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MPSK over Independent But Non-Identically Distributed Rayleigh
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ABSTRACT

This paper provides new exact-closed form expressions for average SER and average BER as well as outage
probability for M-PSK signaling with selection combining over independent but non-identically distributed Rayleig
h fading paths. The validity of these expressions is verified by the Monte-Carlo simulations. All of numerical res
ults are in excellent agreement with simulation results.
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1. Introduction

Diversity is an effective technique used in
wireless communication systems to combat the
performance degradation caused by fading. It can
alleviate the deleterious effect of fading by means
of multiple reception of the same information
bearing signals. Receiving several replicas of the
same signal requires some kind of combining
techniques in order to obtain a single representation
of the desired symbol. There are three common
types of diversity combining techniques: selection
combining (SC) which selects the signal with the
largest instantaneous SNR from those diversity
paths; equal-gain  combining (EGC)  which
coherently combines all available paths weighting
each with an equal gain; and maximal-ratio
combining (MRC) which also coherently combines
all available paths but weighs each with the
respective gain of the path. Among them, SC gives
the most inferior performance, MRC gives the best
and the optimum performance, and EGC has a
performance quality in between the others. SC and

MRC are the two extremes of complexity quality
tradeoff. Although optimum performance is highly
desirable, practical systems often sacrifice some
performance in order to reduce their complexity.
Instead of using MRC which requires exact
knowledge of the channel state information, a
system may use SC which simply requires SNR
measurements. This leads to a simple receiver
structure that is hardware-feasible and cheaper to
implement. Another benefit of using SC as opposed
to MRC is reduced power consumption at the
receiver.

In the early analyses of SC, the assumption was
made that the fading on the N received paths is
Rayleigh distributed and both independent and
identically distributed (i.i.d.) from path to path.
Under this assumption, the average symbol error
rate (SER) has been investigated [1] as well as the
average bit error rate (BER) for M-PSK
modulation. However, in certain environments, it
may be more appropriate to consider independent
but non-identically distributed (in.d.) channels.
There are two reasons for interest in the case of
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ind. diversity channels. In the first place, the
diversity branches in a practical system are
frequently unbalanced because of differing noise
figures, different feeder-line lengths, etc. In the
second place, in cooperative communication
systems, it is more appropriate if these systems are
investigated under dissimilar channels **. To the
best of our knowledge, there is no closed form of
outage probability, average SER and average BER
of SC for the case of in.d. diversity branches.
Hence in this paper, we derive compact expressions
for the probability density function (pdf) and the
moment-generating function (MGF) of the selective
combiner output which are then used to derive a
single integral expression for SER of M-PSK. In
addition, BER and the outage probability of the SC
system are also evaluated in closed forms by
exploiting the methods discussed in M%),

The rest of this paper is organized as follows. In
section II, we introduce the model under study.
Section III shows the formulas allowing for
evaluation of the average SNR, MGF, outage
probability, average SER, and average BER.
Section IV, we contrast the simulations and the
results yielded by theory. Finally, the paper is
closed in Section V.

I. System Model

We assume that there are N available diversity
branches experiencing slow and frequency-non
selective fading. Then the received baseband signal
of the k-th diversity branch, r, (¢), is given by:

(&) =he () +n,(t), k=1, ,N )

where s(¢) is the complex baseband transmitted
signal with average signal energy per symbol 2E.
h, and ¢, are the amplitude and phase of the
channel gain for the k-th diversity branch,
respectively, and n,(t) is a zero-mean complex
white Gaussian noise process with two-sided power
spectral density (PSD) 2N, [W/H]. It is assumed
that the channel gains and the noise process are
independent.

Let +, denote the instantaneous SNR per bit of
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k-th diversity branch defined by:
% =hi B/N, and =\ E/N, @

where +, is the mean SNR per bit of the k-th diversity
branch, \, = Elh?] and E /N, =log,(M)E/N,.

. Performance Analysis

3.1 pdf

With selection combining, the branch with the
largest bit energy-to-noise ratio is always selected
so the instantaneous bit energy-to-noise ratio at the

output of selective combiner is
y=max{y, %Iy} 3)

where N is the number of branches. If the branches
are independently faded then order statistics gives
the cumulative distribution function (CDF).

N
F\’ (7) = Pt(% = 77"'77]‘ < Y Y = 7): IIlEYJ(’Y) (4)
=

where F%('y) =Pr(y; <) is the corresponding CDF
of 7.

We know that when the strongest diversity
branch is selected from a total N available in.d.
diversity branches, the joint pdf of v for N-branch
SC is given by differentiating (4).

