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LIMIT RELATIVE CATEGORY THEORY APPLIED
TO THE CRITICAL POINT THEORY

TACKSUN JUNG AND Q-HEUNG CHOI

ABSTRACT. Let H be a Hilbert space which is the direct sum of five closed
subspaces Xg, X1, X9, X3 and X4 with X1, X2, X3 of finite dimension.
Let J be a Cb! functional defined on H with J(0) = 0. We show the
existence of at least four nontrivial critical points when the sublevels of J
(the torus with three holes and sphere) link and the functional J satisfies
sup-inf variational inequality on the linking subspaces, and the functional

J satisfies (P.S.)} condition and f|x,ex, has no critical point with level

c. For the proof of main theorem we use the nonsmooth version of the
classical deformation lemma and the limit relative category theory.

1. Introduction and statement of main result

Let H be a Hilbert space which is a direct sum of five closed subspaces
Xo, X1, X2, X3 and X4 with X;, X5, X3 of finite dimension. Let J be a C'!
functional defined on H with J(0) = 0. In this paper we investigate the number
of nontrivial critical points of the C1'! functional .J under some conditions on
the sublevels of J and the shape of J. We show the existence of at least four
nontrivial critical points when the sublevels of J (the torus with three holes
and sphere) link and the functional J satisfies the sup-inf variational inequality
on the linking subspaces, and the functional J satisfies (P.S.)% condition and
J|x.@x, has no critical point with level ¢. Micheletti and Saccon prove in [13]
that the functional J has at least two nontrivial critical points under the same
conditions on J except the condition that the sublevel sets are the torus with
one hole and the sphere. In this paper we improve this result to the case that
the sublevel sets are the torus with three holes and sphere.

Now, we state the main result:

Theorem 1.1. Let H be a Hilbert space and H = Xo P X1 ® Xo ® X3 ® Xy,
where Xo, X1, X2, X3 and X4 are five closed subspaces of H with X1, X2, X3
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of finite dimension. Let J : H — R be a C%' functional with J(0) = 0. Let
0 < p1,p2,p3,7 < R, Ry > 0; we define
Si(pi) = {z € Xi| ||zl = pi}, i=1,2,3,
Si(pi) —w; = {z —wi| z € Si(pi),ws € Xy}, 1 =1,2,3,

A% (S1(p1) = wi, Sa(p2) — wa, S3(p3) — w3, Xa)
= {z=(z1—w1)+ (22 —wa) + (23 —w3) + 24| z; € X;, i =1,2,3,4,
p1 < |21 —wi|| £ R, p2 < |lz2 —wa|| < R,
p3 < |lzs —wsl| < R, ||lz4ll < Ra, |lz[| < R},

5% (S1(p1) — w1, Sa(p2) — wa, S3(ps) — ws, X4)
={z=(z1 —w1)+ (20 —w2) + (23 —w3) + 24| z; € X;, 1 =1,2,3,4,
[24]l < Ra, [[e1 — w1l = p1, |22 —wall = p2, |23 —ws|| = ps, [|2]| = R}
N{z=z21+2+23+24| zs € Xy, i =1,2,3,4, ||za]| = Ry,
pr <z —wi|| SR, Iz = R w1 € Xi}
N{z=z1+20+25+24] z:€ X, ,i=1,2,3,4,
24l = R1, p2 <[22 —wal| < R, [[2]| = R ,w2 € X5}
N{z=21+2z+t23+z24| 2 € X5, i=1,2,3,4, |zl = Ry,
p3 < |lzz —ws|| < R, [|z]| = R, ws € X3}

Let
o= inf J(z), B= sup J(z).
Sr(Xo®X10X20X3) A% (S1(p1)—w1,S2(p2)—w2,Ss(ps)—ws,X4)
Assume that
sup J(z) <0< in J(2).
z2€X% (S1(p1)—w1,S2(p2)—wa,S3(p3)—ws, X4) 2E5-(Xo®X10X29X3)

Assume that the (P.S.)% condition holds for J Ve € [a, B]. Assume that J|x,ex,
has no critical points with « < J(z) < 3. Moreover we assume 3 < +oc0. Then
there exist at least four montrivial critical points z1, ze, z3 and z4 for J in

X1 @ Xo & X3 such that

inf J(z) < J(z) < sup J(2),
2€5,-(Xo®X1DX2PX3) 2€A%,(S1(p1)—w1,S2(p2) —w2,S3(ps) —ws, X4)
i=1,2,3,4.

