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EVALUATING SOME DETERMINANTS OF
MATRICES WITH RECURSIVE ENTRIES

ALl REZA MOGHADDAMFAR, SEYYED NAVID SALEHY, AND SEYYED NIMA SALEHY

ABSTRACT. Let o = (a1, 2,...) and B = (B1,82,...) be two sequences
with oy = 81 and k and n be natural numbers. We denote by Agk’ﬁi)(n)
the matrix of order n with coefficients a; ; by setting a1,; = s, a;,;1 = Bs
for 1 <i<mn and

= aj—1,5—-1+a;—15 if 7=2,3,4,...,k+1 (mod 2]€)

bl Ai—1,5—1 — Qi—1,5 if j=k+2,...,2k+1 (mod 2k)

for 2 < 4,57 < n. The aim of this paper is to study the determinants
of such matrices related to certain sequences o and (3, and some natural
numbers k.

1. Introduction

In [1], R. Bacher considered the determinants of matrices associated to the
Pascal triangle. Furthermore, he introduced the generalized Pascal triangles as
follows. Let oo = (o, 9,...) and 8 = (01, F2,...) be two sequences starting
with a common first term a; = ;. Define a matrix P, g(n) of order n with
coefficients Dij by setting Pis1 = ﬁi; P1,i = Oy for 1 S 1 S n and Dij = Pi—1,5 +
pij—1 for 2 < 4,5 < n. The infinite matrix P, g(oco) is called the generalized
Pascal triangle associated to the sequences a and 8. In addition he investigated
some other similar constructions and made many interesting observations and
posed some conjectures. Some of his conjectures were thoroughly investigated
in [3] with positive answers.

In constructing the generalized Pascal triangles or the other similar con-
structions in which the coefficients, except for the first row and column, are
determined by a recursive relation, only one recursive relation is used. Here we
are willing to construct some similar arrangements associated to two arbitrary
sequences « and 3 being in the first row and column, respectively, and the
remaining coefficients are determined by two different recursive relations. Let
us define this more precisely as follows.
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Definition. Let o = (g, a,...) and 8 = (81, B2, - . .) be two sequences start-
ing with a common first term a7 = ; and k be a natural number. Define a
matrix Agf’ﬁi)(n) of order n with coeflicients a; ; by setting a;1 = 8;, a1, = oy
for 1 <i<mnand

= aifl,jfl +ai71,j lf j = 2,3,4,...,k+1 (mod Qk)

U Qi—1,j—1 — Qi—1,5 if j = k+2,,2k+1 (mod 2]€)
for 2 <4,j <n. When k = 1, we put Aiﬁ(n) = AS;)(n)
In general, we are interested in the sequence of the determinants

(det A% (1), det A5 (2),... det AL (), ..),

where a and 3 are certain sequences having a common first entry.

On the other hand, when we consider the constant sequence o = (1,1,1,...),
we notice that the generalized Pascal triangle P, ,(00) is, in fact, the classical
Pascal triangle. Hence, in the early studies, we restrict our investigation to this
sequence o = (1,1, 1,...) only, and we consider the principal minors of infinite
(k,%)

(00).

matrices Ayo
In this research, it has been tried to prove three theorems.

Theorem 1.1. The matrices A(jfa(n) associated to the sequence a = (1,1,...)

have the determinant 31"z for every natural number n. In other words, we

have -1 ( )
Lo [N i a2 (=12,
det Aa,a(n) - { 3l Zf n =2l —+ 1. (l = 0’ 1327 . )

Theorem 1.2. The sequence (det Agf)(n)) of determinants associated to the
sequence o = (1,1,1,...) satisfies the following

-1
@)y (=BT if m=dl, (1=1,2,...)
det A (n) = { (_5)21 if n=4l+r. (r=12,3;1=0,1,2,...)

)

Theorem 1.3. The sequence (det Aﬁf’j) (n)) of determinants associated to the
sequence a = (1,1,1,...) satisfies the following

1131 4f n =6l, (1=1,2,...)
det AGF (n) =4 11%  if n=6l+r, (r=1,2,3,41=0,1,2,...)
13+ if n=61+5. (1=0,1,2,...)

