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ABSTRACT. For 1 < p, g < co and s € R, it is proved that there
exists a constant C' > 0 such that for any f € Byt*(R™)

[flpst2@ny < CIF = Afllsg ,&n),

which tells us that the operator I — A is BZ;Q-coercive on the Besov
space B, ;.

The Besov spaces Bj , together with Triebel-Lizorkin spaces Fj,
cover many well-known spaces of functions and distributions such as
Hoélder spaces, Sobolev spaces, Hardy spaces, BMO, etc. Since the the-
ory of By, and F;, was set up at the end of 1980’s, many attempts
have been made on applications to the theory of partial differential equa-
tions and harmonic analysis. One of the differential operators playing
important roles in those fields is the Laplace operator A displayed by
A =30 5%2 in the flat (Euclidean) domain R™. In this note, we
present an inequality for a resolvent of the Laplacian A in Besov spaces
B, ,- This is the main theorem we prove:

Main theorem For1l <p, q < o0, and s € R, there exists a constant
C > 0 such that for any f € B5t*(R™)

||f||B;j12(Rn) < C||f - A,)P|’B;7q(]12<n)-

The essential tool for the proof is the Littlewood-Paley decomposi-
tion, and the main difficulty is to get over the singularity at the origin
in the frequency space.

An immediate application of the inequality above is to explain the
m-dissipative property of the Laplacian A: D — B)  with D = B;ff. In
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fact, for s > 0,1 <p, ¢ <00, A >0, and any F' € By ,(R"), there exists
a unique u € B;,J’(?(R”) satisfying the following stationary problem:

Au— Au = F.

We introduce some basic notations for Besov spaces. Let S(R") be the

Schwartz class and f represent the Fourier transform of f € S defined
by

F 1 —iz-
f(f)zf(f)(g)EW/Rne $f(x)da.

We take two radial functions ®, p € S(R"™) satisfying supp® c{&: g < %},
supp & € {612 < [l < 3} and B(E) + T2 3(6) = 1 for € € BY,
where p;(x) = 2"p(272), that is, §;(§) = §(277¢). For f € S, A_1f =
®(D)f =@« f and when j > 0, A;f = ¢;(D)f = ¢j * f. For s € R,
and 1 < p,q < oo, the Besov spaces B, ,(R") are defined by

f € By (R") & {|[2°A; fl|1e }jez € 12

The following lemma, exhibits the relationship between the role of the
scaling factor 2/¢ and the role of the differentiation index s in By ;. The
proof of the Lemma can be found in [1, p. 16].

Bernstein’s Lemma There ezists a constant C = C(s) such that for
any f € S(R™) with supp f C {£€ € R™: |¢] < r},
(2-3)
[fllzer < Crote /| flle, 1< p<p1<oo,
I1D°flle < Cr*|[fllze, 1<p < oo

Also, there exists a constant C(s) such that for any f € S(R™) with
supp f C {€: 2771 < |¢] <27,

C2| fll < 1D fllr < C 2| flln,  1<p<occ.

Notation Throughout this paper, C' denotes various real positive con-
stants.

1. The Proof of the theorem

Let 1 < p < co. We first notice that for any test function A in the
Schwartz class S, we have

(p = D(|1@)[P~* Vh(2)) = V(|h(x)["~*h(x))
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for almost every x € R™. Hence for h € S, we observe that

A(p—1
Ap—1) )/ | VhE|? do = (p—1)/ 5 1Vh)? da
p Rn Rn

= [ (90 (o= (a2 ) do
(1) ——/ (AR)|h|P~2 hda.

Hence by (1) together with Holder’s inequality, we have for h € S

4(p—1
e e A
R™ R7

:/ (h — AR)|h|P~2 hdx

< |lh = Ah| s [R5
We conclude that for 1 < p < oo,
(2) [hllLe < [[h — Ah]|Lp.

Even for the case when p = oo, the estimate (2) is valid: in fact, for
heS

17|z = lim [[hflze < lim [[h — Ahlle = |[h — Ahj[pe.

For the case when p = 1, Fatou’s lemma and the estimate (2) imply that

(3) I1llx = limng 1], < timinf [ — A,

The integrand |h(z) — Ah(z)|P in the right hand side of (3) is dominated
by an integrable function |h(x) — Ah(z)|? + |h(z) — Ah(z)|, and so the
Lebesgue’s dominated convergence theorem implies that the right hand
side of (3) is equal to ||h — Ah||y:. This illustrates that (2) holds even
for the critical case p = 1.

Next, choose f € B5!?(R™), and we have on one hand

A1 fllr < A (f = Af) |z,

by applying the estimate (2) to A_;f. For j > 0 and 1 < p < oo, by
Bernstein’s lemma, we see that

18081 = [ &sDERdx < €27 [ [9(a,0% da.

Rn
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Then by the identity (1) and the same arguments used in the above, we
have the following estimate

P fIE <€ [ 19805
- —C/Rn A(AGF) (DG F1A; FIP72) da

<C [ (A= MAH) A F1A ) do
= Ol (f = ANl 185 £17"

Therefore, we have
(4) 2|12 flle < CIA;(f — Af)|lLo-

for 1 < p < oco. The same argument used in the above delivers the
estimate (4) for the critical cases p = 1 and p = co. Collecting terms
together, we get

ST R afe, < 0N 2 AN (f - AL,

j=0 j=0
In all, we conclude that
o 1/q
1Flgese = [127E2 AL £ 18, + 30 127642 8,51,
j=0
1/q
<C Z 127° 8 (f = AF)IIE,
o)t - Af s,
This completes the proof. O
References

[1] J. Y. Chemin, Perfect incompressible fluids, Clarendon Press, Oxford, 1981.

[2] H-C Pak and Y. J. Park, Existence of solution for the Euler equations in a
critical Besov space BL, 1(R™), Comm. P.D.E. 29 (2004), 1149-1166.

[3] E.M. Stein, Harmonic analysis; Real-variable methods, orthogonality, and os-
illatory integrals, Princeton Mathematical Series, Vol. 43, 1993.

[4] H. Triebel, Theory of Function spaces II, Birkhauser, 1992.

[5] M.E. Taylor, Tools for PDE Pseudodifferential Operators, Para-differential Op-
erators, and Layer Potentials, Mathematical surveys and Monographs, Vol. 81,
American Mathematical Society, 2000.



Resolvent inequality of Laplacian in Besov spaces

*

Department of Liberal Arts
Kongju National University

Yesan 340-702, Republic of Korea
E-mail: hyukhan@kongju.ac.kr

k%

Department of Applied Mathematics
Dankook University

Cheonan 330-714, Republic of Korea
E-mail: hpak@dankook.ac.kr

121



