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FORMULAS OF GALOIS ACTIONS OF SOME CLASS
INVARIANTS OVER QUADRATIC NUMBER FIELDS
WITH DISCRIMINANT D =1 (mod12)

DAEYEOL JEON*

ABSTRACT. A class invariant is the value of a modular function
that generates a ring class field of an imaginary quadratic number
field such as the singular moduli of level 1. In this paper, using
Shimura Reciprocity Law, we compute the Galois actions of some
class invariants from the generalized Weber functions go, g1, g2 and
g3 over quadratic number fields with discriminant D = 1 (mod 12).

1. Introduction

Let K be an imaginary quadratic number field with the discriminant
D with ring of integer O = Z[f] where

1) 5. YD if D=0 (mod 4);
' | Y2, D=1 (mod4).

Then the theory of complex multiplication states that the modular in-
variant j(O) = j(6) generates the ring class field Ho over K with degree
[Ho : K] = h(O), the class number of O, and the conjugates of j(#) un-
der the action of Gal(Hp/K) are singular moduli j(T), where 7 := ¢
is the Heegner point determined by Q(7g,1) = 0 for a positive definite
integral primitive binary quadratic forms

Q(z,y) =[a,b,c] = az? + bry + cy?

with discriminant D = b — 4ac. CM-theory also tells that the minimal
polynomial over Q of j(O) that is called the Hilbert class polynomial
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for the order O has integer coefficients [14]. For example, the class
polynomial for D = —71 is

(1.2) H_71(X) = X7+ 313645809715X° — 3091990138604570.X°
1+98394038810047812049302 X *
—823534263439730779968091389X >
+5138800366453976780323726329446 X 2
—425319473946139603274605151187659X
+737707086760731113357714241006081263.

Computing Hilbert class polynomials is very important in number
theory and its application to cryptography ([1], [5]), but a serious draw-
back of the polynomials is huge coefficients as seen in (1.2) even for
fairly small discriminant D = —71. A remedy for this hinderance is us-
ing other modular functions than j-function whose values at CM points
also generate the ring class fields Hp but produce much smaller coeffi-
cients for Hilbert class polynomials. This method dates back to early
1900. In his Lehrbuch der Algebra [16], H. Weber calls the value of a
modular function f(0) a class invariant if we have

K(f(0)) = K(j(0))
and gives several examples such as a holomorphic cube root v5 : HH — C
of j-function and a modular function fa : H — C of level 48. The function

values (372(0) and (4sf2(0) at 6 = _1% V=L are both class invariants .
While the coefficients of H_7;(X) are enormously large, the minimal
polynomials of the class invariants are

H2O(x) = X7+ 6745X° — 3274672 + 51857115X %
42319299751 X3 + 41264582513 X2
—307873876442X + 903568991567

and
HEPO(X) = XT+ X0 - x5 - X - X3+ X2 42X — 1.

Despite a long history of the problem (see [3, p. 378] for list of a
few of references), one began to treat class invariants in a systemic and
algorithmic way only after Shimura Reciprocity Law [13] became avail-
able. The reciprocity law provides not only a method of systematically
determining whether f(6) is a class invariant but also a description of
the Galois conjugates of f(6) under Gal(Hp/K). This tool is well il-
lustrated in several works by Reinier M. Broker, Alice Gee, and Peter
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Stevenhagen in [2, 7, 8, 9, 15]. Broker’s Ph. D thesis [2] discusses p-adic
theory of class invariants as well.

Gee determined the class invariants from the generalized Weber func-
tions go, g1, g2, g3 by using the Shimura Reciprocity Law as follows:

THEOREM 1.1. [8, p. 73, Theorem 1] Let K be an imaginary qua-
dratic number field of discriminant D with the ring of integer O = Z[6)].
Suppose 6 = % as defined in (1.1). Evaluating the function in the
following table at 6 gives an integral generator for Ho over K.

