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COMMON FIXED POINT THEOREMS WITH
APPLICATIONS TO THE SOLUTIONS OF FUNCTIONAL
EQUATIONS ARISING IN DYNAMIC PROGRAMMING

ZEQING Livu, MiN Liu, HyEoNnGg KuGg KiM, AND SHIN MIN KANG

ABSTRACT. Several common fixed point theorems for a few contractive
type mappings in complete metric spaces are established. As applications,
the existence and uniqueness of common solutions for certain systems of
functional equations arising in dynamic programming are discussed.

1. Introduction and preliminaries

Contractive type mappings and corresponding fixed or common fixed point
theorems and their applications have been studied and discussed during the
past decades, see [1-16] and the references therein. In particular, Ray [16] es-
tablished two fixed point theorems for the following contractive type mappings

(1.1) d(fz,gy) < d{hz, hy) — W(d(hz, hy)), Vz,y € X.

Liu [7] produced a few common fixed point theorems for three self mappings f, g
and h in a complete metric space (X, d) which satisfy the following condition

19) d(fz,gy) < max{d(hz, hy), d(hz, fz),d(hy, gy)}
(* W (max{d(ha, hy), d(h, fz), d(ry, gv)}), V,y € X.

As proposed in Bellman and Lee [1], the essential form of the functional equa-
tion of dynamic programming is

(1.3) flz) = Ogt{H(%y, F(T(z,y))}s

where x and y denote the state and decision vectors, respectively. T' denotes
the transformation of the process, f{z) denotes the optimal return function
with the initial state z, and the opt represents sup or inf.
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Bhakta and Choudhury [2], Bhakta and Mitra [3], Liu [4-6], Liu, Agarwal
and Kang (8], Liu and Kang [9-10], Liu and Kim [11], Liu and Ume [12], Liu,
Ume and Kang [13], Liu, Xu, Ume and Kang [14], Pathak and Fisher [15]
and others established the existence and uniqueness of solutions or common
solutions for several classes of functional equations or system of functional
equations arising in dynamic programming.

Aroused and motivated by the above achievements in [1-16], we introduce
the following contractive type mappings and system of functional equations
arising in dynamic programming, respectively,

d*(fz, gy)
< maX{dt(hw, hy), d*(hz, fz),d"(hy, gy),

d*(hx, gy)d' (hy, fz) d'(hz,gy)d'(hy, fz)
1+ di(hz,hy) 1+ d(fz.gy)

d'(hz, fz)d'(hy,9y) d'(hz, fz)d'(hy,gy)
1+di(hz,hy) °  1+d(fr,gy)

d'(hz, gy)d* (hy, fx)d' (ha, hy) d'(hz,gy)d*(hy, fz)d'(fz,gy)
1+ di(hz, hy)di(fz,gy) °~  1+d'(hz, hy)d!(fz,gy)

d'(hx, fz)d* (hy, gy)d (hz, hy) d*(he, fz)d (hy, gy)d'(fz, gy)
1+ di(he, hy)dt(fz,9y) 1+ dt(hz, hy)dt(fz,gy)

— W(ma.x {dt(hx, hy), d*(hz, fz),d' (hy, gy),

d*(hz, gy)d'(hy, fz) d'(hz,gy)d‘(hy, fz)
1+dt(ha, hy) ' 1+d(fz,gy)
d'(hz, fz)d' (hy, gy) d'(hz, fz)d(hy,gy)
1+ di(ha,hy) ~ 1+d(fz,gy)
d'(hz, gy)d* (hy, fz)d' (hz, hy)
1+ d(hz, hy)dt (fz,gy)
d'(hz, gy)dt(hy, fx)d'(fz, gy)
1+ dt(ha, hy)dt (fz,gy)
d'(hz, fx)d' (hy, gy)d*(hz, hy)
1+dt(hz, hy)dt(fz,9y)
d*(hz, fx)d* (hy, gy)d'(fz, gy)
14 dt(hx, hy)dt (fz, gy)
where ¢ is a positive number, and

(1.5)  fi(e) = ;gg{“(-’”’ y) + Hi(z,y, fi(T(z,9)))}, Ve €S, ie{l,2,3}

), Vr,y € X,

The main aim in this paper is to study the existence and uniqueness of com-
mon fixed point for the contractive type mappings (1.4) in complete metric
spaces. Under certain conditions, we prove a few common fixed point theorems
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for the contractive type mappings (1.4) and its some transmutations. As ap-
plications, the common fixed point theorems presented are maken full use of
to discuss the existence and uniqueness problems of common solutions for the
system of functional equations (1.5) and its some transformations.

Throughout this paper, we assume that RT = [0, +c0) and W : R* — R*
is a continuous function satisfying 0 < W(r) < r for all r € R* \ {0}.

2. Common fixed point theorems

In this section, we establish four common fixed point theorems for the con-
tractive type mappings (1.4) and its transfigurations in a complete metric space.

Theorem 2.1. Let f, g and h be three mappings from a complete metric space
(X, d) into itself, h be continuous, fh = hf, gh = hg and f(X)Ug(X) C h(X).
If there exists t € R* \ {0} satisfying (1.4), then f, g and h have a unique
common fized point in X.

