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G'-SEQUENCE OF A MAP
YEON SoO YooNn*

ABSTRACT. Pan, Shen and Woo [8] introduced the concept of the
G-sequence of a map. We introduce the G’-sequence of a map,
which is a dual concept of the G-sequence of a map. We obtain
some sufficient conditions for the all sets in the G’-sequence of a
map are groups ,and for the exact G’-sequence of a map.

1. Introduction

Gottlieb [1,2] defined and studied the Gottlieb groups G, (X) of the
homotopy groups m,(X). The Gottlieb groups have many applications
on fibration theory and fixed point theory. The homotopy sequence
of a topological pair plays an important role in computing homotopy
groups. In [11], Woo and Lee introduced the G-sequence of a CW-
pair and obtained some sufficient conditions for the G-sequence to be
exact. In [8], Pan, Shen and Woo extended the concept of G-sequence
of a pair to the concept of G-sequence of a map and obtained some
results about exactness for G-sequence of a map. On the other hand,
Haslam [3] introduced and studied the dual Gottlieb groups G™ (X ;) of
H"(X ;). In this paper, we introduce the G’-sequence of a map, which
is a dual concept of the G-sequence of a map. We show that there is a

sequence — G'4(g) J, G"(Y) g, G"(X,9,Y) LN G (g) 7. such that
the following diagram is commutative

Gplg) —L— GM(Y) —C— G"(X,9,Y) —— Gt g —L—
ml ml nl ml
H™(g) —L— H™(Y) ——  H™(X) —C— H"(g) —L—

and g*J = 0 and 0*g* = 0 and J&* = 0. This sequence is called the G’-
sequence of g. We do not know whether the all sets in the G’-sequence
of g are groups. However, we obtain some sufficient conditions for the
all sets in the G’-sequence of g are groups. We show that if g: X — Y
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is a cocyclic map and g : X — Y has a right homotopy inverse, then the
the G'-sequence of g is the same as the cohomology exact sequence

— HYg) L HY (V) S HYX) S H Y (g) —

of g. In fact, we know that G"(X,g,Y) = G™(Y) ® G (g) for all n
under the same condition. Moreover, if g : X — Y has a left homotopy
inverse, then the all sets in the G’-sequence of g are groups.

2. Preliminaries

Let g: X — Y beamap. A based map f: X — B is called g-cocyclic
[7] if there is a map € : X — Y V B such that the following diagram is
homotopy commutative;

x —.vvB

a| i|
Xxxx WDy ep

, where j: YV B —Y X B is the inclusion and A : X — X x X is the
diagonal map. We call such a map 6 a coassociated map of a g-cocyclic
map f.

Inthecaseg=1x: X — X, f: X — Biscalled cocyclic [9]. Clearly
any cocyclic map is a g-cocyclic map and also f : X — B is g-cocyclic
iff g+ X — Y is f-cocyclic. The dual Gottlieb set DG(X,g,Y; B)
of g : X — Y is the set of all homotopy classes of g-cocyclic maps
from X to B. In the case ¢ = 1x : X — X, we called such a
set DG(X,1x,X; B) the dual Gottlieb set denoted DG(X; B), that is,
the dual Gottlieb set is exactly same with the dual Gottlieb set of
the identity map. Haslam [3] introduced and studied the coevalua-
tion subgroups G"(X;m) = DG(X; K(m,n)) of H"(X;m). In particular,
DG(X,9,Y; K(Z,n)) and DG(X; K(Z,n)) are denoted by G"(X,g,Y)
and G™(X) respectively. The next proposition is an immediate conse-
quence from the definition.

PROPOSITION 2.1.
(1) Foranymapsg: X - Y, h:Y —- Z,G"(X,9,Y) C G"(X,hg, Z).
(2) G™(X) = G"(X,1x,X) C GMX,q,Y) C GMX,*Y) = H'(X) for
any spaces X and any mapg: X — Y.
(3) G"(X)=n{G"(X,9,Y)|g: X =Y isamap and Y is a space}.
(4) Ifh : Y — Z is a homotopy equivalence, then G"(X,g,Y) = G"(X, hg, Z).
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(5) For any map k: A — X, k% (G"(X,g,Y)) C G"(A, gk,Y).
(6) For any map k: A — X, k7 (G"(X)) C G"(A,k, X).
(7) For any map s : B — C, s4(DG(X,9,Y;B)) C DG(X,g,Y;C).