D=1(9) D=4(9) D=7(9)|D=3(9) D=6(9)
D=1(4)| Gej 9 (3a3 5% 50
(307 g} (ag?
D=0(8)| (FCoT (3C497 G193 ﬁgg %93
(3C103 303 493
D=4(8)| (ag] Zai ol 3002 a0
(393 (304 g3

However, she did not give the explicit Galois actions of the class
invariants induced by the table above. As it is very useful to obtain Ga-
lois actions of class invariants in determining Hilbert class polynomials
that are important in computational number theory, we compute the
actions of the class invariants given in the table in the case when D =1
(mod 12).

2. Preliminary

2.1. Shimura reciprocity law

Let Fy be the modular function field of level N defined over Q({x),
where (n is a primitive N-th root of unity. That is, if f € Fy, then
f is meromorphic on the completed upper half plane H, has a Laurent
series expansion in the variable ¢/ centered at ¢ = 0 with coefficients
in Q(¢n) and is invariant with respect to the matrix group

I'(N) = ker[SLy(Z) — SL(Z/NZ)].

The second main theorem of complex multiplication tells us that the
value of a modular function f € Fy at 6 lies in the ray class field of
conductor N for the order O = ZI[f] of an imaginary quadratic number
field K and the ray class field is generated by the values g(6) for the
functions g € Fy with no poles at 6, where 6 is defined in (1.1)
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Let K% denote the maximal abelian extension of K. For f € Fy, if
f(0) lies in Hp, then all automorphisms in Gal(K*/Hg) act trivially on
f(8). The Shimura Reciprocity Law states that the image of f(6) under
the inverse image of the Artin map of Gal(K%/Hp) can be obtained as
the value at 6 of a modular function that is conjugate to f over Q(j).

We follow the exposition in [4] that we can easily employ to prove of
our results. Let Q%) be the set of primitive quadratic forms and C(D) =
09 /T(1) denote the form class group of discriminant D. One obtains a
complete set of representatives in C(D) by choosing the reduced forms
[a, b, ] such that

b <a<c and b>0 ifeither |bj=a or a=c.

The class of [a,b™!, c] is the inverse of [a, b, c] in C(D).

Given f € Fy, if f(0) € Ho, there is an explicit formula for comput-
ing the action of C(D) on f(#) which is a consequence of the Shimura
Reciprocity Law. This is given as follows:

THEOREM 2.1. [4, 7] Let Z[0] be the ring of integers of an imaginary
quadratic number field K of discriminant D and let QQ = [a,b,c| be a
primitive quadratic form of discriminant D. Let 6 = Jﬁi‘/ﬁ as defined

in (1.1) and g = =YD Let M = M, € GLo(Z/NZ) be given as
follows: For D =0 (mod 4),

4 b
(o 1) (modp'™) ifpta;
_b
(2.1) M= < 12 OC> (modp™) ifp|a and ptc;
b, b,
< 21 2_1 > (modp™) ifp|a andp|c,

and for D =1 (mod 4),

(o b |
(0 3 > (modp™) ifpfa;
—b—1
(2.2) M= % OC (modp'™) ifp|a andptc;
—b—1 _1-b
( 2 1 @ 2_1 C) (modp™) ifp|a andp |c.

where p runs over all prime factors of N and p'»||N. Then the Galois
action of the class of [a, —b, c| in C(D) with respect to the Artin map is
given by

FO) 40 = M (rq)
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for any f € Fy such that f(#) € Hop. Here fM denotes the image of f
under the action of M.

The action of M depends only on M, for all primes p|N where
My € GLo(Z/p™Z) is the reduction modulo p™» of M. Every My

with determinant  decomposes as M,r» = ( (1) 2 > ( z Z ) for some

< Z Z > € GL2(Z/p'*Z). Since SLo(Z/p™Z) is generated by Syr» and

Tyrp, it suffices to find the action of < (1) 2 ) , Spro and Tyrp on f
p"

P

[1) g ) , the action on f is given by lifting the
p'P

automorphism of Q(({x) determined by

for all p|N. For <

Corp — Cop and (rq — (yra
P D q q

for all prime factors ¢|N with ¢ # p. In order that the actions of the
matrices at different primes commute with each other, we lift S,~» and
Tpre to matrices in SLo(Z/NZ) such that they reduce to the identity
matrix in SLo(Z/q"Z) for all g # p.