Here, we have the following conjecture:

Conjecture. Let k and n be natural numbers and n—1 =rk+ s for somer,s
withr >0 and 0 < s <k. Let = (1,1,1,...). Then we have

wrk/2 if v is even,
det Agf’ai)(n) =
WEr=1/2+s if s odd,

where w = [1 — (—2)*+2]/3.
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2. Main results

As we mentioned before, we should concentrate on the sequence of determi-
nants

(det AL (1),det AL (2),...,det AL:P(n),...)

for certain k. Therefore, in order to start, we consider the case k = 1, and
prove the following theorem.

Theorem 1. The matrices Aia(n) associated to the sequence a = (1,1,1,...)

have the determinant 31"%") for every natural number n.
Proof. We apply LU-factorization method (see [2]). We claim that
Alzxt,a(n) =L-U,

where L = Aga(n) with 8 =(1,0,0,0,...), and where

Ur
Us
U= . )
Un
with
(1,1,1,...,1) if 1=1,
—— —
n times
(0,0,...,0,1,—1,1,—1,. .. i1, i) if i =20,
U, = N—
i—1 times n—i+1 times (2—periodic)
2
0,0,...,0,3,—-1,3,—1,3,..., Uin—1,Uin) if i>1 andi=1,
——
i—1 times n—i+1 times (2—periodic)
and (u; n—1,U;n) is satisfied in Table 1.
Table 1.

P20

( (1,-1
i1 (3,-1) | (-1,3)

The matrix L is a lower triangular matrix with 1’s on the diagonal, whereas
U is an upper triangular matrix with diagonal entries
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1 ifn=1,

1,1 if n =2,

1,1,3,1,3,1,3,...,1,3 ifn>1and n=1,
n—1 times (2—periodic)

1,1,3,1,3,1,3,...,3,1 ifn>2and n =0

n—1 times (2—periodic)

Since det L =1 and det U = 3[%1], it is obvious that the claimed factorization
of AZ ,(n) immediately implies the validity of the theorem.
Suppose that

L= (lijh<ij<n and U= (uij)i<ij<n-

Then by definition, we have [y ; =1,11; =0,1;1 =1 for 2<4,j7 <n and

e 2
(1) lij = { liotgmr o Tf j B ’
lic1j-1 —lica if j=1
for 2 <i,j <n. Also we have
(1,0,0,...,0)T 7 =1,
1,1,-1,1,-1,...,-1,1,0,...,007 j=o,
—
(2) (ul,j7u2,j7 e 7Un,j)T = j—1 times (2—periodic) n—j
(1,-1,3,-1,3,...,-1,3,0,...,007 j=1.
—
j—1 times (2—periodic) n—j

For the proof of the claimed factorization we compute the (i, j)-entry of L-U,
that is

(L : U)i,j = Zli,kuk,j.
k=1
It is easy to see that it is enough to show that (L-U),; =1, (L-U);1 =1 for

1<4,j <nand
(L-U)es = { (-)iagor (L Vhicry
7 (L-U)i-1j-1—(L-U)i-1; J

for 2 < 4,5 < n, in order to prove the theorem.
Let us do the required calculations. First, suppose that ¢ = 1. Then

IESAlS

(3) (L . U)l’j = le,ku;w- = 11,1’11,17]‘ =1.
k=1

Next, suppose that 7 = 1. In this case we obtain

n

(4) (L-U)ix = Zli,kuk,l =lLiu,g =1
=1
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Finally, we assume that 2 < i,5 < n. We split the proof into two cases,
according to the following possibilities for j.