It is well known [3] that G™(X;7) is a subgroup of H"(X; 7). More-
over, it is also shown [5] that if B is an H-group, then DG(X, B) is a
subgroup of [ X, B].

COROLLARY 2.2.
(1) If g: X — Y has a left homotopy inverse, then G™(X,g,Y) = G"(X)
is a subgroup of H"(X).
(2) If g : X — Y is a map such that G*(X,g,Y) C g7 (G™(Y)), then
G"(X,q,Y) = g7 (G™(Y)) is a subgroup of H"(X).

But we do not know whether DG(X,¢g,Y; B) is a group. However,
we have the following theorem.

THEOREM 2.3. [13] Let g : X — Y be a map and B an H-group.
Then
(1) Forany [y] € g7 (DG(Y; B)) and any [a] € DG(X,9,Y; B), [y]+[a] €
DG(X,q,Y;B).
(2) For any [a] € DG(X,q,Y;B), —[a] € DG(X,9,Y; B).

COROLLARY 2.4. For any map g : X — Y, the group g% (G™(Y;))
acts on G"(X,g,Y;m).

3. (G'-sequence of a map

In [4], he introduced the category of pairs whose objects are maps
from a pointed space to a pointed space and whose morphism from f to
g is a pair of maps (a1, az) such that the diagram

A2 . B

A

X 2.v
commutes. A homotopy of (a1, as) is just a pair of homotopies (auy, cvor)
such that gais = aorf. For a map f: A — X, the homotopy group of
the map f is defined [4] by m,(f) = {[(a1, @2)]|(a1, 2) : in, — [}, where
in 2 S"71 — CS™ ! is the inclusion, and [ ] denotes the homotopy class.
For an element [(a1, az)] € 7, (f), if there exist Fy : A x S"1 — A and
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Fy: Ax CS" ! — X such that Fij = V(1 V a;) and Fpj’ = V(f V as)
and the diagram
n

A x Sl A
(lxin)l fJ{
Axosnt 2 x

commutes, then (F, Fy) is called an affiliated map of (a1, a3).

The relative evaluation subgroup GE(f) [8] is defined by GE(f) =
{[(a1, a2)] € 7, (f)|3 affiliated map (Fy, Fy) of (a1, az)}. Let f: (A4, 1)
— (X4, f) be a map given by f(g) = fg. Consider the evaluation maps
w: A4 - A and o' : X* — X. Then the map (w,w’) : f — f is called
the evaluation maps in the homotopy category of pairs.

There is a commutative diagram

Tn(f) —2— w1 (A1) ———

(AR 1) —TF L (xA )

| Bl el |

Gu(d) —F G g x) —L GR() — 2 Gua(4) ——
nl ml nl nl
——— ) X mn(f) —2 e (A)

where the top and the bottom rows are also exact and the middle
sequence forms a chain complex. This middle sequence is called the
G-sequence of f.

Now we would like to consider a dual situation of the above concept.
For amap g : X — Y, the cohomology group of the map g [4] is defined
by H"(g9) = {[(a1,a2)]|(a1,a2) : ¢ — pn}, where p, : PK(Z,n) —
K(Z,n), pn(n) =n(1) is projection and PK (Z,n) is the space of paths
in K(Z,n) beginning at *. In particular, if we take g = incl : X — Y,
then H"(g) = H™(Y, X). Then there is the cohomology exact sequence
of g

— H"(g) % H (V) & HM(X) & H'™ Y (g) — .
Let [(a1,a2)] € H™(g). If there are maps p; : X — Y V PK(Z,n) and
w2 1Y — YV K(Z,n) such that j'u1 ~ (g X a1)A and jug ~ (1 X ag)A,
where j' : YVPK(Z,n) - Y xPK(Z,n), j: YVK(Z,n) — Y xK(Z,n)
are the inclusions and the diagram

X 2 vyvPK(Z,n)

gl (1Vpn)l

Yy 2. YVK(Z,n)
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commutes, then (pg,p2) is called a coaffiliated map of (a1, ) with
respect to g.