2.2. Weber functions

Recall that the normalized Eisenstein series

p(z)=60 ) !

4
ey M)

g3(z) = 140 > !

6
ooy M)
are modular forms of weights 4 and 6, respectively. The Dedekind-eta
function

9]
77(2) _ ql/24 H(l - qn)’ with ¢ = e2miz
n=1

is holomorphic and non-zero for z in the complex upper half plane H
and A(z) = n**(z) is modular form of weight 12 with no poles or zeros
on H. The classical j-invariant is defined for z € H by

3 z 2 >
0 =12 G R = 2 R

is invariant under the group I'(1), and Weber functions are given by
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12g2(2 216g3(z
") = Gty ) = gy
_177(2—51) 77(22)

n(3)
f(2) = Gg —2, fi1(2) = =25, fa(2) = V2 -
O R A TE M ATE
One can generalize Weber functions by taking the holomorphic 24-th
root of the Siegel function

¢ = n12 A(AT)
A(r)
1 k e
where A = 0 n for k € Z and a positive integer n. If n = 2, we have

Weber functions and if n = 3, we consider

(2.3)
NG RN = IO o
W) =y @) = Gy ) = T ) = VLAY

The Siegel function has a long story [6, 12] and the study on its 24-th
root of unity for arbitrary n has been made pretty recently [8, 10, 11].
Note that the functions in (2.3) are modular of level 72. For the

0 —1
0>andT—

generating matrices S, T € I'(1) given by S = <1

0 1
C247m(2) hold. Hence

(1 1> , the transformation rules o S(z) = V—izn(z) and no T(z) =

(24) (90791792793) % S = (937<‘2_42927<224gl790)7
(90, 91,92, 93) © T = (g1, (5,92, 00, (3493)-

3. Results

In this section, we compute the action of a primitive quadratic form
Q@ = [a, b, c] on the class invariants when D = 1 (mod 12) in the table in
Theorem 1.1. For that we need to find the action of M,, € GLo(Z/mZ)
with m = 8,9. Combining Lemma 6 of [7] and the transformation rule
(2.4), we obtain the following:
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LEMMA 3.1. The actions of ( (1) 2 > , Spmoand T,,, (m = 8,9) on
m

g? (i=0,1,2,3) are given by

g6 91 o 8
10
( . x) g2 9 & g
8
Sg -t -9} -93 -0}
Ty -0t —9o7 —903 —03
10
(0 x> yx=-3k+1| g3 GFe? bo3 o
9
10
(0 x> cx=-3k—1| @2 g kg? g2
9
So —gg ngg C:?g; —29§
Ty —-97  Ggs —gy (393

Using this, together with Theorem 2.1, we have the following theo-

rems.

THEOREM 3.2. Let Z[0] be the ring of integers of an imaginary qua-
dratic number field K of discriminant D = 1(mod 36) and let Q =
[a,b,c] be a reduced primitive quadratic form of discriminant D. Let

_ _ b+1
0 = 1—5\/57 S b—%—g/ﬁ and u = (_1) +—tactatc

[a, —b,c] on (3g3(0) are as follows:
(1) The case 31 a.