Proof. Let zo be an arbitrary point in X. Since f(X) U g(X) C h(X), there
exists a sequence {z,}n>0 C X such that fza, = hzont1, 9Tant1 = honto
for n > 0. Define d,, = d(h@y, hzny1) for n > 0. First of all, we show that
(2.1 d, <d,_, -W(d,_;), Yn>1.

n—1

In view of (1.4) we acquire that
dt(fona gw2n+1)
< max {dt(hﬂvzm honi1), d' (hTan, fTan), ' (hT2n+1, 9Tont1),

d'(h@an, gTons1)dt (ATon i1, fT2n) d(hTaon, 9Ton+1)d" (ATont1, fT2n)

1+4dt (hx2ny hw2n+1) ’ 1+dt (fx2n7 g$2n+1) ’
d"(hTon, fTon)d (hTont1, 9Zont1) dt(haon, fTon)d' (hTont1, 9Tont1)
1+ dt(hxon, hton+1) ’ 1+ dt(fron, 9Tont1) ’

d'(hzon, 9Ton+1)d (hTant1, fTon)dt (hTan, hTan 1)
14 dt(hzon, htont1)dt(fron, gTant1) ’

d*(haan, 9%2ny1)d (haon 1, foon)d (fxon, gZani1)
1+ dt(haon, htan1)d (fron, 9Tont1) ’

dt(hxgn, f.’L’Qn)dt (hmgn+1 s g.’L‘zn_;,_l)dt (hxzn, h$2n+1)
1+ d(haon, honi1)d* (fTon, 9Tom 1) ’

d"(hon, fTon)d (RTont1, 9T2n+1)d (fT2n, 9T2nt1) }
1+ d*(hwan, hxont1)d (fTon, 922n+1)

-W ( max {dt(hwzn, hont1), A (hTon, fron), d' (hTont1, 9Z2nt1),

d'(hxon, 9Tont1)d (hT2nt1, fTon)
1+ dt(hxzn, h$2n+1) ’
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dt(hz'gn, giL'Qn_H)dt (h$2n+1, f(I)zn)
1+ d*(fzon, gT2n+1)

dt(hxzn, f(l:zn)dt (hx2n+1 y g.’l?gn_H)
1+ dt(h.’lizn, h$2n+1) ’

d"(hzon, fTon)d (hTon+1, 9Ton+1)

14 d*(fz2n, gT2n+1) ’
dt(h$2nag$2n+1)dt(hw2n+1,f$2n)dt(h$2n,h$2n+1)
1 + dt(h.’tzn, h$2n+1)dt(f$2n, g(L’zn.H)

d (hon, 9Zon1)d (ATont1, fT20)d (fTon, gZont1)
1+ dt(hzan, htani1)dt (FTon, gT2nt1) ’

d* (haon, fran)d* (hani1, gont1)d (RTon, hoant1)
1+ d*(ho2n, htony1)d (f22on, 92Zont1) ’

d* (haan, fron)d' (hTani1, 9Ton+1)d (fTon, 9Ton+1)

; 1+ dt(hzon, htont1)dt (fTon, 9T2nt1)
which deduces that

ds, db d5,
d§n+1 < ma‘x{dén’d2n7d2n+la0 0 1273_3”_“ ]f:dzn—’—ll 0 0
n+

d%izdén-i-l 2nd2n+1 }
1 + d2nd§n+1 1 + déndén-i—l

dt d d db
W e (00, S, s

¥

)

}, Vn >0,

(2.2)

d%fzdénﬂ dénd%$1+l }) Vn >0
14+dy dt 0 1+d db ’ =
2n“2n+1 2n2n+1

Suppose that dzn41 > dor, for some n > 0. It follows form (2.2) that
B < d§n+1 — W(d5p11) < d§n+1>

which is a contradiction. Hence dzpy1 < dap for any n > 0. Thus (2.3)
means that db, , < db, — W(d},) for any n > 0. Similarly we conclude that
ds, < db, | —W(d,_,) for each n > 1. It follows that (2.1) holds.

At present we demonstrate that

(2.3) ' lim d, = 0.

n—o0

In view of (2.2) we deduce that
ZWdt)< —di,, <db, Wn>0,

which yields that the series of nonnegative terms > > W(d!) is convergent.
Therefore

(2.4) Jim W(d,) =0
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Due to (2.1) we get that
t o gt t
0<d <d_,<---<d, Vn>0,

which implies that limy, .o d’, = a for some a € R*. By (2.4) and the continuity
of W we have

W(a) = lim W(d.) =0,

n—oo

thereupon a = 0. It follows that (2.3) holds.

For the sake of showing that {hz,}n>¢ is a Cauchy sequence, in terms of
(2.3), it is sufficient to show that {hz2n}n>0 is & Cauchy sequence. Suppose
that {hzan }n>0 is not a Cauchy sequence. Thus there exists a positive number
¢ such that for each even integer 2k, there are even integers 2m(k) and 2n(k)
such that 2m(k) > 2n(k) > 2k, and

d(hl‘gm(k) R hxzn(k)) > g.

