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NOTES ON THE SUPERSTABILITY OF D’ALEMBERT TYPE
FUNCTIONAL EQUATIONS

PENG CAO AND BING XU

ABSTRACT. In this paper we will investigate the superstability of the
generalized d’Alembert type functional equations Y 1", f(z + oi(y)) =
kg(x)f(y) and 3372 f(z + 0" (y)) = kf(x)g(y)-

1. Introduction

D’Alembert functional equation

(1.1) flx+y) + f(x—y) =2f(x)f(y),

also called the cosine functional equation, has a long history going back to
J. D’Alembert [4]. The equation (1.1) plays an important role in determining
the sum of two vectors in various Euclidean and non-Euclidean geometries.

The superstability of the d’Alembert functional equation (1.1) originated
from J. A. Baker [2] under the condition |f(x+y)+ f(z —y) —2f(x) f(y)| < e.
R. Badora and R. Ger [1] generalized this result, by replacing € by e(x) or
e(y). Recently, G. H. Kim investigated the superstability of the generalized
d’Alembert type functional equations as follows:

(1.2) flx+y)+ flx+oy) =2f(x)f(y),
(1.3) flx+y)+ flz+oy) =29(x) f(y),
(1.4) flx+y)+ flx+oy) =2f(x)g(y).

Some special cases of the aforementioned functional equations were investi-
gated (see, e.g., [3, 5, 6, 7, 8, 10, 11]).

The main purpose of this paper is to study the superstability of the more
general d’Alembert type functional equations

(1.5) Zf(x+0i(y)) = kg(x)f(y),
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(1.6) Zf(x +0'(y) = kf(z)g(y),

where m is a positive integer and k is an arbitrary nonzero complex number.
As an application, we obtain the superstability of functional equation

(1.7) Zf(ferUi(y)) = kf(x)f(y)-

In this paper, let (G,+) be an Abelian group, denote by N, R, C, as usual,
the set of positive integer, the real and complex number field, respectively.
Moreover, let o be an endomorphism of G with ¢ (z) = . We may assume
that f and g are nonzero functions, and ¢ : G — R.

2. Superstability of the equation (1.5)
Theorem 1. Suppose that f,g: G — C satisfy the inequality

o () ()
1) \Zf +0' (1) = ko(@)f(y)]| < { ) o) and (o)
forall x,y € G. Then

(i) either f is bounded or g satisfies (1.7),
(i) either g (or f) is bounded or g satisfies (1.7),

also f and g satisfy (1.5) and (1.6).

Proof. For the case (i), let f be unbounded. Then we can choose a sequence
(yn)n>0 in G such that |f(yn)| 3& 0 and

(2.2) |f(yn)] — 00 as n — oo.
We will show that g satisfies (1.7). Taking y = y,, in (i) of (2.1) we obtain

’E;’nlf .13—|—O' (yn)) 79(1,) < SO(:E)

kf(yn) = RSyl
Taking the limit as n — oo, we obtain

. 23711,f(x +'0j(yn))
2.3 lim == =g(x
(2.3) Jim o) 9(x)

for all x € G. Using (i) of (2.1) we have

m m m

S r(e+ot o)) — ko@D Fly+ ijn))‘ < mip(a)

j=114=1 j=1

for all x,y € G and every n € N. Consider the condition ¢ (z) = x, we obtain

m m

(2.5) Zfa:—i—a z:fa:—i—crs+2 )
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for all z,y € G and every s € N. Then by (2.5) and (2.4), we have

izzilf(maf(y)) FOm) T S )
£ kf (yn) g k()

n S f (@ o' @) Ho ) Sy + )
> om) R )
B ‘Z;’ll i f(w +0i(y+0-j(yn))) —kg(z) 3°7%, f(y+0j(yn))’
B kf (yn)]

me(x)
= T6f ()]

for all z,y € G. By virtue of (2.3), we have

S gl + o)) - kg<x>g<y>] ~0
=1

for all 2,y € G. Therefore g satisfies (1.7).
For the proof of the case (ii), first we show that f (or g) is unbounded if and
only if g (or f) is also unbounded. Putting y = 0 in (ii) of (2.1) we obtain

(2.6) Imf(x) — kg(x) f(0)] < ¢(0)
for all x € G. If g is bounded, then by (2.6), we have

@) < —[kg(@)7(0)] + (),

which shows that f is also bounded. On the other hand, if f is bounded, we
choose yo € G such that f(yo) # 0, and then by (2.1) we obtain

Y f@totwo) o elwo)
R (o) 90| < TF o)

and it follows that ¢ is also bounded on G.

