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SOLUTION AND STABILITY OF MIXED TYPE
FUNCTIONAL EQUATIONS

KiL-WounG Jun*, IL-Sook JUNG**, AND HARK-MAHN Kim***

ABSTRACT. In this paper we establish the general solution of the
following functional equation with mixed type of quadratic and ad-
ditive mappings

f(mx +y) + f(mz —y) +2f(z) = f(z +y) + flz —y) + 2f(mz),
where m > 2 is a positive integer, and then investigate the general-
ized Hyers—Ulam stability of this equation in quasi-Banach spaces.

1. Introduction and preliminaries

In 1940, S. M. Ulam [13] gave a talk before the Mathematics Club
of the University of Wisconsin in which he discussed a number of un-
solved problems. Among these was the following question concerning
the stability of homomorphisms.

Let (G1,%) be a group and let (Ga,o,d) be a metric group with the
metric d(-,-). Given € > 0, does there exist §(¢) > 0 such that if a
mapping h : G1 — Go satisfies the inequality

d(h(z = y), h(z) o h(y)) <6
for all x,y € Gy, then there is a homomorphism H : G1 — Go with
d(h(z),H(x)) <e

for all x € G17
In 1941, D.H. Hyers [7] considered the case of approximately additive
mappings f : E — E’, where F and E’ are Banach spaces and f satisfies
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Hyers inequality
If(x+y) = flz) -yl <e

for all z,y € E. In this case there exists a unique additive mapping

L:FE — E', defined by L(z) = lim,,_, f(gzx), such that

If(z) = L(z)[ < €

for all x € E. A generalized version of Hyers’ theorem for approximate
additive mappings was given by T. Aoki [1] and D.G. Bourgin [4]. In
1978, Th.M. Rassias [9] introduced the unbounded Cauchy difference
to be controlled by a sum of powers of norms like ||f(z + y) — f(z) —
FI < e(|z]|” + ||y||”),p < 1 and then provided a generalization of
Hyers’ theorem by allowing the unique additive mapping to be linear.
In 1991, Z. Gajda [6] following the same approach as in Th.M. Rassias
[9], gave an affirmative solution to this question for p > 1. It was proved
by Z. Gajda [6] as well as by Th.M. Rassias and P. Semr] [10] that one
cannot prove the stability theorem when p = 1.
The following functional equation

(1.1) flx+y) + fle—y)=2f(x) +2f(y)

is called a quadratic functional equation, and every solution of the equa-
tion (1.1) is said to be a quadratic mapping. A Hyers—Ulam stability
problem for the quadratic functional equation (1.1) was proved by Skof
for functions f : E; — Fy, where F; is a normed space and Fs is a
Banach space [12]. S. Czerwik [5] and C. Borelli and G.L. Forti [3]
have established the generalized Hyers—Ulam stability of the quadratic
functional equation (1.1).

In this paper, we deal with the next functional equation deriving from
quadratic and additive mappings:

(1.2) f(mz +y) + f(mz —y) +2f(z)
= f(x +y) + f(xz —y) + 2f(mz)

where m > 2 is a positive integer. The general solution and generalized
Hyers—Ulam stability for Eq. (1.2) with a special case m = 2 has been
investigated in the reference [8]. It is easy to see that the mapping
Q(z) = B(x,x) for a symmetric bi-additive mapping B and an additive
mapping A are solutions of Eq. (1.2). The main purpose of this paper
is to establish the general solution of Eq. (1.2) and investigate the
generalized Hyers—Ulam stability for Eq. (1.2) in quasi-Banach spaces.

We recall some basic facts concerning quasi-Banach spaces and some
preliminary results.
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DEFINITION 1.1. (See [2, 11].) Let X be a real linear space. A quasi-
norm is a real-valued function on X satisfying the following:

(i) ||z]| > 0 for all x € X and ||z|| = 0 if and only if z = 0.

(ii) ||Az|| = |A|||z|| for all A € R and all z € X.

(iii) There is a constant K > 1 such that ||z + y| < K(||z| + ||y||) for
all z,y € X.

The pair (X, ||-||) is called a quasi-normed space if ||-|| is a quasi-norm
on X. The smallest possible K is called the modulus of concavity of || -||.
A quasi-Banach space is a complete quasi-normed space. A quasi-norm
| - |l is called a p-norm (0 < p < 1) if

[l +yll” < [l]I” + lly[”

for all z,y € X. In this case, a quasi-Banach space is called a p-Banach
space.