. Then the actions of

a) If b = 1 (mod 3), then (3g2(0)1%~%¢ is given by the following

table:
b=1(mod9) | b=4(mod9) | b=7(mod9)
a=1(mod9) | ulgs(rq) ugs (1q) uG385(1q)
a=2(mod9) | uGsgjlrg) | u¢ies(ro) ugs (1)
a =4 (mod9) ugi(1Q) uC3g5(10) uC395(7Q)
a =5 (mod9) ugi(1Q) u(395(7Q) uC395(10)
a=7(mod9) | ulig;(1Q) uGs95(7Q) ugs (1q)
a=8(mod9) | ul3e5(rq) ugs(q) uC385(1q)

b) If a(b — 1) = 1(mod3), then (3g3(0)[@~b is given by the

following table:

|b=2(mod9) | b=5(mod9) | b=8(mod9)
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= 1(m0d0) | —ugilrg) | —uCailrg) | —uCagdlrg)
= 1(mod9) | —ugi(o) | —uini(o) | —uGesi(rg)
a=T7(mod9) | —ugi(rg) | —uliei(re) | —uCse3(rq)
b=0(mod9) | b=3(mod9) | b =6 (mod9)
a=2(mod9) | —uFgs(rq) | —ugi(rq) | —ulsgs(rq)
a=5(mod9) | —ugi(rg) [ —uGsgi(rq) | —ucie3(rq)
a=8(mod9) | —uGe3(rg) | —uCies(re) | —ugi(r)

¢) If a(b — 1) = —1(mod3), then (3g3(0)l»~>9 is given by the
following table:

b=0(mod9) | b=3(mod9) | b =6 (mod9)
a=1(mod9) | —u¢iai(rg) | —ulsgi(rq) | —ugi(rQ)
a=4(mod9) | —ugi(rg) [ —ucigi(rq) | —utsgi(rq)
a=T7(mod9) | —uCsgi(rg) | —uei(rg) | —uligi(rQ)

b=2(mod9) | b=5(mod9) | b =8 (mod9)
a =2 (mod9) —ugf(TQ) —ungf(TQ) —u égi(TQ)
=5 (modd) | —ug(rg) | —ulsgi(ro) | —ucigi(ro)
a=8(mod9) [ —ugi(rq) | —ulsgi(rq) | —uliei(rQ)

The cases 3|a and 3 1 c.
a) If b= —1(mod 3), then (3g2(#)\»~% is given by the following

table:

b=2(mod9) | b=5(mod9) | b =8 (mod?9)
c=1(mod9) [ —uges(rg) | —ugi(rg) | —uGes(rg)
c=2(mod9) [ —usgi(rg) | —wugs(rg) | —uligs(re)
c=4(mod9) | —uCies(rg) | —ugi(rg) | —uGes(rg)
c=5(mod9) | —uCsgi(rg) | —ugs(rg) | —uligs(rg)
c=T7(mod9) [ —uG3e3(rq) | —ugslre) | —uGgs(ro)
c=8(mod9) | —u(sgi(rq) | —ue3(rg) | —uligs(rQ)
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b) If (b + 1)c = 1(mod3), then (3g2(0)1*~% is given by the
following table:

b=0(mod9) | b=3(mod9) | b =6 (mod9)
c=1(mod9) | —ugi(rg) | —uGes(rq) | —ule3(7q)
c=4(mod9) | —ufgs(rq) | —ugsi(rg) | —uCse5(rq)
c=T7(mod9) [ —use3(rq) | —ulies(rq) [ —ugs(rq)

b=1(mod9) | b=4(mod9) | b =7 (mod?9)
c=2(mod9) | —uGgs(rg) | —ugsi(rg) [ —uligs(rg)
c=5(mod9) | —ufes(rq) | —uGe3(r) | —ugs(rq)
c=8(mod9) | -—ugi(rg) [ —ulei(rq) | —uCses(rq)

c¢) If (b+1)c = —1(mod3), then (3g3(0)@~b¢ is given by the
following table:

b=1(mod9) | b=4(mod9) | b =7 (mod9)
= 1(mod9) | —ugle) | —uGera) | G
= T(modd) | —uCeg(rg) | —ulei(rg) | —ugi(ro)
C=7(mod9) | —uCial(r) | —usiirg) | —ugir)

b=0(mod9) | b=3(mod9) | b =6 (mod9)
= 2(m0d0) | G (rg) | —uegilrg) | —ugi(ro)
c=5(mod9) | —ugsgi(rg) | —ugi(rg) | —u¢3ei(ro)
=S (mod®) | —ugitre) | —uGiei(ra) | —Gsi(rq)