Case 1. j = 0. In this case we claim that
(5) (L-U)ij=L-U)i-rj-1+(L-U)i-1;
Since j — 1 = 1, by (2) we get

i=2 iz2

n 2
(L-U)icrjo1 =Y Licigthj1=1—3 Li1on+3Y  Li—1aks1,
k=1 k=1 k=1
and since j 2 0 we obtain

i i=2
n 2 2
(L-U)iz1,; = E licipug; =1+ E lic1,2k — E lic1,2k+1,
=1 k=1 k=1

and ultimately

ji—2

(6) (L-U)icayor + (Lo U)icay; =242 Livoker + Ly
k=1

. . .2 .
Again, since j = 0 we obtain

J ji—2
n bl =N

(L-U)i; = Zli,kuk,j =11+ Zli,2k - Zli,2k+17
k=1 k=1 k=1

and by (1) we get

(L-U)ij=lii+ Z(li—1,2k—1 +lici2k) — Y (Lici26 — lic12641),
=1

k.
-

w‘

£
Il
—

and after some further simplification we obtain

ji—2

2
(7) (L-U)ij=2+ QZ lici,2k+1 + lic1 4.
k=1

Now, from (6) and (7) we obtain (5).
Case 2. j 21 I this case we claim that

(8) (L-U)ij=(L-U)i—1j-1— (LU

Here, since j — 1 2 0, by (2) we obtain

n 2 2
(L-U)iz1,j-1 = Zli—l,kuk,j—l =1+ Zli—l,Qk - Z lic1,2k+1
h=1 =1 k=1
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and similarly we deduce that

izt izt
(L-U)ic1y =3 btk =1—=Y lictok+33 L1241,
k=1 k=1 k=1

2
because j = 1. Therefore by an easy calculation we conclude that

-1 i=3
9 L-U)imrj-1—(L- U)oy = 22 li—1,2K — 4Zli71,2k+1 —3li—1,5-
k=1 k=1

. . .2
Again, since j = 1 we have

Jj—1 i—1
n T2 2

(L-U);; = Zli,kuk,j =li1— Zli,2k + 32 li ok41-
k=1 k=1 k=1

Now, by (1) we obtain
izt iz1
2

(L-U)ij=1—- Z(li—1,2k—1 +liz108) + 32(11—1,% —liz12641),
=1 k

Il
—

and simply we can observe that

2 2
(10) (L-U)ij =2 licioe —4Y L1641 — 3l
k=1 k=1

Now, from (9) and (10) we obtain (8).
Therefore, from (3), (4), (5) and (8) we conclude the theorem. O

Next, we focus on the sequence (det Agf)(n)) for n € N.

Theorem 2. The sequence (det Ag’f)(n))of determinants associated to the
sequence o = (1,1,1,...) satisfies the following

(=5)2=1 if n=4l, (1=1,2,..)

@25) () —
det A (n) { (=52 if n=dl+r (r=1,231=0,1,2,..)

Proof. Again, we use the LU-factorization method. Here, we claim that
AZF(n)=L-U,

where L = Agf)(n) with 6 = (1,0,0,...) and where
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with
(1,1,1,...,1) i=1,
(0,0,...,0,—5,1,1,~1,~5,1,1,—1, ..., tsn-1,tin) =0,
m n—i+1 times (4—periodic)
(0,0,...,0,-5,3,—1,—1,-5,3, 1, —1, ..., Uin_1,Uin) =1,
U, = —
i—1 times n—i+1 times (4—periodic)
(0,0,...,0,1,1,—1,—1,1,1,—=1,—1,. .. ts.n—1, i) i=2,
i—1 times n—i+1 times (4—periodic)
(0,0,...,0,1,3,1,—=1,1,3,1, =1, ... i1, uin) i=3,
i—1 times n—i+1 times (4—periodic)
and (u; n—1, ;) is satisfied in Table 2
Table 2
i\n |n 2 0 n £ 1 n £ 2 |n £ 3
i=0|(=1,-5) | (- 5,1) 1,1) | (1,-1)
i=1| (=1, -1) | (=1, -5) | (=5,3) | (3, 1)
iZ2|(1,-1) | (-1L,-1 | (1,1 | (1,1
i=3(1,3) (3,1) 1,-1) | (~1,1)

The matrix L is a lower triangular matrix with 1’s on the diagonal, whereas
U is an upper triangular matrix with diagonal entries

1,1,1,-5,-5,1,1, ..., Up—1,n—1,Un,n,

4—periodic
where
(1,-5) if n = 0,
(Un—1,n—1,Unn) = (=5,—b) ifn % 1,
(=5,1) if n=2,
(1,1) if n = 3.

