intuitionistic fuzzy metric space where % and ¢ is defined
by a b= ab and a ©b = min{l,a + b}.

Let A, B,S,T,P and Q be defined as Ar =2, Bx =5, Sz =%, Tex =35, Pr =%
and Qz = 0 for all z € X. Then P(X) = [0,}] C [0,3] = AB(X). Also, since
Q(X) = {0} and ST(X) = [0, ], hence

Q(X) C ST(X).

1.t =1and B = 1, we see that (e) of Theorem 4.1 is satisfied.
) and (c) od Theorem 4.1 are satisfied, and (P, AB) is compatible
) if lim, oo, = 0 where {z,} C X such that lim,_,. Pz, =

If we take k =
Furthermore, (b
maps of type(w
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lim, 00 ABz, = 0 for some 0 € X. Similarly, (Q,ST) is also compatible maps

of type(a). Thus all conditions of Theorem 4.1 are satisﬁed and 0 is the unique
common fixed point of A, B, S,T, P and Q.

10.

11.

12.

13.

14.

15.
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