The cases 3|a and 3|c.
a) If b = 1 (mod9), then (3g2(0)1*~9 is given by the following

table:
¢=0(mod9) | ¢ =3(mod9) | ¢ =6 (mod9)
a =0 (mod9) ugé(TQ) UC395(TQ) n ggé(TQ)
a=3(mod9) [ ugj(r) uGsgy(rQ) | ucies(ro)
a =6 (mod9) ugé(TQ) ugggé(TQ) U ?fgé(TQ)
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b) If b = 2 (mod9), then (3g3(0)%~0< is given by the following

table:
¢c=0(mod9) | ¢c=3(mod9) | ¢ =6 (mod9)
a =0 (mod9) —uCéfgé(TQ) —u(é,f‘gé(TQ) —u(ﬁ‘gé(TQ)
=3(mod9) | —ugi(rg) | —ugi(rq) | —ugi(rq)
a=6(mod9) | —uGe3i(rq) | —ule3(rg) | —uCse3(rq)

¢) If b = 4 (mod9), then (3g3(0)[» ¢ is given by the following

table:
¢=0(mod9) | ¢ =3(mod9) | ¢ =6 (mod9)
T=0(m0d9) | uGeig) | i) | ubewd()
=3 (mod9) | uClgi(rg) | ugtlrg) | uCsgd(ro)
a=6(mod9) | u(3e5(rq) ugy(1q) uGs5(7q)

d) If b = 5(mod9), then ngg(e)[“’_bd is given by the following

table:
¢c=0(mod9) | ¢c=3(mod9) | ¢ =6(mod9)
a=0(mod9) | —uCsgilrg) | —uCsgi(rq) | —uCsgil(rq)
a =3(mod9) | —uliei(rg) | —ucius(rg) | —ucius(rq)
a=6(mod9) | —ug3(rq) —ug3(Q) —ug3(Q)

e) If b = 7(mod9), then (3g3(0)[»~* is given by the following

table:
¢c=0(mod9) | ¢=3(mod9) | ¢ =6(mod9)
a=0(mod9) [ uGey(rq) [ uCiei(rq) ugy(1Q)
=3 (mod9) | ulsgd(ro) | uCiai(ro) | ugi(ro)
a=6(mod9) | ugi(re) | uC3e5(7q) ugj(7Q)

f) If b = 8 (mod 9), then (3g2(0)/*~9 is given by the following

table:
¢=0(mod9) | ¢ =3(mod9) | ¢ =6 (mod9)
T=0Gmod0) | —ugi(rg) | —ud(rg) | —um(ra)
T=3(mod9) | —uGei(rg) | —uCagire) | —uGaiirg)
a=6(mod9) | —ulies(rq) | —ulies(rq) | —ulses(mq)
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Proof. As explained before, we compute the action ngg(H)[“’_b’c] by
using the following equality:

G83(0) " = (G80) (),

where M is defined in (2.2). Since ((33)™ = ((ng%)MS)M‘“’, first con-
sider the action (g2)M5. In either case of m = 8 or 9, the matrix has the
following decomposition due to [7, Lemma 6]:

1 0 - _ 5-3
( ) S T,.° lSan;“ 1SmeQ“ ., pla;
m

0 a
1 0 Lbe o1 c
(3.1) M, = o o | T SwTn SuTy, plaApftc
m

0 d

1 1—b—2a _ _
( 0> 7 7 S, Td S, T plaAple,
\ m

where d = a4+ b+ c and p = 2,3. By using the decomposition (3.1) and
Lemma 3.1, we have the following action:

(g8)"s = (—1) "5 Hoetategd

90
Thus

(Gag5)™® = uzg3.
The action (g3)™® can be obtained by the same method and a case by
case computation, and then the result follows. ]

