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ABSTRACT. We obtain some retarded integral inequalities of Bihari-
type and apply these results to a retarded differential equation of
Bernoulli-type.

1. Introduction

Differential and integral inequalities have played a fundamental role
in the study of existence, uniqueness, boundedness, stability, invari-
ant manifolds and other qualitative properties of solutions of differen-
tial equations and integral equations. This is the case of the attrac-
tive Gronwall-Bellman inequality [4]. Bihari’s inequality is the most
important nonlinear generalization of the Gronwall-Bellman inequal-
ity. Over the years, various investigators have discovered many use-
ful integral inequalities in order to achieve a diversity of desired goals
[1-4,6,8,9,11,13-15].

Lipovan [7] gave a useful nonlinear generalization of the celebrated
Gronwall inequality and presented some of its applications. However,
the integral inequalities available in the literature do not apply directly
in certain general situations. Pachpatte [12] gave explicit bounds on
more general retarded integral inequalities which can be used as tools in
the qualitative study of certain retarded integrodifferential equations.
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In this paper we obtain some retarded integral inequalities of Bihari-
type and apply these results to a retarded differential equation of Bernoulli-
type. Furthermore, we give two examples to explain our results.

2. Main results

In this section we consider retarded linear integral inequalities of
Gronwall type for scalar functions of one variable. These retarded in-
equalities can be used in the study of a retarded nonlinear differential
equation of Bernoulli-type. We derive an estimate of a retarded linear
integral inequality. Let R = [0,00) and I = [tg,T') be the subsets of R.

THEOREM 2.1. Let u(t),a(t), and b(t) be nonnegative continuous
functions in I and a(t) € CY(I) be nondecreasing with a(t) < t on
1. Suppose that

u(t) < c+ /a(t) a(s)ds + /a(t) b(s)u(s)ds, t,tg € I, (2.1)

a(to) a(to)

where ¢ is a nonnegative constant. Then for t > tg,

a(t)
u(t) < cexp </(t | b(s)ds) (2.2)

a(t) a(t)
+ / a(s) exp / b(r)dr | ds, t € 1.
a(to) s

Proof. Define v(t) by the right hand side of (2.1). Then u(t) < v(t)
and v(tp) = c¢. Then we obtain

V(t) < b(at))v(at)d (t) + ala(t))o(t) (2.3)
< bla®)v(t)d (t) +ala(t)a'(t), te T

by the monotonicity of v and a(t) < ¢. The inequality (2.3) implies

< (vt exal [ batra'tryin)

= [v’(s) — b(a(s))v(s)o/(s)] exp (/ b(a(r))o/(T)dT)
< ala(s))d'(s) exp(/ b(a(r))d! (T)dr), t > s > to.
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Integration over s from tg to t gives
o0~ oo ([ st )
< / " aa(s))a(s) exp < / t b(oz(T))o/(T)dT) ds

to

and the change of variables yields

ut) < w(t)
aft) alt) a(t)
< o(tp) exp / b(r)dr +/ a(s)exp / b(r)dr | ds.
a(to) a(to) s
The proof is complete. O

Using the result of Theorem 2.1 we obtain the retarded linear differential
inequality.

COROLLARY 2.2. Let b(t) and a(t) be continuous functions for t > tg
and let v(t) and «(t) be differentiable nonnegative functions for t > tg
with a(t) <t and o/(t) # 0. Suppose

V() < alt) +b(t)v(a(t)),t € 1.
Then for t > tg,

aft) | a(t) at) |
v(t) < wv(tg)exp (/(t | b(’T)dT) + /(t | a(s)exp </ b(T)dT) ds,

where a(t) = a(%(ltgt)) and b = b(o(;;i(lt()t))_

REMARK 2.3. Let a(t) =t in Theorem 2.1. Then we obtain a com-
parison result for linear integral inequalities:

ut) < ulto)exp ( /t:b(s)ds> (2.4)

N /t:a(s) exp (/t b(T)dT) ds, t € 1.