DEFINITION 3.1. G%(9) = {[(a1,0)] € H"(g)|3 coaffiliated map
(1, n2) of (a1, ap) with respect to g}.

THEOREM 3.2. There is a sequence — G'%;(9) 7, G"(Y) 7, G"(X,9,Y)
LN GT]‘{H(Q) 7, such that the following diagram is commutative

J 5*

Gh(9) amY) —L— G"(X,g,Y)
n| n n n
H"(g) — o

HY(Y) —C . Hv(x) 2 gty — L
and g*J =0 and §*g* =0 and J§* = 0.

e J
Grli(g) ——

Proof. (1)To show that J(G%(g)) € G™(Y), let [(a1,a2)] € G(9)-
Then there are maps p; : X — YVPK(Z,n)and p2 : Y — YVPK(Z,n)
such that 51 ~ (g X @1)A and jus ~ (1 x ag)A and the diagram

X 2 YV PK(Z,n)

gl (1\/pn)J(

Y . YVK(Z,n)
commutes. Since ag : Y — K(Z,n) is cocyclic, J([(a1,a2)]) = [ag] €
G"(Y).
(2) It follows from Proposition 2.1(6) that ¢*(G™(Y)) € G"(X,g,Y)).
(3) To show that 0*(G™(X,g,Y)) C G5 (g), let [a1] € G™(X,g,Y).
Then o can be considered as follows;

X 2 PK(Z,n+1)

[N

* — K(Z,n—l—l).

Thus there is a map p1 : X — Y V PK(Z,n + 1) such that j'u; ~
(9 x a1)A. Define pg : Y — Y V PK(Z,n+ 1) by p2(y) = (y,*). Then
Jpz ~ (1 x *¥)A and the diagram

X 2 vy VvPK(Z,n+1)

gl (1Vpn+1)l

Yy 25 YVK(Zn+1)
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commutes. Thus we know that §*([aq]) =

X — X 2 PK(Z,n+1)
IR B
Y * K(Z,n+1).

= [(a1,%)] € G (9)-
Finally, the fact of ¢*J = 0 and 6*¢* = 0 and Jé* = 0 follows from
the exactness of the cohomology exact sequence

— HYg) L H V) S HYX) S B (g) —
0

Therefore we have, by the above theorem, a sequence — G%(9) J,

G"(Y) g, G"(X,q,Y) LN G%H(g) 7, such that g*J =0 and 6*¢g* =0
and Jo6* = 0. This sequence is called the G’-sequence of g. We still
do not know whether the all sets in the G’-sequence of g are groups.
However, we obtain some sufficient conditions for the all sets in the
G’-sequence of g are groups.

LEMMA 3.3. [12]g : X — Y is a cocyclic map if and only if
DG(X,q9,Y;B) = [X, B] for any space B.

Thus we know, from the above lemma, that if g : X — Y is a cocyclic
map, then G"(X,g,Y) = H"(X) for all n.

LEMMA 3.4. [5] If g: X — Y is a cocyclic map and g : X — Y has
a right homotopy inverse, then 1y : Y — Y is a cocyclic map, that is,
DG(Y, B) = [Y, B] for any space B.

Thus we know, from the above lemma, that if g : X — Y is a cocyclic
map and ¢g : X — Y has a right homotopy inverse, then G"(Y') = H"(Y)
for all n.

LEMMA 3.5. If g : X — Y is a cocyclic map and g : X — Y has a
right homotopy inverse, then G',(g) = H"(g) for all n.

Proof. We need only show that H"(g) C G'%(g). Let [(a1,a2)] €
H"(g). Then we have the commutative diagram

X 2 PK(Z,n)

| pus |

a2

Y —22. K(Z,n).
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Since g : X — Y is a cocyclic, there is a map p: X — Y V X such that
Jju~ (g x1)A. Let f:Y — X be a right homotopy inverse of g. Let
i =1AVa)p: X =Y VPK(Zmn)and ppo = (1Var)(IVguf:Y —
YV K(Z,n). Then we have that j'u1 ~ (g x a1)A and jug ~ (1 X ag)A,
and the commutative diagram

X 2 vyvPK(Z,n)

gl (1\/pn)l
Y £ YVK(Z,n).
Thus we know that [(aq, a2)] € G (9)- O

Thus we have the following theorem.