By the same method used in the proof of Theorem 3.2, we have the
following result:

THEOREM 3.3. Let Z[f] be the ring of integers of an imaginary qua-
dratic number field K of discriminant D = 1(mod 36) and let Q =
[a,b,c] be a reduced primitive quadratic form of discriminant D. Let
0 = %, TQO = % and u = (—1)17371““3*““. Then the actions of
[a, —b,c] on (3g3(0) are as follows:

(1) The case 3 1a.
a) Ifb= —1(mod3), then (3g? ()%= js given by the following
table:

b=2(mod9) | b=5(mod9) | b =8 (mod9)
a=1(mod9) | —ulsgy(rq) | —ugi(re) | —ucsas(re)
a=2(mod9) | —ulsgi(rq) | —u¢sai(rq) | —ugi(rQ)
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= 1(mod0) | —ugilrg) | —uCailrg) | —uCagi(rg)
a=5(mod9) | —ugi(rg) | —uGgs(re) | —uigs(Te)
a=7(mod9) | —ul3e5(rQ) —uCsg5(70) —ugh(1Q)

a=8(mod9) | —uligs(rq) | —ugi(rq) | —uCsgs(rq)

b) If a+b = —1(mod3), then (3g3(0)\* < is given by the fol-
lowing table:

b=1(mod9) | b=4(mod9) | b=7(mod9)
a=1(mod9) | u¢igi(rg) | wulsgi(rq) ugt (1)
a=4(mod9) | ugi(rg) u¢397(q) uC397(7Q)
a=T7(mod9) | uCei(rq) ugi(7q) uC3C397(7Q)

b=0(mod9) | b=3(mod9) | b =6 (mod?9)
T=2(mod9) | wQal(g) | i) | wswi(rg)
o =5 (mod9) | utigiing) | ugilrg) | utswi(re)
a=8(mod9) | ulgi(rq) ugi(7Q) uCa01(1q)

¢) Ifa—b =1 (mod 3), then (3g?()\*~>< is given by the following

table:

b=0(mod9) | b=3(mod9) | b=6(mod9)
a=1(mod9) | uCsg;(rq) ugs(rQ) ué393(1q)
= 1(mod9) | whsal(rg) | usdirg) | uClai(rg)
a=7(mod9) | ulsgs(7qQ) ugs(7Q) uG393(7Q)

b=1(mod9) | b=4(mod9) | b=7(mod9)
a=2(mod9) | ucigi(rq) ugs(7Q) uGsg5(7Q)
“=F(modd) | ugdirg) | uGeailrg) | uciailrg)
a=8(mod9) [ uGes(rq) [ ucies(rQ) ugs(7Q)

(2) The cases 3|a and 3 1 c.
a) If b = 1 (mod 3), then (3g3(0)l»~> is given by the following

table:
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b=1(mod9) | b=4(mod9) | b =7 (mod9)
c=1(mod9) | uCigs(rq) ug3 (1) u¢393(7q)
c=2(mod9) [ uCg3(rQ) ug;(7q) u¢3g3(1Q)
c=4(mod9) | uC3e3(rg) ugs(7Q) uG393(1q)
c=5(mod9) | uCg3(rq) ugs(mq) u¢393(7q)
c=T7(mod9) | uCigs(rq) ug3 (1) u393(7q)
c=8(mod9) | uCe3(rQ) ug3(7Q) uC393(7Q)

b) Ifb+c = 1(mod3), then (2g3(0)!*~9 is given by the following

table:

b=0(mod9) | b=3(mod9) | b=6(mod9)
S Tmd9) | wiie) | whnie) | wleg)
= T(modd) | waai(rg) | wGerg) | um(ra)
c=7(mod9) [ uciei(rq) ugi(7q) (391 (7Q)

b=2(mod9) | b=5(mod9) | b =8 (mod9)
c=2(mod9) | uGsgi(rq) ugi(7q) ué3et(rq)
¢ =5(mod9) ugf ‘(TQ) u §gi(TQ) ungf(TQ)
c=8(mod9) | uliei(rq) [ ulsei(rq) ugi(rQ)