By the Aoki-Rolewicz theorem [11], each quasi-norm is equivalent
to some p-norm. Since it is much easier to work with p-norms than
quasi-norms, henceforth we restrict our attention mainly to p-norms.

2. Solution of Eq. (1.2)

Throughout this section, X and Y will be real vector spaces. Before
taking up the main subject in this section, we shall need the following
two lemmas.

LEMMA 2.1. If an even mapping f : X — Y with f(0) = 0 satisfies
the equation (1.2) for all x,y € X, then f is quadratic.

Proof. First, we note that the lemma is true for m = 2 in view of [8].
Thus we assume by induction that Lemma 2.1 is true for all 2,---  m.
Now, if we replace y by x 4+ y in (1.2), we get by the evenness of f

(2.1) f((m+ Dz +y) + f(m -z —y) +2f(x)
=[x +y)+ f(y) +2f(mz)

for all z,y € X. Replacing y by —y in (2.1), we get by the evenness of f

(2.2) f((m+ Dz —y) + f(m - Dz +y) +2f(z)
=[x —y) + f(y) +2f(mzx)



818 Kil-Woung Jun, II-Sook Jung, and Hark-Mahn Kim

for all x,y € X. If we add (2.1) to (2.2) and use the inductive argument,
we have
23)  f(m+Dz+y) + f((m+ 1)z —y)
= 2f(y) +4f (mx) + 2f (2z) — 4f(x) = 2f ((m — 1)z)
for all z,y € X. Letting y = 0 in (2.3), we get
2f((m+1)x) = 4f(mx) + 2f(22) — 4f(x) — 2f((m — 1)z)
for all x € X. Thus we see from (2.3) that

fluty)+ flu—y)=2f(u) +2f(y), u:=(m+ 1)z
for all u,y € X. Therefore the mapping f : X — Y is quadratic. O

COROLLARY 2.2. Ifan even mapping f : X — Y satisfies the equation
(1.2) for all x,y € X, then g : X — Y is quadratic, where g(x) :=

f(z)— f(0),z € X.

LEMMA 2.3. If an odd mapping f : X — Y satisfies (1.2) for all
xz,y € X, then f is additive.

Proof. The proof is very similar to that of Lemma 2.1. O

THEOREM 2.4. A mapping f : X — Y satisfies the equation (1.2) for
all x,y € X if and only if there exist a symmetric bi-additive mapping
B : X xX — Y and an additive mapping A : X — Y such that
f(z) = B(x,z) + A(x) + f(0) for all z € X.

Proof. If there exist a symmetric bi-additive mapping B : X x X — Y
and an additive mapping A : X — Y such that f(x) = B(z,z)+ A(z) +
f(0) for all z € X, then it is easy to see

f(mz +y) + f(me —y) = 2m°B(x,z) +2B(y,y) + 2mA(z) + 2f(0)
= flz+y)+ flz—y)+2f(mx) - 2f(x)
for all ,y € X. Therefore the mapping f : X — Y satisfies (1.2).

Conversely, let f satisfy the equation (1.2). Then if we decompose f
into the even part f. and the odd part f, by putting

fl) = f(z) +2f( x) f(z) 2f( x)

for all x € X, it is easy to see that the mappings f. and f, satisfy the
equation (1.2). Hence by Corollary 2.2 and Lemma 2.3 we obtain that
the mappings f. — f(0) and f, are quadratic and additive, respectively.
Therefore there exists a symmetric bi-additive mapping B: X x X — Y

and  f,(7) =
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and an additive mapping A : X — Y such that f.(z) = B(z,z) + f(0)
and f,(z) = A(x) for all z € X. So we have

f(@) = fe(x) + fo(x) = Bz, z) + A(z) + f(0)
for all z € X. O

3. Generalized Hyers—Ulam stability of Eq. (1.2)

Throughout this section, assume that X is a quasi-normed space with
quasi-norm || - || and that Y is a p-Banach space with p-norm || - ||. Let
K > 1 be the modulus of concavity of || - ||.

In this section, using an idea of direct method we prove the general-
ized stability of Eq. (1.2) in the spirit of Hyers, Ulam and Rassias. For
convenience, we denote the following difference operator D f of a given
mapping f: X — Y as

Df(z,y)
= f(mz +y) + f(mz —y) +2f(z) — flz +y) — f(x —y) — 2f(mz)

for all z,y € X, m > 2 is a positive integer. The operator Df is called
the approximate remainder and acts as a perturbation of the equation
(1.2).

