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PARTIAL FRACTION DECOMPOSITION FROM A
LINEAR-ALGEBRAIC VIEWPOINT

JEONG KEUN LEE*, JUN SO0 CHOA**, MIN SHIK CHO***,
AND DONG HWAN HANH***

ABSTRACT. We show that to every real polynomial of degree n,
there corresponds a certain basis for the space of polynomials of
degree less than or equal to (n — 1). As an application, we give a
new proof for the existence and uniqueness of the partial fraction
decomposition of a rational function.

On my website, I happened to see a post asking a clear explanation:
Why should we begin with the identity of the form

z—1 a b

+ — +———(a,b,c real)
————=—+—+——(a,b,crea
22(x+1) = 22 zxz+1 77

when we integrate [ #‘il)daﬁ? Apparently this question seemed easy
to answer but it is not as simple as we expect.

In classroom, we are encountered with the problem of decomposing
a rational function into the partial fractions. For example, this occurs
when we integrate a rational function or solve by Laplace transform an
initial value problem for an ordinary differential equation with constant
coefficients. Most college textbooks [3, 6] emphasize on the actual com-
putation of coefficients in the partial fraction decomposition and it seems
difficult to find an explanation about the basic structure behind it.

The partial fraction decomposition of a rational function has been
dealt with in several papers [1, 2, 5]. The conventional approaches found

in references are essentially based on the Euclid division algorithm. Our
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approach uses an elementary theory of a finite dimensional vector space
to establish the existence and the uniqueness of the partial fraction de-
composition for a rational function. The key steps in our result consist
in constructing a particular set of polynomials from the denominator
of a rational function, which becomes a basis for a certain vector space
of polynomials, and finding a linear combination of the numerator in a
rational function with respect to this basis. This particular basis is com-
pletely determined by the factorization of the denominator of a rational
function.

We begin by mentioning the well-known fact that every polynomial
with real coefficients can be factorized into the product of linear and
quadratic polynomials. It is an immediate consequence of the famous
‘Fundamental theorem of algebra’ which states that every polynomial of
degree greater than or equal to 1 has at least one complex zero.

THEOREM 1 (Construction of a basis). Let n denote the degree of a
polynomial q(x) and P,,_1 be the vector space of polynomials of degree
less than or equal to n — 1.

n

(a) If a;(1 < i < n) are distinct real numbers and q(z) = [] (z — a;),
i=1
then {q(x)/(x — a;)|1 <1i < n} is a basis for P,_.
(b) Ifq(xz) = (z—a)™ for some real number a, then { @) 11 < j < n}

(z—a)?

is a basis for P,,_1.
(c) If g(z) = ((z—&)*+n?)" for real numbers £ and 1 # 0 and

= @ ™ _(z=8q(x) " :
2m = n, then {((175),“#)2)] } and {((x7§)2+7]2)7 }jﬂform a basis
for Pp_1.

k 4
(d) If q(x) = [T (& —a)" I ((z — &)* +n?)"™ for distinct real num-
i=1 i=1
bers a}s and distinct complex numbers & + n;v/—1(n; # 0) and
k

/ k, n; é, my;
>>ni+2 > m; =n, then { (xq—(z)-)j } {‘I(x) . }

. . ’ J
i=1 i=1 i=1,7=1 ((x7£¢)2+m2) i=1,j=1

Jj=1

0, my;
and {(((Jﬁ—fz)‘l(l‘)} form a basis for P,,_1.

J
o

Proof. (a) It suffices to show that

(1) Zﬂj(j _0
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implies ¢; = 0 for each integer 1 < ¢ < n. Putting z = a; in (1), we can
easily see that ¢; = 0 for each integer j since a;’s are distinct and each
polynomial ¢(z)/(xz — a;) vanishes at = a; for all i # j. Thus (a) is
proved.