Now, we investigate some retarded nonlinear integral inequalities. To
this end we need the following lemmas in [12].

LEMMA 2.4. [12, Theorem 2.1] Let u(t),a(t) € C(I,R"),b(t,s) €
C(IxI,RY) fortg <s<t<T anda(t)c C'(I) be nondecreasing with
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a(t) <ton I and c be a positive constant. Suppose that w € C((0,00))
is a nondecreasing function. If

a(t) s
u(t) < c+/ <a(s)w(u(s)) +/ b(s,a)w(u(a))da) ds, (2.5)

(to) a(to)

for t € I, then for ty <t < by,

a(t) s
w(t) < W1 {W(e a(s b(s,o)do | ds|, 2.6
(t) < [ <>+/a(t0)<<>+/aw< ) ) ] (2.6)

where W1 is the inverse function of W (u) = f“ d(z),u > 0,ug > 0,

ug w(z

and by is the largest number such that by > ty and for tg <t < by

a(t) s
W(e) + /(t | (a(s) + /(t )b(s,a)da) ds

REMARK 2.5. If we set a(t) =t and b(t,s) = 0 in [12, Theorem 2.1].
then we obtain the well-known Bihari-type inequality.

€ Dom(W™1).

We extend the result in [14, Lemma 1] to a retarded nonlinear integral
inequality.

THEOREM 2.6. Let u(t),a(t),b(t) € C(I,R") and a(t) € C*(I) be
nondecreasing with «(t) < t on I and ¢ be a positive constant. Let
w;,i = 1,2, be continuous nondecreasing functions on R* and positive

on (0,00) such that w = 7> is nondecreasing on (0,00). If

a(t) a(t)
u(t) < e+ / oo (ue)ds + / b(s)wa(u(s))ds,  (2.7)

a(to)
for t € I, then for ty <t < by,

a(t)
u(t) < Wy'! [Wz(m) +/ b(s)ds] ,to <t <by,

(to)
where Wy(u) = [* —% - u > 0, Wa(u) = I dz _ 5 > 0, and by is the

c wi(z) 0 w2 (z)
largest number such that by > ty and

b1 ©
by = [ ads< [T

to c UJ1(Z)

b1 * dz
b b(s)ds < — 1 = Wi Y(laly, ).
o = [ beds < [T LS e = W )
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Proof. Let v(t) by the right side of (2.7). Then v(t9) = ¢, u(t) < v(t)
and we obtain

V(t) < fa(e(t))wi(v(e(t))) + ble(t))wa(v(e(t)))] o (t)
wsv(e®), 1
by the monotonicity of w; and «(t) < ¢. This implies
d(Wi(v(t))) v'(t)

& ) (28)

< la(a(®)) + w(v(a(t)b(a(t))] o' (¢).

Integrating (2.8) from ¢ to ¢ and making the change of variables, we
have

Wi(v(t)) = Wl(v(to))+/ la(a(o)) + w(v(a(e)))b(a(0))] & (o)do

a(t)
< ot [ douls)ds,

where ¢ = [ b1

a(to) a(s)ds. Then, putting z(t) = W1(v(t)), we obtain

a(t)

z(t) < é+ /(t | b(s)w(Wit(2(s)))ds.

Setting b(t,s) = 0 in [12, Theorem 2.1], we get, for ¢ € [t, b1)

(to)

where W (u) = f;fo m, g = Wi(up). Since u < v =W, !(2) and

W:WQOW]__l, we have

4@<W4bma+/

a(t)
u(t) < Wy'! [Wz(q) +/ b(s)ds] L to <t <b.