Namely, if f (or g) is unbounded, then so is g (or f).

Let g be unbounded, then f is also unbounded. Then we can choose se-
quences (Zp)n>0 and (yn)n>o in G such that |g(x,)| # 0 and |g(zy)| — oo,

|f(yn)| £ 0 and | f(yn)| — o0 as n — oo.
Taking « = x,, in (ii) of (2.1) we deduce

(2.7) f 2z d (0 ')
N S
for all y € G. Using (ii) of (2.1) we have

S (et o' @) + o) - kY 9@+ ' @) fy)| < mely)

i=1 j=1

= f(y)

(2.8)
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for all z,y € G and every n € N. Then by (2.5) and (2.8), we obtain

m Z;’;lf(a;,L+ai(x+gf(y))) ST (@ + 04 (a))

2 Fglan) T e Y
P DY f((xn +o'(x)) + a”j(y)) LI 9(xn + 0 (2))
- Fg(on) - ko Y
T S S (e + 0 @) + 07 w) — KT g + 0 (@) ()]
- kg ()]

me(y)

\kg(zn)]

for all z,y € G and every n € N. Passing here to the limit as n — oo with
the use of |g(z,)] — oo and (2.7). Since g satisfies (1.7) by (i), we have
| Z;nzl f(x + Jj(y)) — kg(x)f(y)| = 0, that is to say f and g are solutions of
(1.5).

Applying (ii) of (2.1) again, we get

sz(‘””"“’ ) +ol(x )—kz zn +0'(y)) fz)

i=1 j=1

< mep(x)

and using (2.5), we have

i ZT:l f(xn + o7 (x + Ul(y)))

S gt ')
z; kg(zn) k(e kg(@n) |
m Z:il f((xn + Uj(x)) + gj+i(y)) Z:il g($n + O'i(y))
- X Fglan) ATy
B Em: 2211 f((il?n + Uj(l‘)) + gi(y)) B k;f(x) 27;1 g(‘Tn + Ui(y))
B = kg(xn) kg(xn)
E S (@ + 0 @) + 07 (@) — kF @) X g + o' )]
B kg ()]
my(z)
= rgCen)
for all z,y € G and every n € N. Using (2. 7) and the fact that g satisfies (1.7)
by (i), we have | 37", f(z + o'(y)) — kf(2)g(y)| = 0, that is to say f and g

are solutions of (1.6). O
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In the case of m = k = 2 in Theorem 1, we can obtain the following corollary,
which was investigated by G. H. Kim [9].

Corollary 1 ([9]). Suppose that f,g: G — C satisfy the inequality

) IR () ()
[fz+y)+ flz+o(y) — 29( )f(y)lﬁ{(ﬁ) () and o(z)
forall x,y € G. Then

(i) either f is bounded or g satisfies (1.2),
(ii) either g (or f) is bounded or g satisfies (1.2),

also f and g satisfy (1.3) and (1.4).

If g = f in Theorem 1, then the stability problem of the functional equation
(1.7) is proved as a corollary.

Corollary 2. Suppose that f : G — C satisfies the inequality

TR (i) ()
> 1o o) b )f(y)‘g{(ii)go(y)andap(x)

forallx,y € G. Then, in all cases (i) and (ii), either f is bounded or f satisfies
(1.7).

3. Superstability of the equation (1.6)

We will prove the stability of (1.6) using a strategy similar to that of Theo-
rem 1.

Theorem 2. Suppose that f,g: G — C satisfy the inequality

B1) St o) - @) < {E))fj(y)> ot
forall x,y € G. Then

(i) either f is bounded or g satisfies (1.7),
(ii) either g (or f) with f(ox) = f(x) is bounded or g satisfies (1.7),

also f and g satisfy (1.5) and (1.6).

Proof. For the case (i), let f be unbounded. Then we can choose a sequence
(Zn)n>0 in G such that | f(z,)| # 0 and

(3.2) |f(zp)] =0 as n— oo
We will show that g satisfies (1.7). Taking x = x,, in (3.1) we obtain

(3.3) lim 2iz1 ‘Z(f(’;i ZW) _ o)
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for all y € G. Using (i) of (3.1) we have

sz(xnw ) + 0y )kafzﬁa 9(y)| < mp(y)

=1 j=1
for all x,y € G and every n € N. Then by (2.5) and (3.4), we obtain

m f(mn +ot (CE + oj(y))> S f(xn + cri(os))

j; e —k R ) 9(y)

m S F (40 @)+ B)) S (4 0 (@)
= ; ke f(zn) -k kf(zn) o)
i ‘Z " f((xn +0'()) +Jj(y)) — kX +ai(l‘))g(y)’
= [k f(n)]

me(y)
= Tkf @)l

for all z,y € G. By virtue of (3.2) and (3.3), we have

Y gz +ol(y) - kg(fv)g(y)‘ =0
j=1

for all z,y € G. Therefore g satisfies (1.7).