Since det L = 1 and

[ (5P m=dl, (=12,
detU—{ (—5)2 if n=4l+r. (r=1,2,3,1=0,1,2,...)

~—

Again, it is immediately obvious that the claimed factorization of A(2 j[)(n)
implies the validity of the theorem.
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Suppose that

L= (lij)h<ij<n and U= (uij)i<ij<n-

Then by definition, we have Iy 1 =1,1;; =0, l;; =1 for 2 <4,5 <n and

I
lic1j-1 —lic if j=0,1

for 2 < 4,5 < mn. Moreover, the jth column of U can be considered as follows:
(12)

(170707"',O)T ]:1’
4
(1,-1,3,-5,-1,-1,3,-5,—1,...,3,-5,0,...,007 j=0,
——
j—1 times (4—periodic) n—j
(1,-1,1,1,-5,—1,1,1,-5,...,1,-5,0,...,0)7 j21,
(ul,ja s aun,j)T = j—1 times (4—periodic) n—j
(1,1,-1,1,3,1,-1,1,3,...,3,1,0,...,0)T /=)
——
j—1 times (4—periodic) n—j
(1,1,1,-1,-1,1,1,—1,-1,...,1,1,0,...,0)T =3
——
j—1 times (4—periodic) n—j

For the proof of the claimed factorization we need again some calculations.
In fact, the (7, j)-entry of L - U is

(L . U)i,j = Zliwkuk,j.
k=1

It is easy to see that it is enough to show that (L-U);; =1, (L-U);1 =1 for
1<4,5 <nand

4
(L-U)y = { (L-U)ic1ja+(L-U)io1y J=23

4
(L-U)i—1,j-1 = (L-U)i-15 J=0,1

)

for 2 < i,j <mn, in order to prove the theorem.

Again, we verify the claim by a direct calculation. First, suppose that i = 1.
Then

n
(13) (L-U)iy = hptny=hau; =1
k=1

Next, suppose that j = 1. In this case we obtain

(14) (L . U)i,l = Zliﬁkuk,l = li,lul,l =1.
k=1

Finally, we assume that 2 < 7,5 < n. We split the proof into four cases,
according to the following possibilities for j.
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Case 1. j = 0. In this case we claim that
(15) (L-U)ij=(L-U)i—1j-1—(L-U)i-1.

Since j — 1 2 3, we obtain

4 4 4 4
(L-U)i—1,j-1 =li—11— E Lic1ak— g Lic1akg1+ E li—1 akt2+ E li—1,an+3,
k=1 k=1 k=0 k=0

4
and since j = 0, it follows that

i i—a i—a i—a
4 4 4 4
(L-U)i—1,5 =li10—5 Z lic1ak— Z lic1 ak1— Z li—1,ak42+3 Z li—1an+3-
k=1 k=1 k=0 k=0

Consequently, we obtain
(16)

i—4 i—4 i—4

4 1 1
(L-U)ic1jo1—(L-U)im1,; = 4211‘71,41@ +2 211‘71,4“2 -2 Zli71,4k+3 —5li—1.
k=1 k=0 k=0

4
On the other hand since j = 0, we get

J i—4 i—4 i—4
4 4 N 4

(L-U)ig=1lix =5 liak— > liaksr— Y liakr2 +3 D Lianss.
k=1 k=1 k=0 k=0

Now by (11) we deduce that

J iz4
4 4
(L-U)i;=1- 52(11—1,41@—1 —li—1,4k) — Z(li—lAk —lim1,4k41)
k=1 k=1
4 4
- Z(li—1,4k+1 +li1,ak42) +3 Z(li—1,4k+2 + lic1,4k+3),
k=0 k=0
and after some further simplifications the expression reduces to
i—4 i—4 j—4
4 4 4
A7) (L-U)ij =4 livar+2) lictarsa —2 ) lic1arss —5li1.
k=1 k=0 k=0
Now, from (16) and (17) we obtain (15).
Case 2. j 2. Here, we claim that
(18) (L-U)ij=(L-U)i-1j-1—(L-U)i-1;.