(to)
The proof is complete. O

We obtain the retarded nonlinear integral inequality of Bernoulli-type
by using the consequences of Theorem 2.6.
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COROLLARY 2.7. Let wi(u) = u and wa(u) = P with 0 < p # 1 con-
stant in Theorem 2.6. Let u(t), a(t), and b(t) be nonnegative continuous
functions in I, and ¢ > 0 be constant. Suppose that

a(t) a(t)
u(t) < c+/ a(s)u(s)ds+/ b(s)uP(s)ds, (2.9)

a(to) O{(to)
holds for t > tg. Then for 0 <ty <t < by,

(Wit [Wiles) + [0 a(s)ds|, 0 < p <1
ut) < (2.10)

Wyt [W (1) + fa(t) ds)} ,1<p

( (6%

Co exXp (fa((t)) a(s )ds) ,0<p<1

Y o) =7
{Cl_p +(1-p) fa( t0) b(s )ds} ; 1<p,
where
1 = Wl_l(’a‘bl)zceXpﬂa’bl)?
_1

co = Wy (bly,) = [P+ (1= p)lbls,] 7.

Proof. Tt is easy to find that
Wi(u) = In(%), Wil (u) = cexpu,
c

0 ip [ul_p - cl_p} , W{l(u) = [cl_p +(1 —p)u] = .

We obtain the increasing function w on (0, 00) which can be applied in
Theorem 2.6:

Wa(u) =

wile) _1-p )< p<1

wa (u)
w(u) =

waW) _ yp=1 1 < p.

wi (u)

Applying this to (2.9) in Theorem 2.6, we obtain the inequality (2.10).
O

REMARK 2.8. For the cases p = 0 and p = 1 we obtain the retarded
linear integral inequality (2.1) in Theorem 2.1.

If the condition on p in Corollary 2.7 is replaced by 0 < p < 1, then we
obtain more concrete inequality than the inequality in Corollary 2.7 by
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using the consequence of retarded integral inequality in Theorem 2.1.
We extend the result of Theorem 2.1 to the following corollary.

COROLLARY 2.9. Let wi(u) = u and wo(u) = uP with 0 < p <
1 in Theorem 2.6. Let u(t),a(t), and b(t) be nonnegative continuous
functions in I, and ¢ > 0 be a constant. Suppose that
a(t) a(t)
u(t) < c—i—/ a(s)u(s)ds—i—/ b(s)uP(s)ds (2.11)
a(to)

a(to)
holds for t € I. Then for 0 < tg < t,

u(t) <

where g =1 — p.

Proof. Define v(t) by the right hand side of (2.11). Then u(t) < v(t)
and v(tp) = c¢. Then we obtain

J(t) < () [blal®) +alat)o P(a®)] () (212)
< P(t) [b(a(t)) + a(a(t))vlfp(a(t))] o), tel
by the monotonicity of v and a(t) < ¢, which implies
v'(t)
vP(t)
By integrating (2.13) from ¢y to ¢ and the change of variables we have
1 cl at) a(t)
—i(t) < — +/ b(s)ds + / a(s)vi(s)ds,
q q o(to) a(to)
where ¢ = 1 — p. Letting 2(t) = %vq(t), we obtain

[b(a(t) + ala(®)v' Pla(t)] o/(t), te I (2.13)

@ el a(t)
2(t) < +/ b(s)ds+q/ a(s)z(s)ds,

q (to) alto)
which implies

1 a(t) a(t) a(t)
z(t) < —exp q/ a(s)ds +/ b(s) exp q/ a(t)dr | ds,
q a(to) a(to) s

by Theorem 2.1. Hence we have
u(t) < o(t)

a(t) a(t) a(t)
< |clexp q/ a(s)ds —|—q/ b(s) exp q/ a(t)dr | ds
a(to) Oé(to) S

a(t) g a(t) a(t) q
cexp(/ a(s)ds) —i—q/ b(s) exp(q/ a(t)dr)ds|
a(to) a(to) s
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where ¢ = 1 — p. The proof is complete. ]

REMARK 2.10. If we set p = 0 in Corollary 2.9, then we obtain the
same retarded integral inequality as in Theorem 2.1. Also, if we set
a(t) =t in Corollary 2.9 we obtain the same result as in [3, Lemma 4.1].