(b) We prove that

(2) zcj(ﬁz)j -
j=1

implies ¢; = 0 for each integer 1 < j < m. But this is easily seen by
noting that (2) is rewritten as

Z cj(x — a)"*j =0.
j=1

(c) We need to show that

(3) S les + (o= Odj] ((x = €2 +72) " =0

j=1
implies ¢; = d; = 0 for each integer 1 < j < m. Substituting z =
&+ nv—1in (3), we know that

Cm + V—1nd,, =0,

from which it follows that ¢, = d,,, = 0. Dividing the both side of (3)
with ¢, = dy = 0 by (2 — €)? + 12 and substituting = £ +nv/—1, we
again see that ¢,,—1 = dp—1 = 0. Repeating this process, we see that
¢;j = dj =0 for each integer 1 < j < m and (c) is proved.

(d) Suppose that

(4) ZZ 7] ZZ C’L?] 52) i, ] ( ):0

i=1 j=1 i=1 j=1 )+m)

Applying the argument used in proving (b), we can see that a; ; = 0 for
each integer 1 < j < mn;,1 < i < k. If we apply the argument used in
proving (c) to (4), together with a; ; = 0, we see that ¢; ; = d; ; = 0 for
each integer 1 < j < my,1 <i < /. Thus (d) is proved. O

We focus on the problem of expressing a rational function as the
partial fraction decomposition.

Let {v;j(z)}", be a basis for P,_; constructed in Theorem 1. The
elementary theory of a finite dimensional vector space tells us that for
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any p(z) € Pp—_1, there exists a unique set {c¢;}!" ;of real numbers such
that

(5) p(z) = crvi(z) + cova(z) + - - - + cpop(z).

Now we obtain the partial fraction decomposition of a rational function
p(z)/q(x) if we divide the both sides of (5) by ¢(z).
More precisely, we have the following result.

THEOREM 2 (Existence and uniqueness of partial fraction decompo-
sition). Consider a rational function of the form

r(z):= g(? degq(z) =n, p(x) € Pnr_1.

If q(x) is factorized into the following form

k
q(a:):l_[a:—ozZ H (x — &) —i—niz)mi
i=1

=1

for distinct real numbers a}s and distinct complex numbers & + 1;v/—1
(m; # 0), then there exist unique constants a;; (1 < j <mn;,1 <i <k),
cij and d;j (1 <j<my;,1<i</{) such that

6 Lx): : am & cij+ (v —&)dij
o 3 SRS 3%

a@) S == x—@) z>'

Proof. By Theorem 1 (d), there exist unique real constants a; ; (1 <
j<mn;1 Sigkz), cijand d;j (1 <j<m;1<i</{)such that

C’Lj & dz]

=1 j=1 =1 j=1 + nz)
since p(z) € Pp—1. Dividing both sides of (7) by q(a:), we obtain (6) and
the proof is completed. O

If (x — a)™|q(x) but (z — a)™! § q(x), then to a factor (z — a)™ of
q(z) there corresponds a fractional function of the form

® Z (x —a)

J=1

Similarly, if ((x 5) + 77 ) la(z) but ((z—&)*+7°)™* ! q(z) (n#0),
then to the factor ( ) there corresponds the partial fraction
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of the form

¢+ (=€)
?) 2 ey

(8) (respectively, (9)) is sometimes called a partial fraction correspond-
ing to a factor (z —a)™ (respectively, ((z —&)? +n5?)™). Thus we have
decomposed a rational function into the sum of partial fractions corre-
sponding to each factor of the denominator of a rational function.

Finally we proceed to determine the coefficients in the partial fraction
decomposition (6). Although it is not the main topic of this article, we
believe it is worthwhile to include it for the self-containedness of this
discussion.

THEOREM 3 (Coefficients in partial fraction decomposition). Let a
polynomial q(z) be the denominator of a rational function r(z).
(a) If (x —a)™|q(z) but (x —a)™"! f g(x), then the coeflicients c;’s in
the partial fraction (8) are given by

Cm = r(m)(az - a)m|m:a7
= (rl@) - ¥ Gl | @—a)y (j=m—-1m=2-.1)
i=j+1 r=a

(b) If ((z = €)* + 7)™ lg(x) but ((z = &)* +7*)™ ' | q(z) (n # 0),
then the coefficients cj’s and d;’s in the partial fraction (9) are
given by

Cm + dmny/—1 = r(@)[(z - 5)2 + 772]m‘$: /=1

et don/ T = (W - P ateon ) gp )
i=j+1 x=E+nv/—1
(j:m_lam_2a"' 71)