First, we are going to prove the generalized Hyers—Ulam stability of
the equation (1.2) for an even function with approximate conditions.

THEOREM 3.1. Suppose that there exists a mapping ¢ : X x X —
[0,00) for which an even mapping f : X — Y satisfies the approximate
conditions

(3.1) 1D f(z,y)|l < e(z,y),
_ > 1 .
(3:2) Qo(z,y) = ) (2, 2'y)P < oo
i=0
for all x,y € X. Then the limit
- f(2"maz) — f(2"x)
Qo(z) := lim o

exists for all x € X and Qo : X — Y is a unique quadratic mapping
satisfying the equation (1.2) and the approximation

S =

(33) () — fme) = Qol@)] < 7 [Fo(e,2) + Boe,m)|
for all x € X.
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Proof. 1f we put g(x) := f(z) — f(0), then g(0) = 0 and the mapping
g : X — Y also satisfies the inequality
[1Dg(z, y)|| < o(z,y)

for all z,y € X. So we may assume f(0) = 0 without loss of generality.
By replacing y by x in (3.1), we get

B4)  f((m+Dz) + f((m = 1)z) + 2f(2) — f(2z) = 2f (mz)|
< p(z, z)
for all x € X. Replacing y by ma in (3.1), we have
(35)  |f(2ma) +2f(z) ~ [((m+1)a) — f{(m — 1)) — 2/ (ma)]
< ¢(x, mz)
for all x € X. It follows from (3.4) and (3.5) that
I/(2ma) + 4f(2) — £(22) ~ 47 (ma)] < Klp(a,2) + ol ma)
for all z € X. Letting g(x) := f(z) — f(mz) and ¢(z) = ¢(z,z) +
o(z, mx), one has the crucial inequality
(3.6) [4g(x) — g(22)[| < K¢(x)
for all z € X. If we replace z in (3.6) by 2'a and divide both sides of
(3.6) by 4°*1 then we have

g(2™z)  g(2'z) ;
H 4t g H§4i+1¢(2$)

for all x € X and all nonnegative integers 7. Since Y is a p-Banach
space,

g(2'x) _g(2"t'a) g(2"*'z)  g(2')
(3.7) H gL yntl H = ZH i+l g H

(1) L5

for all nonnegative integers [ and n with n > [ and z € X. Since 0 <
p < 1, it follows from (3.2) that

IN

¢(2

o(z)P < p(z,2)P + o(x, mx)P, and Z 4Zp

for all # € X. Therefore we conclude from (3.7) that a sequence
{#9(2"2)} is a Cauchy sequence for all z € X. Since Y is complete,
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the sequence {;g(2"2)} converges for all € X. So one can define a
mapping Qo : X — Y by

Qo(z) := ILm

for all z € X. Then letting | = 0 and passing the limit n — oo in (3.7),
we get

o) - @l < ()3 oo
1=0

> 1

K\? L 1 S o
< <4> Z; [@(2%,2%)}”+g0(21x,2lma:)p ,
1=
which implies the approximation (3.3) for all z € X.
Now, we show that (o is quadratic. It follows from (3.1) and (3.2)

that
. 1
I1DQo(z, y)[[P = lim 2| Dg(2"z, 2%y)|[”
n—oo

KP
< lim o [IDF@ me, 2'my)|P + | DS (2", 2"y) 7|

KP
< lim — {90(2"77193, 2"my)P + <,0(2”x,2”y)p} =0
n—oo 41P

for all x,y € X. Therefore the mapping Qo : X — Y satisfies (1.2).
Since Qo(0) = 0, we see from Lemma 2.1 that the mapping Qg is qua-
dratic.

To prove the uniqueness of (Qg, let T': X — Y be another quadratic
mapping satisfying (3.3). We observe that T'(2"z) = 4"T'(x), n € N,

lim = L 2"tz 2"y = lim ii (2'z,2'y)P =0

n—o00 4NP 4 - 4ip ’ Y n—00 4 4ip(’0 4y

1= =n

for all z,y € X and so

1 _
lim 4—(130(2”33, 2"y) =0

n—oo 41P

for all z,y € X. Thus it follows from (3.3) and the last relation that
: 1 n n
1Qo(z) = T()|I” = lim —2rllg(2"x) - T(2")]”
K P : L r= n n i n n
<(7) Jim ﬁ[%@ z,2"z) + Bo(2"z, 2 m:):)] =0

for all x € X. The proof is complete. (]
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THEOREM 3.2. Suppose that there exists a mapping ¢ : X x X —
[0, 00) for which an even mapping f : X — Y satisfies the approximate
conditions