For the case (ii), we can see that, similar to Theorem 1, f (or ¢) is unbounded
if and only if g (or f) is also unbounded. Namely, if f is bounded, choose z¢ € G
such that f(zo) # 0 and use (ii) of (3.1) to get

lg(y)| — ’Z’ 1 f @0+ o'y Zl”lf zo + o' (y))
g |k f(x0)] kf(xo)

which shows that g is also bounded.
Suppose f is unbounded. Putting = 0 in (ii) of (3.1), we have

[ 2_ f(e'y) = kf(0)g(y)] < £(0),

that is, |mf(y) — kf(0)g(y)| < ¢(0), since f(ox) = f(x) for all x € G. This
implies that g is also unbounded.
Let g be unbounded, then f is also unbounded. Then we can choose se-

quences (Zn)n>0 and (yn)n>o in G such that |f(x,)| # 0 and |f(x,)| — oo,
19(yn)| # 0 and |g(yn)| — 00 as n — .
Taking y = y,, in (ii) of (3.1) we deduce

(3.5) i izt (@ 40" (n))

n—oco kg(yn) = 1)
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for all x € G. Using (ii) of (3.1) we have

m

izf(ﬁo (y + 07 (yn) )—kf ig (y + 07 (yn))
j=1

j=11:i=1

(3.6)

< mep(z)
for all z,y € G and every n € N. Then by (2.5) and (3.6), we obtain

m ST (@ 4+ 00 W) + 07 (9a) S gy + o7 ()

; kg(yn) — k(@) kg (ym)

m 5 S (40" 0) + 0 ) S gy + o7 (yn)
- ; kg(yn) k(@) %g(yn)
B ‘Z;ﬁ:l >t f<37 +o'(y+ Uj(l/n))) —kf(@) X7 9(y + 07 (yn))
B kg (yn)|

mp(z)
= Teglym)

for all z,y € G. Since g satisfies (1.7), it follows from (3.5) that

fo+a )~ ki (@)aly >‘ 0

for all z,y € G. Hence f and g are solutions of (1.6).
Applying (ii) of (3.1) again, we get

m m

< my(y)

<y+a x+aj(yn))) —kf(y f:g (z+07(yn))

for all z,y € G. Since f(ox) = f(z) for all z € G and (3.7), we have

o S 1o W) ) S gt o)

2 kol ke Y <y)|
-~ iy 2721 f(gi (33 + 0" (y) + Uj(yn))) B kZTzl g(x + aj(yn)) )
B kg(yn) kg(yn) Y
ST S (v ot @t o (a))) kT (@ + 07 () S (0)]

1kg(yn)l
< mey)
= |kg(yn)l
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for all z,y € G. Since g satisfies (1.7), using (3.5), we have

Zf(w +0'(y)) - kg(iﬂ)f(l/)‘ =

Z fle+0™ () = kg(x)f(y)| =0

for all z,y € G. Therefore f and g are solutions of (1.5). O

In the case of m = k = 2 in Theorem 2, we can obtain the following corollary,
which was investigated by G. H. Kim [9].

Corollary 3 ([9]). Suppose that f,g: G — C satisfy the inequality

(1) ¢(y)
[f@+y) + flz+o() - 2f(x)g(y)| < {(ﬁ) o(x) and o(y)
forall x,y € G. Then
(i) either f is bounded or g satisfies (1.2),
(ii) either g (or f) with f(ox) = f(x) is bounded or g satisfies (1.2),
also f and g satisfy (1.3) and (1.4).

If we apply the case g = f to Theorem 2, then the stability problem of the
functional equation (1.7) is proved as a corollary.

Corollary 4. Suppose that f : G — C satisfies the inequality
- i (1) ¢(y)

E o —k <

-1 fe+ow) f(x)f(y)‘ - {(ii) ¢(x) and o(y)

forallz,y € G. Then, in all cases (1) and (ii), either f is bounded or f satisfies
(1.7).

Example. Let o(x) = ax, where a is a constant in C satisfying a™ = 1. Then
Theorem 1 and Theorem 2 hold for the functional equations

flz+a'y) = kg(x)f(y),

I

=1

flz+a'y) =kf(z)g(y).
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