L0 =211F,( ®)

From (5), we have

AR A | LR

k=3
where, for the Rayleigh fading channel case:

):ée—v/?,
7

[y s Prin <) =1—exp(—v/%) (7

Vi

Substituting (7) into (6), we obtain:

N

Z_l_ "Y/" H(l_e*’?’/%) (8)
j=17; E=1
kg
N

[

N
Ce 7
7
i=1 ipineead; =1
iy <Ay <<
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where (= 27;‘. The detail derivation is
E=1

presented in [Appendix Al.

3.2 MGF of output SNR
The MGF of + is defined by [6}

=8l [ 1 ey ©)

Substituting (8) into (9), we get

v v

n@@>:§3rm1w* > a-s¢ | ao
PR ittt

i< Gy <<

3.3 Average Output SNR

The average SNR per bit of the combiner output
can be easily obtained from the first derivative of
M(s) evaluated at s=0. Differentiating (10) with
respect to s and evaluating the result at s=0, we
obtain

__ dM(a)
Y= T gg Lo (11)
~ v
=Y |ty o
i=1 ydyeed, =1 !
iy <<
v » N .
B B
j=1 {,.i; z,»’] )

3.4 Outage Probability

The outage probability P, , is defined as the
probability that the SC output SNR falls below a
certain predetermined threshold SNR +,, and hence
can be obtained by integrating the pdf of ~.

P = [ "o 12

Solving (12) gives:

K Xy
ou[ Z [ _l_ » 2 (1_‘3' C‘Mh) (13)
i RELEIS,
Note that for 5,=~,==7,=7, (13) becomes:
P, == ) (14)

which is in agreement with the previous known
result [7, p. 326, eq. (6.58)] as expected.

3.5 Average Symbol Error Rate

For the case of coherently detected M-PSK, to
evaluate the average SER with SC on ind.
Rayleigh fading, we merely replace ~, with ~ylog, M
in [8, eq. (5)], and use MGF-based approach which

analogous to [5, p. 322, eq. (9.15)], namely
» 1 (3= 1)n /]{Al Gpsiclo g:,]l/l)
5 0 I n 9

o (15)

where g,,pq =sin’(x/M). Finally, substituting (10)
in (15) gives the desired result:

M Vw /A oY ¥ sinQG
ren )R

2
ipigeed, =1 SIN 0+aj
B iy <

i

(16)

and it is proven in [Appendix B] where
%_-glvp%,qilogzﬂ/f.

:; SRRy (%l)x an
1= “146:]@ ((MMm)

a
1+a COtM

In addition, P, can be obtained by another

7 -1
5 Htan

approach [1], [see Appendix C].

P‘VZI—PI(QE@C) (18)
v I ; 1
PRI o TR ror.L
| SRR e
11<‘z2<A <, ‘

u s 1
22— 0 —

Aty z;—”l A[ C;)

iy Ay i

:1—2]‘({—1)’1

i

where Pr(f € O,)=Pr(¢ € [~n/M=/M) is the
probability of the phase angle 6 lying in the

decision region ©,. corresponding to correct

reception and

s 1 1
41?0’0) ar 2ﬂ[

;= vlog, LM)/C; sin{m/M) (19b)
o, = ./logzlll/q cos (77/1’%)/\/{%)2 +1  (19¢)

B8; = pf /() )* +1 (19d)

tanfﬂ (a7> } (193)
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As a check, consider the dual diversity case with
BPSK, ie., N=2 and M=2. Then, from (17) &
(18) we have

11:%(1—\/ 71__\/ 72_+\/ 172__J
1+~ 1+, K+HrtHnr

(20)

which agrees with [S, p. 413, eq. (9.265)].

3.6 Average Bit Error Rate

It is assumed that the bit-symbol mappings
follow a Gray code. To obtain the BER of M-PSK
with SC on ind. Rayleigh fading channel, we

proceed analogous to [1].