In Section 2, we introduce the notion of the limit relative category and the
(P.S.)! condition and recall the suitable version of the deformation lemma and
the multiplicity theorem in [13]. In Section 3, by the nonsmooth version of the
classical suit deformation lemma, the limit relative category theory and the
multiplicity Theorem 2.1 prove the main theorem.
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2. Recall of the critical point theory on the manifold

Now, we consider the critical point theory on the manifold with boundary
induced from the limit relative category. Let H be a Hilbert space and M
be the closure of an open subset of H such that M can be endowed with the
structure of C2 manifold with boundary. Let J : W — R be a C"! functional,
where W is an open set containing M. For applying the usual topological
methods of critical points theory we need a suitable notion of critical point for
J on M. We recall the following notions: lower gradient of J on M, (P.S.)%
condition and the limit relative category (see [7]).

Definition 2.1. If u € M, the lower gradient of J on M at u is defined by

- o VJ(u) if u € int(M),
grada J(u) = { Vi (u) +[< VI (), v(u) >]"v(w) if ue oM,

where we denote by v(u) the unit normal vector to M at the point u, pointing
outwards. We say that u is a lower critical point for J on M, if grad},; J(u) = 0.
Since the functional J(u) is strongly indefinite, the notion of the (P.S.)% con-
dition and the limit relative category is a very useful tool for the proof of the
main theorems.

Let (H,), be a sequence of closed subspaces of H such that, for any n,
M, = M N H, is the closure of an open subset of H, and has the structure of
a C? manifold with boundary in H,,. We assume that for any n there exists a
retraction r, : M — M,,. For given B C H, we will write B,, = BN H,.
Definition 2.2. Let ¢ € R. We say that J satisfies the (P.S.)} condition
with respect to (M), on the manifold with boundary M, if for any sequence
(kn)n in N and any sequence (up), in M such that k, — oo, u, € My, , Vn,
J(un) — ¢, grady, J(un) — O, there exists a subsequence of (u,)n which

converges to a point u € M such that grad,; J(u) = 0.
Let Y be a closed subspace of M.

Definition 2.3. Let B be a closed subset of M with Y C B. We define the
relative category catyry (B) of B in (M,Y), as the least integer h such that
there exist h + 1 closed subsets Uy, Uy, ..., U, with the following properties:

BcCcUyUULU---UUp;

Ui, ..., U are contractible in M;

Y C Uy and there exists a continuous map F : Uy x [0,1] — M such that

F(z,0) = x  VzeU,,
€Y Ve eV, Vt € [0,1],
F(z,1) € Y  Vzel,.

If such an h does not exist, we say that catysy (B) = +o0.
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Definition 2.4. Let (X,Y) be a topological pair and (X, ), be a sequence of
subsets of X. For any subset B of X we define the limit relative category of B
in (X,Y), with respect to (Xy,)n, by

(2.1) cat(x yy(B) =lim sup cat(x, y,)(Bn).

n—oo

Let Y be a fixed subset of M. We set

(2.2) B; ={BCM| catsz)Y)(B) > i},
2. ; = inf .
(2.3) ¢ BHelBi :1611; J(x)

We recall the “nonsmooth” version of the classical Deformation Lemma in
[5].

Lemma 2.1. (Deformation Lemma) Let h : H — RU {400} be a lower semi-
continuous function and assume h to be p-conver of order 2. Let c€ R, 6 >0
and D be a closed set in H such that
inf{|| grad,; h(x)||| ¢ = < h(z) < c+6, dist(xz, D) < §} > 0.
Then there exist € > 0 and a continuous deformation n : h*T N D x [0,1] —
he*te¢N Ds (Ds is the §-neighborhood of D and h¢ = {z|h(x) < c}) such that
(i) n(z,0) ==z Vo € hten D,
(ii) n(z,t) == Vo € h*~<ND,Vt € [0,1],
(iii) n(z,1) € k¢ Vz € TN D,Vt € [0,1].

We have the following multiplicity theorem, which was proved in [13].

Theorem 2.1. Leti € N and assume that
(1) ¢ < +o0,

(2) sup,ey J(2) < ¢,
(3) the (P.S.)%, condition with respect to (My), holds.

Then there exists a lower critical point x such that J(z) = ¢;. If

(2.4) Ci = Cit1 =" = Cith—1 =0,
then
(2.5) catpy({x € M|J(x) = ¢, grady, J(z) =0}) > k.