(3-8) I1Df (@, 9)ll < @l y),
(3.9) Dy (2,y) = Z4ipgo(§, %)p < 0

i=1
for all x,y € X. In this case the limit
- [r(E) 1 ()
Q@)= m 2|1 () =1 (5
exists for all x € X and Q1 : X — Y is a unique quadratic mapping
satisfying the equation (1.2) and the estimation

hSA

(310) (@) ~ fme) = Q@) < 7 [F1(2,2) + By (2, m)|
for all x € X.

Proof. 1f we replace x in (3.6) by 557 and multiply both sides of (3.6)
by 4%, then we have

i1 x . (@ ; x
J#+%9 (7w) — 9 ()] = 40 (55)

for all x € X and all nonnegative integers i. Since Y is a p-Banach

space,
e 1 [ T \|]P
4@<?>_¥ Q(WH)H

n
+1 x A
o (o)~ (I = 2]
i=l

n
; X p
K? Z 4zp¢ (2i+1 )
1=l

for all nonnegative integers [ and n with n > [ and z € X. Since

S0, 4P (%)p < oo for all x € X, it follows that a sequence {4"g (2%)}

is a Cauchy sequence in Y for all z € X. So one can define a mapping
Q1: X =Y by Qi(x) :=limy, 004" [f (2%) —f (%)] for all z € X.
The rest of the proof is similar to the proof of Theorem 3.1. (|

IN

Now, we are going to prove the generalized Hyers—Ulam stability of
the equation (1.2) for an odd function with approximate conditions.

THEOREM 3.3. Suppose that there exists a mapping ¢ : X x X —
[0,00) for which an odd mapping f : X — Y satisfies the approximate
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conditions
(3.11) I1Df(z,y)ll < o(z,y),
_ > 1 S
(3.12) Uo(x,y) == ﬁcp(Q’x,Ty)p < 00
i=0

for all x,y € X. Then the limit
na\ n
Ap(z) := lim 1(2'x) — f(2"ma)

n—00 on

exists for all x € X and Ay : X — Y is a unique additive mapping
satisfying the equation (1.2) and the approximation

K4: 1
(313)  [f@) — f(ma) - Ao()l| < = [To(x)|”
for all x € X, where
= — sz 2m+1 — /x 2m—1
To(z) = (%, )+ 0 (5 )
o(@) Ny 7)) t¥l g7
— /x 3mzx — /T mx —
\I/(——) \p<f—> Ty, ), X.
+W¥y 2 o + ¥y 2 5 +VYo(z,2), w€

Proof. By letting y = 3mz,y = (2m + 1)z and y = (2m — 1)z,
respectively in (3.11), we get the inequalities

(3.14) | f(4mz) — f(2mz) — f((Bm + 1)x) + f((3m — 1)x)
—2f(mz) + 2f(2)[| < ¢(z,3mz),

(3.15) If(Bm + 1)x) — f((m+1)z) — f(2(m + 1)x) + f(2mx)
—2f(mz) +2f(2)|| < o(z, (2m + 1)z),

(3.16)  [[f((B3m —1)z) — f((m — L)z) — f(2mz) + f(2(m — 1)z)
—2f(mzx) +2f (@)|| < ¢(z, (2m — 1)z)
for all x € X. Tt follows from (3.14), (3.15) and (3.16),
(3.17) | f(4mz) + f(2mz) 4+ 2f(x) — 2f (mx) — f(2(m + 1)x)
—f(2(m —1)z) = f((m+1)z) + f((m - 1)z)||

< K2p(z, @m + 1)2) + p(z, 2m — 1)z) + o(z, 3ma)
for all z € X. By letting x := 2z, y := 2z in (3.11), we get the inequality
(3.18) [[f(2(m + 1)z) + f(2(m — 1)z) — 4f(x) — 2f (2mz) + 2f (2)|

< p(2z,22), z€X.
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By letting y = max in (3.11), we get the inequality
(3.19)  [If(2ma) — f((m+ 1)z) + f((m — 1)z) — 2f (mz) + 2f (z)||
< p(x,mz), zeX.
It follows from (3.17), (3.18) and (3.19) that
| (4ma) — 2/ (2ma) — f(4z) + 2£(22)]
< K4[§0($7 (2m + 1).%’) + (,0($, (2m - 1).%') + QD(LU, 3miL‘)
+o(2x, 22) + o(x, mx)]

for all x € X. Letting g(z) := f(x) — f(mz), we see that the last
inequality can be written by