A

2 e Pr{f €6,} (21)

A= log2

[@m—38)n/M (2m—1)m/ M|

for m=1,---,M and e, is the number of bit errors

where [H’L" 0% =

in the decision region 6, [see Appendix D]. The
probability Pr{d €6, } is

Pr{0€6m}=§]1(—1)j“1 Z op.07:C%)

ipigree.d; =1
il<17<~-<zj
(22)
where
" 07 1.1 Holp)
o700 )= Uzﬂ 5%(5 e )
1 (1 tan ‘(a?))
‘EW(T -
and

wy = V/log, (3G sin (67) (23a)

1y = ylog, (3/C; sin(67) (23b)

= Viog, M/ C; cos (97)/ /(g P +1 (23c)

of = \log, M C, cos (67 )/ (up P +1 (23d)
=/ g +1 (23¢)

ey +1 (236)

The detail derivation is presented in {[see
Appendix C].
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IV. Numerical Results

In this section, some examples of the average
SER, BER and outage probability of SC for the
case ind. diversity branches in Rayleigh fading
channel are given. Results computed using our
theoretical analysis and Monte Carlo simulation are
compared.

Fig. 1 shows the outage probability of SC versus
the average branch SNR per bit with diversity
branches of 3 for different values of thresholds
w» =0,5,10 dB. Under the assumption that the total
average SNR for i.i.d. channels is equal to that for
ind. channels, ie, X =X=XA=1 for iid.
channels and ) =05, X, =1, A\, =15 for ind.
channels, we can see that the system under ii.d
case slightly outperforms that under in.d. case, and
the performance difference between them is very
small. The results exacted from Fig. 1 leads us to
the conclusion that as similar to MRC, the SC is
optimum in the sense of minimizing its
performance (outage probability) if and only if the
average channel powers that SC receives from each
path are the same, namely A\ =X, =-=A,. In
addition, it is obvious that our analytical results
and the simulation results are in excellent
agreement.

d. - v, = 0dB - Thoory

@ l.n.d. -3y = 0dB - Simulation
07| ein.d. - 3, = 5dB - Theory
$  Lod. 3, = 5dB - Simulation
i.n.d. - 3, = 10dB - Theory
10°f W bnd. vy, = 10dB - Simulaton
=~ 4. -7y, = 0dB . Theory

@ iid. v, -0dB - Simutation
| — i -7y, - 508 . Theory

4 iid. .y, - 548 - Simutation
o it - 7y, = 10dB - Theory
4 A id. -y, = 1048 . Simutation

Outage Probability

. . \ .
] 2 4 1] 8 10 12 14 16 18 20
Average SNR per Bit per Path [dB]

Fig. 1. Outage probability of SC with different
thresholds ~y,, =0,5,10 dB and N=3.
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From Fig. 2 to Fig. 7, for ease of analysis, it
is assumed that X, with j=1,- N are uniformly
distributed between O and 1. Fig. 2 shows the
outage probability vetsus the average branch SNR
per bit with different diversity branches when the
predetermined threshold +, is fixed at 0 dB.
Clearly, these curses show that for a fixed value
of N, a significant decrease in the outage
probability is obtained as the predetermined
threshold increases.

From Fig. 3 and Fig. 6, we study the average
SER, BER performance for different levels of
M-PSK modulation and different number of
diversity branches. Note that with Gray code used
for bit-symbol mappings, average BER of BPSK
is same with that of QPSK. In addition, in Fig. 4
we compare iwo expressions for average SER
derived by two approaches (eq. 17 and eq. 18).
As expected, the results from (17) and (18) as
well as from simulation are in excellent
agreement.

In Fig. 7, the performance of BPSK with
difference diversity combining techniques at the
destination are illustrated. The BER curves confirm
that, as expected, under same channel conditions,
the performance of a system employing MRC
receiver is always better as compared to an
equivalent system using EGC or SC by around 1-3
dB. Moreover, increasing number of paths will

1. Theory
1 - Simulation
2 - Theory

2 . Simulatien
3 - Theory

3 - Simulation
4

4

5

5

)

Ontage Probahility
=

- Theory
- Simulation
- Theory
- Simulatien

10 15 20
Average SNR per Bit per Path [¢B]

Fig. 2. Outage probability for different diversity
branches with v, =0 dB
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N =3 .Theary .,
W N=3.Simulation AN
%L e o 4 Theory 'Y
A N d . Simulation
e o 5 Theeory
2] W N»5.Simulation . . . )
e H i B 8 w1 e iE 20

Average SR per Bit per Path [4B]

Fig. 3. Average SER of QPSK versus the average
SNR per Bit per Path with different diversity branches.