3. Proof of Theorem 1.1

Now we will show that J has at least four nontrivial critical points in the
subspace X1 ® X5 @ X3 of H.
Let Px,¢x,4x, be the orthogonal projection from H onto X; & X2 ® X3 and

(31) C= {Z € H| ||PX1@X2€BX3’Z” > 1}
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Then C' is the smooth manifold with boundary. Let C,, = C N H,. Let us
define a functional ¥ : H\ {X, ® X4} — H by

(3.2)
Px . ox,0x,% 1
\I/(Z):Z_ 1 2 3 :PX ®X 4+ ] PX PXoDX32-
| Px, o x,0x52 |l o | Px,x,0x5 2|l premee
We have
(3.3)
V¥ (z)(w)
1 ( Px,ex,0x,7 Px e x,@x57
= - 77 PX @X @X‘ w — 1 3 5 3
Praan, ol (L esext = (5 T TPooxox. ]

Let us define the functional J : C — R by
(3.4) J=JoW,

Then J € C’llo’cl. We note that if Z is the critical point of J and lies in the
interior of C, then z = ¥(Z) is the critical point of J. So it suffices to find the
nontrivial critical points of J. We note that

(3.5) lgrads J(2)|| > | Pxoex, VJ(¥(2)|  VZe€aC.
Let us set
=TS (Xo & X1 & Xo @ X3)),
= U 4B, (Xo® X1 ® X2 D X3)),
31’?, UH(ER(S1(p1) — wi, Sa(p2) — wa, S3(ps) — ws, X4)),
A% = UHAL(S1(p1) — w1, Sa(p2) — w2, Sa(ps) — w3, Xa)).

We note that gT, ér, E% and A% have the same topological structure as S,
B, ZZI)’? and A?’%, respectively. By the condition of Theorem 1.1, there exist
0 < p1, p2, p3, ¥ < R and Ry > 0 such that

sup J(2) = sup J(2)
zex3, 2€8%(S1(p1)—w1,S2(p2) —w2,S3(p3) —w3,X4)
inf J(z) = inf J(2),
2€Sr(XoBX10X20X3) zes,
sup J(2) = sup J(z) < o0
EGA% z€A% (S1(p1)—w1,S2(p2) —ws2,S3(ps) —ws,X4)
and
inf J(2) = inf J(z) > —o0.
z€B, 2EB (Xo®X1®X2DX3)

By the condition of Theorem 1.1, .J satisfies the (P.S.)* condition with respect
to (Cy)n for every real number ¢ such that

(3.6) inf J(2) <é&< sup J(2).
25, zen?,
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Let
Y3 = ¥%(S1(p1) — w1, Sa(p2) — wa, S3(p3) — w3, X4) N Hy,
A3 = AR(S1(p1) — wi, S2(p2) — wa, Ss(ps) — w3, X4) N Hy,
S3=%3NH, A}=ASNH,

We claim that

(3.7) cat e, v (A3) = 4.

In fact, we consider a continuous deformation r : S,\ Xo x [0,1] — S,\ X such
that

o r(z,0) =z, Vx € ST\XO,
o r(z,t)=w, Vz €S, N(X16X2®X3), Vte[0,1],
[}

r(z,1) € S, N (X1 ® Xo @ X3), Vo e S, \Xo.
Now we can define, if x = 2o+ 2123+ 24 € XoD (X1 D Xo® X3)D Xy, t € [0, 1],

T123 + X4 )

3.8 ri(z,t) = xo + ||T123 + T4||T ,
(3.8) 1(@,t) = 2o + [lz123 + 24| <”x123+x4”

Using rq, it is easy to construct, for all n, a continuous deformation 7, :
C,, x [0,1] — C,, such that

Mn(z,0) =2, Vo e,

Ma(x,t) =2, Yo e A3, Vte|o,1],

n(z,1) € A~§l, Ve e Cp,

N(z,t) € C\S,, Vo€ C,\S,, Vtel0,1].

The existence of 7, implies that

(A3).

(3.9) Cat(cn,ig)(A?L) = cab g v

We note that the pair (A3, %3) is homeomorphic to the pair (A3,%3) and the
pair (A2,33) is homeomorphic to the pair (BP™! x {(S#~1 —w;) U (S~ —
wo) U (S —w3)}, 8P x {(SB 7 —wy ) U (S~ —wy) U(S® 1 —ws)}), where
p=dimXgNH,, ¢g =dimX;NH,, ¢ =dim X>NH,, qg3 = dim X3N H, and
B", 8" denote the r-dimensional ball, the r-dimensional sphere, respectively.
Thus the pair (A3,33) is homeomorphic to the pair (BP™! x {(ST~1 —w;) U
(8271 —wy)U (S —w3)}, SPx {(SB 1 —wp )U(S2 ™ —wy)U (S~ —w;3)}).
This fact and the facts that ¢; =1, i = 1,2,3 and (b) of (3.7) in [7] imply that

cat e, v (A3) = 4.
Thus we have
A?;%) = 4.