3:20) [20(0) ~ g(20)] < [ (5. 275500 ) o (5. 250

2

o (50 o (5.7) 4 ot

for all x € X. For notational convenience, let’s define a mapping 1) as

w()._ §2m+1 " §2m—1m n §3m:1:
VEP Ty TP T Y\2

N (x mx) + (1)
2 2" 9 P T,
for all x € X. Since Y is a p-Banach space, we see from (3.20)
g(2"z)  g(2a)|" (g2 tz) (2|
(3-21) on+l 9l = 91+l 9i
i=l
K1
el = P
< 2D Z 22pw(2 .I)

i=l

for all non-negative integers [ and n with n > [ and = € X. Since

B2 war < (52 e (220 )

2’ 2 2’ 2
+ r 3mx p+ (:E mm)p+ ( )p
® D) ¥ 5 9 pl\x,x

for all z € X, it follows from (3.12) and (3.22) that the following series
Yoo 2%1, (2i2)P < oo for all x € X. Therefore we conclude from (3.21)
that a sequence {5k g(2"x)} is a Cauchy sequence for all z € X. Since

Y is complete, the sequence {3g(2"z)} converges for all z € X. So one
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can define a mapping Ap : X — Y by Ap(x) := lim,
for all z € X. Then it follows from (3.12) that

f(2"$)—2f(2"mw)

.1
[DAo(z,y)[[" = lim || Dg(2"x, 2"y)[|”

n—oo 2MP
KP
< tim S D@ ma, 2 my) | + | D (2", 2") 7
n—oo 2MP
KP
< lim — [@(Q”ma:,Q”my)p + <p(2"x72”y)p} =0
n—oo 2MP
for all x,y € X. Therefore the mapping Ap : X — Y satisfies the
equation (1.2). Since f is an odd function, the mapping Ag : X — Y is
odd. Therefore we get from Lemma 2.3 that the mapping Ag: X — Y
is additive. Further, letting [ = 0 and passing the limit n — oo in (3.21),

we get,
K1
lofe) = Ao(@IP = 3 g ('a

which yields the approximation (3.13).
To prove the uniqueness of Ag, let T : X — Y be another additive
mapping satisfying (3.13). Since

[e.9]

lim ——$ (2", 2" Tiy)P = lim §Oo 1
n—oo 2MP £ - 2tp ) Yy 00 £ 9ip
1= =n

p(2'2,2'y)P =0

for all z € X, one has lim,, . 2,%60(2":5) =0 for all z € X. Therefore,
it follows from (3.13) that

. 1 n n
[Ao(z) = T(@)[[P = lim ——|lg(2"z) —T(2"z)|”
n—oo 2MP

K¥ 1= _

which proves the uniqueness of Ay. This completes the proof. U
THEOREM 3.4. Suppose that there exists a mapping ¢ : X x X —

[0,00) for which an odd mapping f : X — Y satisfies the approximate
conditions

(3.23) IDf(z, )|l < e(x,y),
(3.24) Wy(z,y) = 22’7’30 (%, %)p < o0

=1
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for all x,y € X. Then the limit

Ay(w) = lim 2" [F() = f(or

n—oo omn on

exists for all x € X and A; : X — Y is a unique additive mapping
satisfying the equation (1.2) and the approximation

Ktr= 13
(325)  |f@) = fma) - A@)]| < 5 [T1(@)]
for all x € X, where
— — /x 2m+1 — /x 2m—1
\111(.%') = \I/1<§, 5 x>+\111<§,72 .’L‘)
T 3mz m
+\Ij°(2 2) %(2 2)“111( ), TeX

Proof. Since Y is a p-Banach space, it is verified by (3.20) that

2y () - 20 ()| < Xfl2o () -2 ()]

K4 P
+1)
< 2p Z 2(1 p¢ (2@+1>

i=l

(3.26) ’

for all nonnegative integers [ and n with n > [ and x € X. Since
S0, 2P (%)p < oo for all x € X, the condition (3.26) implies that
a sequence {2"g (2%)} is Cauchy for all x € X. Since Y is complete,
the sequence {2"g (2%)} converges for all x € X. So one can define a
mapping A; : X — Y by Ai(z) = limpoe 2" [ f(5%) — f(5E)] for all
r e X.