COROLLARY 2.11. Let v(t) be a positive differentiable function sat-
isfying the differential inequality

V() < a(t)v(at)) + b(E)P(a(t), tel, (2.14)

where a(t) and b(t) are nonnegative continuous functions in I, and 0 <
p # 1 is a constant. Then for 0 < tg <t < by,

Wit [Wiles) + [0 a(s)ds|, 0 <p <1
v(t)

IN

W{l [Wz(q) + fof“é?) B(s)ds)} ,1<p

o exXp (f:‘é?) d(s)ds) ,0<p<1

1
{c‘f + qf;(g?) b(s)ds} ‘1<p,
a(a”! 7 a”l —
where ¢ = 1= p, a(t) = “&5i, b(t) = 425 e = Wi (Jal,) =
1
cexp(laly, ), and ¢z = Wy ' (|bls, ) = [? + qlbly, ]+ -

Proof. The integration of (2.14) and the change of variables yield

a(t) aft)
v(t) < w(ty) +/ d(s)v(s)ds+/ b(s)vP(s)ds,t € I,
a(to) a(to)

where a(t) = a(%(ltgt)) and E(t) = b(aaj(lt()t)). By applying this to Corollary

2.7 we obtain the required estimate. O

REMARK 2.12. If we set a(t) = ¢ in Theorem 2.6, then we obtain the
same result as in [5, Lemma 2.1].

We illustrate our results by the following example, including a re-
tarded differential equation of Bernoulli-type.

ExAMPLE 2.13. Consider the retarded differential equation with the
given initial condition

2'(t) = a()a(t — h(t)) + b()aP(t — h(t)), z(to) = zo (2.15)
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where h(t) € C1(I) is nondecreasing with t — h(t) > 0, h/(t) < 1, h(tg) =
0 and p # 1 is a positive constant. Then the solution z(t) of (2.15)
satisfies

Co €Xp ( tto_h(t) d(s)ds) , 0<p<1

z(t)] < 1 (2.16)
i =p) (f "V bs)ds) |7 1<,

A a(a™?! 7 bla™?!
where a(t) = 4o b() = e 0 and a(t) = t = h(b).

Proof. We see that the solution x(t) of (2.15) satisfies the integral
equation

a(t) .
o) = 2+ [ a0 oy

oM ds
T e

where a~1(t) is the inverse function of «(t) =t — h(t), by applying the
change of variables. Putting |z(t)| = u(t), we have

a(t) a(t)
a(s)u(s)ds +/ b(s)uP(s)ds, (2.17)

a(to)

u(t) < ulto) +/

a(to)
Ay — el @) gy ba”t(@)] _

where a(t) = m,b(t) = m and Oé(t) =1t — h(t) A

suitable application of the inequality given in Corollary 2.7 to (2.17)

yields the required estimate in (2.16). O

THEOREM 2.14. Let u(t),a(t) € C(I,R"),b(t,s) € C(I x I,RT) for
to < s <t < T and a(t) € CY(I) be nondecreasing with a(t) < t on
I and c be a positive constant. Let w;,7 = 1,2, be continuous nonde-
creasing functions on RT and positive on (0,00) such that w = % is
nondecreasing on (0, 00). If

a(t) s

u(t) < c+ / a(s)wi (u(s)) + / b(s, o )wa(u(o))do) | ds, (2.18)
a(to) a(to)

for t € I, then for ty <t < by,

u(t) < Wyt [Wa(er) + A(t)], (2.19)
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where A(t) = [“D/[[2  b(s,0)do)ds, Wi(u) = [* 92~ u > 0, Wa(u) =

a(to)Ya(to) c wi(z)
fu d(zz),uo > 0 and by is the largest number such that by > tg and

ug w2
by © g
laly, = / a(s)ds < / :
to c 'l,Ul(Z)

b1 © g
A = [ amas< [0
to c1 U)Q(Z)
Proof. Let v(t) by the right side of (2.18). Then v(ty) = ¢, u(t) < v(t)
and we obtain

c1 = Wi (laly,).