(3.10) cat’(kai%)(
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Let us set
(3.11)

A ={AcCC] catzai%)(A) >1}, Ay={AcC (] catz‘ai%)(A) > 2},

As ={A cC (] cat?c’zi}{)(A) >3}, Ay={ACC] cat?c’i%)(A) > 4}.
Since catz‘c’i%)(&%) =4, A% € A;,i=1,2,3. Let us set

¢ = inf supJ(2), é& = inf supJ(3),
A€A; 3 AcA; 3

(3.12) CA1zeA €Az zeA

¢z = inf supJ(2), ¢ = inf supJ(3).
3 AE-ASEGE (), é AeA45€g )

We first claim that ¢; < oo, i = 1,2, 3,4. In fact, from the facts that

sup J(z) < 0
z€A%(S1(p1)—w1,52(p2)—w2,S3(p3)—ws,X4)

and A% e A;,i=1,2,3,4, we have that

é = inf supJ(3) < sup J(Z
= T < T

= sup J(z) < 0.
2€A%(S1(p1)—w1,S2(p2)—ws2,S3(p3)—ws,X4)

We also claim that sup, _sz J(2) < é,i=1,2,3,4. In fact, for any A € A;
- R
with $3, C A, i =1,2,3,4,

(3.13) sup J(2) < sup J(2),
zex?, zeA
and hence
(3.14) sup J(2) < inf supJ(2) =6, i =1,2,3,4.
ZEE% A€A; zcA

By the condition of Theorem 1.1, J satisfies the (P.S.)% condition with respect
to (Cy)n for any real number ¢ with inf;_g J(Z) <é< SUP: 3 J(%). Thus,
by Theorem 2.1, there exist four nontrivial critical points 27, 23, z3, z4 of the
functional J such that

(3.15) a=J), é=
We claim that

(3.16) inf J(2) < é <é <é3<é < sup J(2).
ZeS, geAk-;»%

=l

(), 3 =J(%), é1=J(%).

Since cat’(kc’j%)(A?]’%) =4, A% € A4 and hence

(3.17) ¢y = inf supJ(2) < sup J(3), VA € A,.
A€A4s 54 EEA%
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For the proof of ¢; > inf; g J (%), we construct a deformation 7], : On\g,. X
[0,1] — C’n\S~T7 for all n, such that

o n(x,0) =2, Vxe Cp\S,,

o 7 (x,t) =z, VYreX3, Vtelo1]

o 7 (z,1) €3, VaeC,.
Actually 7/, can be defined by taking the retraction of 7, on C’n\gr followed
by a retraction of A3\S, to ~E~;°’L The existence of n;,, for all n, implies that
any A € A; must intersect S,. So sup J(A) > inf, ¢ J(Z) VA € A;. So we
have ¢ = infaca, supzc 4 J(2) > inf; g J(%). Therefore there exist at least
four nontrivial critical points 27, 25, 23, Z4 for the functional J such that

inf J(2) < J(71) < J(2) < J(5) < J(Z) < sup J(2).

z€S, zeA?,
Setting z; = U(z;), i = 1,2,3,4, we have

insf J(z) = inf J(2) < J(z1) < J(22)
ZESy €S,
J(z3) < J(z1) < sup J(2) = sup J(z).

zens, Z€AL

(3.18)

IN

We claim that Z; ¢ OC, that is z; ¢ X @ X4, which implies that z; are the
critical points for J in X; @ X5 @ X3. For this we assume by contradiction that
zi € Xo ® X4. From (3.5), Px,ex,VJ(2z:;) = 0, namely, z;, i = 1,2,3,4, are
the critical points for J|x,ex,. By the condition of Theorem 1.1, the critical
points z; in Xy & X4 has no critical values in

inf J(2), sup J(2)]|,
2€5- (Xo®X19X29Xs) 2€A%(S1(p1)—w1,S2(p2)—w2,S3(p3) —ws, X4)

which contradicts to (3.18). Thus z; ¢ Xo & X4. This proves Theorem 1.1.
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