The remaining proof goes through by the similar argument to Theo-
rem 3.3. O

Now, we are ready to prove the generalized Hyers—Ulam stability of
the equation (1.2) for a general function with approximate conditions.

THEOREM 3.5. Suppose that there exists a mapping ¢ : X x X —
[0,00) for which a mapping f : X — Y satisfies the approximate con-
dition (3.11) on the difference Df and (3.12) for all z,y € X. Then
there exist a quadratic mapping @ : X — Y and an additive mapping
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A: X —Y satisfying (1.2) and
(3:27) [If(z) = f(mz) — Q(z) — A(z)]|

K3r— — — —
<= [%(x, ) + B (z, ma) + Bo(—x, —x) + Bo(—x, —ma)

3=

+If [ﬁo(x) +\1/0(—g;)]’1)

for all x € X, where ® and 60 are defined as in Theorem 3.1 and
Theorem 3.3, respectively, for all x € X.

Proof. Let f.(x) = W be the even part of f and f,(z) =
W the odd part of f. Then it follows from (3.11) that

(328)  IDflwy) < 5 lo(ey) + ol )],

(329) ULl < 5 le(ey) + o(-z )

for all z,y € X. Hence, in view of (3.28) and Theorem 3.1, we see that
there exists a unique quadratic mapping @ : X — Y satisfying

(3:30) [lfe(x) = fe(mz) — Q)]

K?2r— — — —
< - |Po(@.2) + Bo(a, ma) + Bo(—=, —z) + To(—a, —ma)|

for all z € X.
From (3.29) and Theorem 3.3, it follows that there exists a unique
additive mapping A : X — Y satisfying
K° = =
(331) 1fole) — folmz) = A@)| < = [To(@) + To(~)]
for all z € X. Thus it follows from (3.30) and (3.31) that

1/ () = f(mz) — Q(x) — A(2)||
< K| fe(x) = fe(mz) = Q)| + K[| fo(2) — fo(ma) — A(z)]]

3=

T =

K3 - - 1
< e [CI)o(x r) + ®o(z, mz) + Po(—x, —x) + Po(—2, —mac)} ?
K6 1
i \I' ]P
i [ o(z
for all z € X. O

THEOREM 3.6. Suppose that there exists a mapping ¢ : X x X —
[0,00) for which a mapping f : X — Y satisfies the approximate con-
dition (3.8) on the difference Df and (3.9) for all z,y € X. Then
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there exist a quadratic mapping () : X — Y and an additive mapping
A: X —Y satisfying (1.2) and

(332) /() - f(m2) - Q) ~ A(@)]
3
< 5 [B1(e,2) + B, me) + By~ —0) + B~ —ma)

ST

K6 __ — 1

o [\Ill(x) n \Ill(—m)] ’

for all x € X, where ®; and 61 are defined as in Theorem 3.2 and
Theorem 3.4, respectively, for all x € X.

Proof. The proof is similar to the proof of Theorem 3.5. O

THEOREM 3.7. Suppose that there exists a mapping ¢ : X x X —
[0,00) for which a mapping f : X — Y satisfies the approximate condi-
tion (3.1) on the difference D f and ¢ satisfies both condition (3.2) and
condition (3.24) for all z,y € X. Then there exist a quadratic mapping
Q@ : X — Y and an additive mapping A : X — Y satisfying (1.2) and

(3.33) [|f(z) — f(mz) — Q(z) — A(=)||
3
< % [50(56, x) + 60(:5, mx) + 60(793, —z) + 60(7:5, —mz)
6 _ 1
o [Fae) + T

3=

for all + € X, where ®q and 61 are defined as in Theorem 3.1 and
Theorem 3.4, respectively, for all x € X.

Proof. The proof is similar to the proof of Theorem 3.5. U
The following corollary is an immediate result from Theorem 3.1.

COROLLARY 3.8. Suppose that there exists a constant € > 0 for which
a mapping f : X — Y satisfies the approximate condition

IDf(z,y)l| <e

for all x,y € X. Then there exist a quadratic mapping @ : X — Y and
an additive mapping A : X — Y satisfying (1.2) and
VaK3e  Y10KSe
- - — A(z)|| < -
I£() = Flma) = Qa) — A < 57t 5

for all x € X.




1]
2]
B3l
(4]
(5]
(6]
(7l

(8]

(9]
(10]
(1]
(12]

(13]
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