Since j — 1 2 0, we obtain

J—1 i=5 i=5 i=5
4 4 4 4
(L-U)i1,jo1 =li—11 — 52 lic1ak — Z lic1 ak1 — Z lic1 ak42 + 3Zli—1,4k+3'
k=1 b=1 k=0 k=0
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HES

Similarly, since j = 1 it follows that

4 4 4 4
(L-U)ic1=li—11+ Z li—1,45—5 Z lic1,ak+1 — Z li1,4k+42 — Z liz1,4k+3-
k=1 k=1 k=0 k=0

Therefore, we have
(19)

i—4 i—5 i—5

(L-U)ic1j-1—L-U)im1j= —62 liz1ak + 4Zli71,4k+1 + 4Zli71,4k+3 —5li_1,;.
k=1 k=1 k=0

HES

Furthermore, since j = 1 we obtain

i-1 i-1 i-s =5
4 4 4 4
(L-U);j=li+ Z Liak —5 Z i apy1 — Z i akyo + Z li ak+3-
k=1 k=1 k=0 k=0

Now we apply (11), to get

i-1 i-4
4 4
(L-U)ij=1+ Z(li—lAk—l —li—1,45) — 5 Z(li—lAk —li1,4k+1)
k=1 k=1
4 4
— Z(li71,4k+1 + Uit ak42) + Z(li71,4k+2 + L1 ak+3)-
k=0 k=0

After some simplifications this leads to

4 4 4
(20) (L-U);;=—6 Z Liztar + 42 lictak41 + 42 lio1,ak43 — 5li—1 5.
k=1 k=1 k=0

Through comparing (19) and (20), we can get (18).
Case 3. j = 2. In this case we claim that
(21) (L-U)ig=(L-U)icrj-1+(L-U)io1y.

4

Here since j — 1 =1, by (12) we obtain

i=2 i=2 i=6 i=6
4 4 4 4
(L-U)ic1j-1=1+ E lic1,ak—9 E li1,4k+1 — E li—1,4k+2 + E lic1,4k+3,
h=1 k=1 k=0 k=0

1B

and since j = 2 it follows that

j—2 j—2 j—2 ji—6
4 4 4 4

(L-U)ic1j =14 Livan +3> lictansr + O licvaesz — Y lic1arts.
k=1 k=1 k=0 k=0
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Therefore we have

j—2 j—2
I T

(22) (L-U)i—1j-1+(L-U)im1 ;=242 Zli—lAk -2 Z Lictak+1 + Lz e
k=1 k=1

4
On the other hand, since j = 2 we deduce that

i-2 iz2 iz2 ize
4 4 4 4
(L-U)ij =1+ Liak+3Y liasr+ Y liaksz— Y liakis,
k=1 k=1 k=0 k=0

and by (11) we conclude that

ji=2 i=2

4 4
(L-U)ij=1+ Z(liflAkfl —li—1,48) + 32(11'71,41@ —li1,4k41)
k=1 k=1
4 4
+Z(Zi—1,4k+1 +li-1,ak42) — Z(li—1,4k+2 +li—1,4k+43)-
k=0 k=0
Now, an easy calculation shows that
i-2 i=2
4 4
(23) (L-U)ij=2+2 Zli—lAk -2 Zli—1,4k+1 +lic1y.
k=1 k=1

By comparing (22) and (23), we may obtain (21).

Case 4. j = 3. In this case, we claim that
(24) (L-U)ij=(L-U)i—1j-1+(L-U)i-1.