a(t)
v'(t)

IN

[a<a<t>>w1<v<a<t>>> " /

a(to)

b(a(t)’S)wz(v(a(S)))dSI o/(t)

a(t)

IN

[a<a<t>>w1<v<t>> + wn(o(t)) /

a(to)

b(a(t), s)ds] o (t)

IN

wi(v(t)) [a(a(t)) + =

in view of the monotonicity of w; and «(t) < ¢. It follows that

d(Wi(v(t))) v'(t)
it (W) (2:20)

a(t)

< [a(a(t))+w(v(a(t)))/

a(to)

b(a(t), s)ds] a(t).

Integrating (2.20) from ¢y to ¢ and making the change of variables, we
have

Wiu(t)) = Wi(v(to))
t a(o)
+ /t [a(a(a))—i—w(v(a(a))) / (t)b(a(a),'r)dT] o (0)do

= Wi(e)+ /aa(t) [a(s) +w(v(s)) /8 b(s,T)dT] ds

(to) to

i+ /a (::)) { /tos b(s,f)dT] w(v(s))ds,

IN
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where ¢ = fol:(lto) a(s)ds. Then, putting z(¢) = Wi(v(t)), we obtain

z(t) <é+ L?:j {/t: b(S,’T)dT:| w(W;(2(t)))ds.

By Lemma 2.4, we get, for ¢ € [to, b1)

A(t) < W [W(a) + /a (::)) ( /t: b(s,T)dT> ds] ,

where W(u) = %W and dp = Wi(ug). Since u < v =

Wi t(z) and W = Wy o WL, we have

a(t) s
u(t) < Wyt [W2(cl) —|—/ (/ b(s,T)dT) ds] ,to <t <by.
a(to) to

This completes the proof. O

REMARK 2.15. The method of the proof of Theorem 2.14 is similar
to that of Lemma 2.1 [14].

We obtain the following result [5, Theorem 2.3] as a corollary of Theorem
2.14.

COROLLARY 2.16. Let w;,7 = 1,2, be continuous nondecreasing func-
tions on R™ and positive on (0,00) such that w = % is nondecreasing

on (0,00). Let u,\; € C(R"),i=1,2,3, and c a positive constant. If

u(t) <ec+ /t A1(s)wi(u(s))ds + /t Az (s) (/s )\3(7‘)11)2(U(T))d7’> ds,

to to to
fort € I, then for 0 <tg <t < by,

u(t) < Wyt [WQ(cl) —|—/t5\(s)ds} ,

to
where A(t) = Ao(t) [} Aa(s)ds, Wi(u) = [ 2%, u > 0, Wa(u) =

c wi(z)’

fu d(zz),uo > 0 and by is the largest number such that by > tg and

uo w2

by > dz
by = / A (s)ds S/ ,
Al = s < | o
S i(s)ds</°°dz e = Wi (Ml
h to - c1 w2(z)’ ! ! HouJ:

Proof. In Theorem 2.14, if we put a(t) = ¢, a(t) = A\ (t) and b(t, s) =
A2(t)A3(s), then we obtain the result. O
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REMARK 2.17. If {1 (instead of {2 in Theorem 2.14) is a nondecreas-
ing function on (0,00), then Theorem 2.14 can be applied by changing
the roles of wi and ws, and a and b, respectively. In this case, the
conclusion is

u(t) < Wit [Wile2) + A(®)], ez = Wy ' (|Aly,)-

We obtain the integral inequality with differential equation of Bernoulli-
type as a corollary of Theorem 2.14.