Average Symhol Error Rate

———BPSK - Theary - e4. (19)
il O BPSK-Theory - aq. @0)
> 8PSK . Simufation
i GPSK - Theory - 2q. (19)
z}  QPFSK - Theery - 8q. (20)
{* QPSK . Simufation
3{| wemBPSK - Theary - eq. (19)
£ @PSK . Theery . ¢4, (20)
W BPSK. Simulatan
e 46 PSK . Theory - eq. (19)
X 46.PSK - Theary - eq. (20)
° O 16.PSK - Simutation . N )
o 2 [ 8 8 10 0 14 16 3 @D
Average SHR per Bit par Path [dB]

Fig. 4. Average SER of SC versus the average SNR per
Bit per Path with different levels of M-PSK and N = 3.
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32.PSK \
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Fig. 6. Average BER of SC versus the average SNR per
Bit per Path with different levels of M-PSK and N = 4.
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Fig. 7. Average BER of BPSK versus the average SNR
per Bit per Path with different combining techniques.

increase the gaps between them. Then, SC can be
viewed as a combining technique that trades
performance for hardware-complexity reducion.

V. Conclusion

In this paper, the average BER, SER and outage
probability of SC over slow and frequency - non
selective fading channels of the case of in.d.
diversity branches were analyzed. Simulations
results are in excellent agreement with the derived
expressions. The agreement with some known
results validates the analysis. The expressions are
general and offer a convenient way to evaluate any
system which exploits SC technique.
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Appendix A

PDF of SNR for the case ind. diversity
branches in Rayleigh fading channel.

N — N -
f7(’Y) — E éefv/ﬁgn (l_efv/w)

R =
3 T -
= A .
=1
o [ B
+(_1)]>1 Z [(2%‘1)8 =l +
ipigeag, =1 LW=1
i) < iy << i !
- Y N1 ‘W(EF)
NS> [(27)
ipipaiy=1 LE=1

i <ig<-< iy
(A-1)
Let us define C = 2{1, we can rewrite (A-1)

J

as the following form.

N N
- -c
fA,(7)=E[(—1)]1 e
j=1 iy =1
i) < iy <<

(A-2)
For example with N=2:

Fily) = ;e—v/i(l_e*'y/i)_’,;e*vh‘z(l_eﬂr/;l)
N

N Yo
- — —7(é+é)
=é6*7/71+ée“7/73_ é_}_é)e oM
h Y 0 )
2 2
= E (_1)171 Z q67701
i=1 iy =1
G <<
Where: C{'i,:l Z’YII C{L-l:2 =’YQ_1 a.nd
Célilrl =7;1+7;1'
ip=2
Appendix B
1 (M~1)x/M V. B N : 20
r==f 3 (PR S L
T g i=1 ipigogy=1 Sin 0+a].
i) < iy <<y
N N
=2[(—1>1 5 K‘
j=1 ipip ety =1
iy < ig << g

B-1
where K, is defined as follows:
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1/ U-0=/M o gin’
—df B-2
0 smzt9+a (B-2)
(M=1)x/31 a.

:~/ 1——24— df

Ty sin 0+aj

M-1 1
BT

where K, is written as

[RISRREYATS a.
K, = f Y (B-3)
0 CL

+sinf
/ M—1hx/ A
0

1+tan20)
1+tan 0)+sm [4

Changing the variable: ¢=tanf=>df =dt/(1++*)
and rewriting (B-3), we get

g tan [ (/- 1)/ M) dt

&1/ Frajira) B9
=i
- lijaj g—tanﬂ 11/@ OOtL]V[—;Vfl)i
= lija]. %Haﬂil lija] mt%[

Substituting (B-4) into (B-2), and then (B-2) into
(B-1), we obtain (17).

Appendix C
In this part we find the probability of the phase

angle 6 lying in region ©. Let the angles 4, 9,
define an arbitrary decision region ©. With no

loss of generality, it is assumed that ¢=0.
3 o
N
2{ ooy [ J ) sience Tinan

Pr{f c ©)= / f £, (8161 (y)drdb
i d; =1
7 Tpige Ry =1

N v
= [ e s -
6,7 0 i=1
iy < iy < <:
i< < <

C-n
where f,(0l¢,7) is defined by [l, eq. (9b)]. By
using [1, eq. (10) & eq. (18)] & (8), we get:

N N
Pr{geol=) -1Vt Y A6,.6,C")
j=1 ’

iy =1
<<y

(C-2)
where

19,,0,,C7 )= 0[2—;6% %ﬁ[,(%+ w)(csa)
1
‘ﬁ(%*iﬁnw—(al))
and
iyt = \/log, (M)/ € sin(07) (C-3b)
iy = log,(M)/C sin(9})  (C-3¢)
oy = \flog, M/ C cos (07)/ /(i P +1 (C-3d)
:mm(ey)/ 7P+ C-3e)
b= u/ V) +1 (C-30)
7= J(Tﬂ_l (C-3g)
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