¢) Ifb—c = 1(mod 3), then (3g3()!*~9 is given by the following

table:

b=2(mod9) | b=5(mod9) | b =8 (mod?9)
= T(mod0) | usgllrg) | uClalirg) | ugd(ro)
c=4(mod9) | ugi(ro) uGsgs(r) | ucies(mq)
c=7(mod9) [ uciez(rq) ugs(7q) u(3g3(7qQ)

b=0(mod9) | b=3(mod9) | b =6 (mod?9)
c=2(mod9) | uCsg;(rq) ugs(7Q) ué303(1q)
=5 (mod9) | wCai(rg) | uCeskirg) | ued(re)
c=8(mod9) |  ugs(7q) uGzez(q) | ulsga(7q)

(3) The cases 3|a and 3|c.
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a) If b = 1 (mod9), then (3g?(0)l*~b is given by the following

table:
¢c=0(mod9) | ¢c=3(mod9) | ¢ =6 (mod9)
a =0 (mod9) ugé(TQ) ugg(TQ) ugg(TQ)
=3 (mod%) | i) | wGeig) | wCairg)
a=6(mod9) | ue3(rQ) uC303(7q) uC393(7q)

b) If b = 2(mod9), then 2g3(0)14~b is given by the following

table:
¢=0(mod9) | ¢ =3(mod9) | ¢ =6 (mod9)
a = 0 (mod9) —ug“ggé(TQ) —ugé(TQ) —u ?fgf)(TQ)
=3 (mod9) | —ubsai(rg) | —wailrg) | —uCiei(rc)
a=6(mod9) | —uGgy(rq) | —ugg(rq) | —uies(re)

c) If b = 4 (mod9), then ng%(G)[“’_bvc] is given by the following

table:
¢c=0(mod9) | ¢c=3(mod9) | ¢ =6(mod9)
a=0(mod9) | uGgs(rq) | ulsgs(rq) | ulsgs(rq)
a = 3 (mod9) ugé(TQ) ugg(TQ) ugg(TQ)
a=6(mod9) [ uCGei(rq) | ulfei(ro) | uCGes(rq)

d) If b = 5(mod9), then (3g3(0)[*~0< is given by the following

table:
¢c=0(mod9) | ¢=3(mod9) | ¢ =6(mod9)
a=0(mod9) | —u Z‘,fgé(TQ) —ungé(TQ) —ugé(TQ)
=3 (mod?) | —uClgi(re) | —ulagi(ro) | —ugi(rc)
a=6(mod9) | —ulfgs(rq) | —uGgs(re) | —ugf(r)

e) If b = 7(mod9), then (Zg3(0)14~b is given by the following

table:
¢=0(mod9) | ¢ =3(mod9) | ¢ =6 (mod9)
T=0(modd) | ulei(rg) | ulellrg) | uGel(rg)
a=3(mod9) [ uGas(r) | ulses(re) | ulsgs(rq)
a=6(mod9) | ugs(7Q) ugs(7Q) ugs(7qQ)
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f) If b = 8 (mod9), then (3g7(0)l*~b is given by the following

table:
¢c=0(mod9) | ¢=3(mod9) | ¢ =6(mod9)
a =0 (mod9) —ugé(TQ) —u ggé(TQ) —u(395(7Q)
a =3 (mod9) —ugé(TQ) —u ggé(TQ) —’U,ngé(TQ)
a=6(mod9) | —ugi(rq) | —uCes(rq) | —ulzgs(rq)

REMARK 3.4. The Galois actions of g3(6) and g3(6) for the discrimi-
nant D = 13 (mod 36) can be obtained by multiplying proper powers of
(3 to the Galois actions in Theorem 3.2 and 3.3, and so are the Galois
actions of (2g3(0) and (3g3(0) for the discriminant D = 25 (mod 36).
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