4
Since j — 1 = 2, we obtain

4 4 4 4
(L-U)icrjor =14 Liaan +3D licvansr+ Y licvakr2 — Y lic1akts.
k=1 k=1 k=0 k=0

Similarly, since j = 3 it follows that

i=3 i=3 i=3 i=3
4 4 4 4
(L-U)i—1j=1- E lic1ak — E lic1,ak+1 — E li—1,ak42 + E li—1,4k43-
k=1 k=1 k=0 k=0

Therefore, we have

i=3 i=3

a4 a4
(25) (L-U)i—1,j-1+(L-U)i—1,; =242 Z li1 ak+1+2 Z liciakyo +1liz1 4.
k=1 k=0
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4
On the other hand, since j = 2 we obtain

i=3 i=3 i=3 i=3
4 4 4 4
(L-U);j=1- g liar — g i aky1 + g i apyo — g li ak+3-
k=1 k=1 k=0 k=0

Again by (11) we conclude that

4 4
(L-U)ij=1- Z(li71,4k71 —li1ak) = ) (lic1ak — lic1ak41)
k=1 k=1
4 4
+ 2(11'71,41%1 + L1 aky2) + Z(lifl,4k+2 +lic14k+43),
k=0 k=0

and we easily deduce that

4 4
(26) (L-U)ij=2+2 Z li—1,ak41 + 2 Z lic1ak+2 +liz1 g
k=1 k=0

By comparing (25) and (26), we can get (24).
Therefore, from (13), (14), (15), (18), (21) and (24) we conclude the theorem.
O

In the end, we consider the sequence (det A&gai)(n)) for n € N.

Theorem 3. The sequence (det Ag’ét)(n)) of determinants associated to the
sequence o = (1,1,1,...) satisfies the following

1131 4f n =6l, (1=1,2,...)
det AZF (n) =4 11%  if n=6l+r, (r=1,2,3,4,1=0,1,2,...)
113+ if n=6l+5. (1=0,1,2,...)

Proof. The proof is similar to the proof of Theorem 1.1 and Theorem 1.2, and

we avoid presenting some of the details. Again, we apply LU-factorization.
Here, we claim that

where L = Agf)(n) with 5 =(1,0,0,...) is a lower triangular matrix with 1’s
on the diagonal, and where
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with
(1,1,1,...,1) i=1,
————
n times
. 6
(0,0,...,0,11, —7,1,1, 1, ~1, ..., Uin_1, i) i=0,
———
i—1 times n—i+1 times (6—periodic)
. 6
(0,0,...,0,11,-5,3,—1, 1, —1, ..., Uin_1,Usn) =1,
——
i—1 times n—i+1 times (6—periodic)
. 6
(0’ 0) RS 0) 17 17 1a _17 _1a _17 sy Uin—1, ui,n) 1= 27
Ui={ ~—~—
t—1 times n—i+1 times (6—periodic)
. 6
0,0,...,0,1,1,3,1,1, =1, ..., U n—1,Uin) 1 =3,
———
i—1 times n—i+1 times (6—periodic)
. 6
(0,0,...,0,1,-5,1,—1,1,~1, ..., w1, uin) =4,
———
1—1 times n—i+1 times (6—periodic)
. 6
(0,0,...,0,11,~7,3, 1,1, =1, .. Uin_1,uin) i=5,
—_———
i—1 times n—i+1 times (6—periodic)

and (u; n—1, ;) is satisfied in Table 3.

Table 3.

\n |n=0 |n=21 |nZ2 |ni3 |n24 |n=s5
i%O (=1,11) | (11,=7) | (-7,1) (1,1) (1,-1) | (-1,-1)
7 % 1| (—=1,-1) | (=1,11) | (11,-5) | (-5,3) | (3,—-1) | (—1,-1)
iZ22(-1,-1) | (-1,-1) | (-1,1) |1 |[@,1 |@,-1)
i23|(3,1) (1,1) 1,-1) | (=1,1) | (1,1) |(13)
iZ24)(=51) | (1,-1) |(-1,1) |1, -1)|(1,1)](@15)
i25| (1L,-7) | (=7,3) | 3,-1) | (=1,1) | 1, -1) | (=1,11)

The matrix U is an upper triangular one with diagonal entries

13 ]-» ]-v ]-7 ]-]-7 ]-]-7 ]-]-7 ceesUn—1,n—1, Unn,

6—periodic
where
(11,11) ifnZ0or 1,
(Unrmtytinn) = 4 OLDifn % 9,
(1,1) if n =3 or 4,
(1,11) ifns
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Since det L = 1 and
1131 if n=6l, (1=1,2,...)
detU = ¢ 113 if n=6l+r, (r=1,23,4,1=0,1,2,...)
113+ if n=61+5, (1=0,1,2,...)