COROLLARY 2.18. Let the assumptions be the same as in the Theo-
rem 2.14. If

a(t)
u(t) <c —|—/
a(to)

where wy(u) = u and wy(u) = uP with a positive constant p, then for
0<tp<t<by,

s

a(s)u(s) + /(t )b(s,o)up(a)d(f] ds, (2.21)

Wit Wi(ea) + A(t)], 0<p <1
u(t)

IN

(2.22)
Wy (Wa(er)) + A(t)], 1<p

caexp(A(t)), 0<p <1

1

[c}—p +(1- p)A(t)} 1<,

Proof. Note that the functions of Wa(u) and W, *(u) are given by

In% p=1
%1% = ¢
Q(U) {1ip [ul—p _ cl—p} ,0<p 7& 1,
and
Wil = SR Pt
[(1 —p)u%—cl_l”}fp7 0<p#1,
respectively. O

COROLLARY 2.19. [12, Theorem 2.1] Let the assumptions be the
same as in the Lemma 2.4. If

a(t) s
u(t) < c+/ [a(s)w(u(s)) —|—/ b(s,o)w(u(o))do)| ds,

(to) a(to)
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fort € I, then for tyg <t < by,

u(t) < W1 [W(C) T /C;(t)) <a(s) + /it )b(s,a)do) ds] ,

where W1 is the inverse function of W defined by Lemma 2.4.

Proof. The proof can be accomplished by the same method as in
Theorem 2.14. Here we omit the details. O

Consider the integrodifferential equation with the given initial condi-
tion

2(8) = F(t,a(t — h(t)),/t F(t,0,2(0 — h(o)))do), e(to) = zo, (2.23)

where f € C(I x I x R,R), F € C(I x R?,R) and h € C*(I) is nonde-
creasing with ¢ — h(t) > 0,h/(t) < 1,h(tg) = 0. The following example
give an estimate on the solution of (2.23).

EXAMPLE 2.20. Suppose that f and F satisfy
[f(t,s,2)] < b(t, s)wa(|z]), |F(t,z,2)] <a(t)wi(lz]) + ]z, (2.24)

where a(t),b(t,s), w;,we are as defined in Theorem 2.14. Let M =
maxyery ﬁ,(t) If x(t) is any solution of (2.23), then for to <t < by,

t—h(t) ps
2 (t)| < Wyt [WQ(cl) +/ [/ b(s,a)da]ds] , (2.25)

to to

where Wy (u) = [ —92- u > 0,c = |xo|, Wa(u) = [* -9 ug > 0, and

c wi(z)? up wa(z)’

b1 is the largest number such that by > ty and

by *  dz
a = a(s)ds < ,
lalb, / (s) _/c =5

by 00
A = [ amds< [T
to c1 UJQ(Z)
Proof. Put t — h(t) = a(t). Then a(t) is invertible. The solution z(t)
of (2.23) can be written as

e = Wi (laly,).

2(t) = 2o + /t F <s,x(s “ns), [ fs,0 w00 — h(a)))do—> ds.

to to
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Using the change of variables and the condition (2.24), we have
al(t)
O] < ool +] [ Fla7(s)a),
a(to)
~1(s))

ol ’ a Ys),a Yo), z(o do ds
/a(m) S 0 @) ) T ) T (a1 ()|

a(t) s
< |ao| + / N [a<s>w1<|x<s>|> n / b(s,a>w2<|x<o>\>da] ds,

Oé(t())

where a(t) = Ma(a () and b(t,s) = M2b(a~1(t),a"1(s)). Now, a
suitable application of the inequality in Theorem 2.14 yields the required
estimate in (2.25). O

REMARK 2.21. If we set wi(u) = wa(u) = u in Example 2.20, then
we have

t—h(t) £
|x(t)| < |xo|exp (/t (a(s) —|—/t b(s,a)da)ds) ,

where a(t) = Ma(a~1(t)) and b(t,s) = M2b(a~1(t),a"1(s)), a(t) =
t — h(t). Also, we note that the inequality in Theorem 2.14 can be used
to study the uniqueness and the continuous dependence of solutions of
integrodifferential equation (2.23) on initial values. See Theorems 4.2
and 4.3 in [12] for details.
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