Proof. (a) We write r(x) as the form

m
_ G

(10) 7"($) - Z ($ _ a)j + R(ZE‘),

7j=1

where R(z) is the remainder term not containing  — a in the partial

fraction decomposition (6) of r(x). Multiplying the both sides of (10) by

(z — a)™ and putting = = a, we see that

Cm = T(x)(x - a’>m‘:p:a :
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Now we rewrite (10) as

m—1

(1) ) - g = X G )

1’—(1

If we put = a after multiplying the both sides of the expression (11)
by (z —a)™ !, then we see that

r—a

T=a
Repeating this process completes the proof of (a).
(b) As in (a), we write r(z) as the form

r(x) = ¢j + (z — §)d;
(12) SR o ARCE

where R(z) is the remainder term not containing (z — £)2 + 7% in the
partial fraction decomposition (6) of r(x). Multiplying the both sides of
(12) by [(x — £)? + 7*]™ and putting = = £ + ny/—1, we obtain

cm + dmn\/jl = T(gj)[(gj - 5)2 + n2]m|x:£+n\/f17

from which ¢, and d,, follow. Now we rewrite (12) as

m—1

rm_cm+(:n—§)dm: ¢ + (x —&)d; B
(13) ( ) [($—§)2+772}m Z [(x—§)2—|—772]j R( )

If we put x = £ + nv/—1 after multiplying the both sides of (13) by
[(z — €)% +n?™~ L, then we obtain

Cm—1*+ dm—ln\/_i1
= <r(:c) _ ot (2 §)dr;zl> (& — )2 + 2]

i=1

(@—&2+n2 -
from which we can obtain ¢, and d,,—1. Repeating this process, we
can show that for j=m—1,m—2,--- 1

cj +dinv—1

G (x —&)di 2 21j
[t - > | =2+ ¥
S @ =82+ -

Thus (b) is proved. O
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Determining the coefficients in the partial fraction decomposition may
require a lot of complicated computations and time but is one of the most
important parts in applications such as integrating a rational function.
See [4, 7] for another algorithms or computational skills.

In the below, we illustrate our results through two explicit examples.

ExXAMPLE 1. Find the partial fraction decomposition of the following

rational function
2¢ + 1

T2+ 1)
Solution By Theorem 1, we can see that g(z)/x, ¢(z)/2z? and q(z)/(z+1)

is a basis for Py, where q(x) = x?(x+1). Thus there are unique constants
c1, co and dy such that

ri(x)

q(x) q(z) q(z)
14 2 1= d
( ) T 4+ cl . + c2 2 +a; 1

By dividing the both sides of (14) by ¢(z), we have the following partial
fraction decomposition for 7 (z)

2¢ +1 a | @ dq

2(x+1) x 22 z+1
which is the sum of partial fractions corresponding to each factor of
the denominator g(z). The coefficients c1, co and d; are given by the
followings:

2z +1

co = rl(ac)xQ‘ o= — =1,

v=0 r+1 =0

CQ) 1
= (rx)— = = =1,
! <1() 2?2/ le=0  w+1],_,

2z +1
di = ri(2)(@+ 1)y = —3 =-1
rx=—1

O]

EXAMPLE 2. Find the partial fraction decomposition of the following
rational function
. 2x—3
ra(z) = z(x?2 4+ 1)
Solution Let q(x) = 2(2%+1). Since ¢()/z, ¢(x)/(2*+1) and zq(x) /(x> +
1) is a basis for P2 by Theorem 1, there are unique constants ai, ¢; and
dy such that

q(z) q(x) zq(z)
15 2 1= d
(15) T+ ay . +Clx2+1+ 1%24_1
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By dividing the both sides of (15) by ¢(z), we have the following partial

fraction decomposition for ro(z)
2r—3 m cl dix

z(x? +1) $+x2+1+x2+1'
Applying Theorem 3, we have

2r — 3
= -nN= —FJ—— = _3,
ar = ro()x|,_, i N
a1+ div—1=ro(x)(z +1)‘$:ﬁ: — =24+ 3v-1.
z z=+/—1
Thus a1 = -3, ¢ =2 and d; = 3. O
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