0
it is obvious that the claimed factorization of Ag};t)
the theorem.

Let us do the required calculation. Again, we assume that

(n) implies the validity of

L=(lijh<ij<n and U= (uij)i<ij<n-

Then by definition, we have Iy 1 =1, 11 ; =0, ;1 =1 for 2 < 4,5 <n and the
entries [; ; for 2 <14, j < n satisfy

Licijo1+1lis1, if j=2,3,4
(27) hg=q TR
lifl’jfl—lifl’j if i :5,0,1.

Moreover, the jth column of U can be considered as follows.
(28)

EIIES

(1,0,0,...,0)T j=1,
1,-1,1,1,-7,11,-1,...,-7,11,0,...,007  j=o0,
——
j—1 times (6—periodic) n—j
1,-1,1,-1,3,-7,11,...,-7,11,0,...,007  j =1,
——
j—1 times (6—periodic) n—j
(1,1,-1,1,-1,1,-5,...,-5,1,0,...,0)T jLo,
T H/—/
(Ul,j, cee aun,j) = j—1 times (6—periodic) n—j
(1,1,1,-1,1,1,3,...,3,1,1,0,...,0)T 23,
——
j—1 times (6—periodic) n—j
(1,1,1,1,-1,-1,-1,...,1,1,1,0,...,0)T 24,
——
j—1 times (6—periodic) n—j
(1,-1,3,-5,11,-1,-1,...,-5,11,0,...,0)7 j = 5.
——
j—1 times (6—periodic) n—j

In order to prove the claim we show that the (7, j)-entry of L - U, that is
(L-U)iy =Y lintng,
k=1

satisfy (L-U)y,; =1, (L-U);p =1for 1 <4,j5 <n and

(L . U)ifl,jfl + (L . U)ifl_’j j 2,3,4
(L-U)ic1j-1—(L-U)i-1, J=5,0,1

lle llle

(29) (L-U)ij = {

for 2 <i,j <n.



EVALUATING SOME DETERMINANTS 345

First assume that ¢ = 1. Then, in accordance with the definition of I, ;, we
obtain

(L . U)l’j = le,ku;w— = ll,luLj =1.
k=1

Next, suppose that j = 1. In this case by (28) we obtain

(L-U)iq = Z ligup, = liguig = 1.
k=1

Finally, we assume that 2 < 4,5 < n. In this case we must show that
the entries (L - U),; satisfy (29). Here, there are six cases to distinguish,

6
according to j = 0,1,2,3,4 or 5. Using similar arguments to those in the proof
of Theorem 1.2, we see that the result is true in any cases. For instance, we

assume that j i 4. In this case, we must establish that
(30) (L-U)ij=(L-U)i—1j-1+ (LU

Since j 2 4, in according with (28) , the right hand of (30) is equal to

i iza a4
6 6 6
(31) 2423 listerir 2D licveri2+2Y Licverts+lio1
k=1 k=0 k=0

Again, since j 29 by (24), we see that the left-hand of (30) is equal to

i-a i-a i-a i-a i-a i=10
6 6 6 6 6 6
(32) 1— E lik— E Li 6l+1+ g li 6yot+ E li 6kt+3+ E li 64— g i 6k+5-
k=1 k=1 k=0 k=0 k=0 k=0

Now, if we substitute the corresponding value for I; x4, (0 < r < 5) from (29),
we can conclude

j—4 j—4 j—4

6 6 6
(L-U)ij=2+2 Z lic1,6k+1 + 2 Z lic1,6k+2 + 2 Z lic1,6k+3 +li—1,;
k=1 k=0 k=0
which results in (30). In this way the proof is completed. O
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