THEOREM 3.6. If g : X — Y is a cocyclic map and g : X — Y has
a right homotopy inverse, then the the G'-sequence of g is the same as
the cohomology exact sequence

— HYg) L H (V) S HYX) S H Y (g) —
of g.

If g : X — Y has a right homotopy inverse f : Y — X, then f*¢* =1
and ¢* is a monomorphism. Thus we have the following corollary.

COROLLARY 3.7. If g: X — Y is a cocyclic map and g : X — Y has
a right homotopy inverse, then G"(X,g,Y) = G"(Y) & G'5*(g) for all
n.

THEOREM 3.8. If g : X — Y has a left homotopy inverse, then G';(g)
is a subgroup of H"(g).

Proof. Let m' : PK(Z,n)x PK(Z,n) — PK(Z,n) and m : K(Z,n) x
K(Z,n) — K(Z,n) be the H-structures on PK(Z,n) and K(Z,n) re-
spectively. Let v/ : PK(Z,n) — PK(Z,n) and v : K(Z,n) — K(Z,n)
be the inverses on PK(Z,n) and K(Z,n) respectively. Let [(a1, as)],
[(B1,B2)] € G'(g). Then there are maps y; : X — Y vV PK(Z,n) and
w2 1Y — YV K(Z,n) such that j'u1 ~ (g X a1)A and jug ~ (1 X ag)A,
where j' : YVPK(Z,n) - Y xPK(Z,n), j : YVK(Z,n) — Y xK(Z,n)
are the inclusions, and the commutative diagram

X 2 vyvPK(Z,n)

gl (1Vpn)l

Yy 2. YVK(Z,n),
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and maps 0; : X — Y V PK(Z,n) and 02 : Y — Y V K(Z,n) such that
J'01 ~ (g x f1)A and jOy ~ (1 x B2)A, where j' : YV PK(Z,n) —
Y x PK(Z,n), j: YV K(Z,n) —Y x K(Z,n) are the inclusions, and
the commutative diagram

(1\/pn)l

X
d
Y -2 Y VK(Zn).

Consider the maps ) = (1V /)y : X — Y V PK(Z,n) and ufy =
(IVV)uz : Y — YVK(Z,n). Then we can easily know that the diagram

% YV PK(Z,n)
6

x 8 YV PK(Z,n)

gl (1Vpn)l

Yy 25 YVK(Zn)

commutes. Thus we know that —[(a, )] = [(a1t/, aav)] € GR(g).
Now we show that [(a1,a2)] + [(81,02)] = [(m/ (a1 x B1)A,m(as X
B2)A)] € G'%i(g). Let f :' Y — X be the left homotopy inverse of
g: X =Y. Let \y = (Ivm/)i' (u1V1)(fV1)01 : X — YVPK(Z,n), g =
(1Vm)i(ug V1)02 : Y — Y V K(Z,n), where i’ : YV PK(Z,n) V
PK(Z,n) — Y V PK(Z,n) x PK(Z,n), i : Y V K(Z,n)V K(Z,n) —
Y V K(Z,n) x K(Z,n) are the inclusions. Then we know that j'\; =
(1 x m)((g x an)A x 1)(f x 1)(g X S)A ~ (g x m'(ar x Si)A)A ~
(9 % (1 + B1))A and jAz = (1 x m)((1 x az)A x 1)(1 x B2)A =
(1 x m(ag x B2)A)A = (1 x (a2 + (B2))A, where j' : YV PK(Z,n) —
Y x PK(Z,n), j: YV K(Z,n) —Y x K(Z,n) are the inclusions. Also,
we can easily know that the diagram

X 2 YV PK(Z,n)

gl (1\/pn)l

Y -2, YVK(Zn)

commutes. Thus we know that [(a1, a2)] + [(81, 82)] = [(m/ (a1 X B1)A,
m(ag x B2)A)] € G'L(g).
O

Thus we know, from Corollary 2.2(1) and the above theorem, the
following corollary.
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COROLLARY 3.9. If g: X — Y has a left homotopy inverse, then the
all sets in the G’'-sequence of g are groups.

(1]

(10]
(11]

[12]
(13]

(14]

*
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