For each even integer 2k, let 2m(k) be the least even integer exceeding 2n(k)
satisfying the above inequality, so that

(2.5) AT om k)2, hTony) <€ and  d(hTam), htank)) > €
It follows that for each even integer 2k,
d(hZam(ky, htonk)) < d(haniky, BTam—2) + damk)—2 + dam(e)—1-
According to (2.3), (2.5) and the above inequality we infer that
(2.6) kllngo A(hTan(ky, hTomp)) = €.
It is clear that for any & > 1,

(T om k) hTon(ky+1) — APT2m k), Pe2ni))| < don(r),
[A(ATom (k)4 1) A2 (k) +1) — AlhTamkys Mo+ )] < damik)

and
ld(hT2m (k) 115 han(ky+2) — A(hTamm) 1, hTany+1)] < dangr)+1-
In light of (2.3), (2.6) and the above inequalities, we gain that

¢= lm d(hZym(k), hTon(ky+1) = Jim d(hzom (k) +1: A2n(k) 1)

= klim d(hx2m(k)+1vhx2n(k)+2)'
— 00
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By (2.1), we arrive at
A (fTam(k)r 9Z2n(k)+1)
< max {dt(hxzm(k% hZon(k)+1)s A (AZ2m(ky, fZ2m(k))»
d* (hTan () +1, 9T2n(k)+1)s
d* (ham(ky, 9T2n(k)+1)8* (o (k)+15 fZam(k))
1+ d*(hxomk), han(k)+1)
d* (hzom(k), 92n k) +1)4" (hZan(k)+1, fTam(k))
L+ d*(fZam(k)> 9T2n(k)+1)

d* (hTam(k)> fTom (k) A (AZ2n (k)15 9T2n(k)+1)
1+ d*(hTm(k) , ATon(k)+1)

3

?

?

d* (haamy, fTam(k)) 8" (hTonk)+1, 9T2mmy+1) I J K i})
1+ d* (from(k), 9Ton(k)+1) "M'M’M’M
@D - W(max {dt(hwzm(k), hZon(k)+1)s E (RZ2m k), fE2m(k))»
dt(h$2n(k)+179$2n(k)+1)’
d* (hZom (k) » 9% 2n(k)+1)4" (M2 (k)+1, fTam(k))
1+ dt(hzom), hTon(k)+1) ’
d* (RZom (k) » 9T 2n(k)+1)d (M2 (k)+1, fTam(k))
1+ d*(fZ2m(k), ITon(k)+1) ’
d* (hZom (k) fTom(k) ) A (Ron(k)+15 9T2n(k)+1)
1+ d*(h@om(k) , Man(k)+1) ’
d* (h@am(k), fTam (k) )8 (hT2n(k)+15 9Ton(k)+1)
1+ d*(fTom(k), 9Ton(k)+1) ’
I J K L
o)) L
where

I = d" (htam (k) 9%2n (k) +1)8 (hTan(ky+1, FTam(k) ) A (hTam (k) h2n(k)+1)s
J = d"(htamk)» 9Z2n(k)+1) 4 (RT2n (k) +1> fT2m(k) ) A (fT2m(k) > 9T on(k)+1)»
K = d'(ham(r), fZ2mk) A (20 k)41, 9T2n(k)+1) 4 (AT 2m (k) B 2n(k)+1))»
L = d"(hxam(ry, fT2m(k) ) (AT2n(k)+1> 9T2n(k)+1)E(F T2m() s 9T 2n(k)+1)s
M=1+ dt(hxgm(k),hl’2n(k)+1)dt(fx2m(k),gx2n(k)+1).
As k — 0o in (2.7), we get that

2t 2t 3t 3t

€ € 0.0 € € 0,0}

¢ t
€ <max{a,0,0, , ,0,0, , ,
- 1+et’ 146t 1+e2’ 142




COMMON FIXED POINT THEOREMS WITH APPLICATIONS 73

2t 2t 3t 3t

£ £ & 3
0,0, ——,0,0})
1+et’ 1+t 1462’ 14¢2%

— W(max{at,0,0,
=¢' - W(Et)?

which leads to W(e*) < 0. Hence ¢ = 0, which is a contradiction. Thus
{hzy}rn>0 is a Cauchy sequence and so it converges to a point u € X by
completeness of X. The continuity of A brings about
lim hfl‘gn = lim hhl’gn_H = hu= lim hhx2n+2 = lim hg$2n+1.
n—o0 n—oo n—oo

n—oo

Next we prove that v is a common fixed point of h, f and g. It follows from
(1.4) that

dt(fth’lh gu)
< max {dt(hhmgn, ha), d* (hhaan, fhaan), d*(hu, gu),
d*(hhzay, gu)dt (hu, fhrs,) df(hhxon, gu)dt(hu, fhxa,)

1+ dt(hhagn, hu) ' 1+ d(fhaon, gu)
d'(hhxan, fhza,)d (hu, gu) dt(hhxan, fhaon)dt(hu, gu)
1+ di(hhzon, hu) 1+ dt(fhaan, gu)

dt (hhxa,,, gu)dt (b, fhaoy, )dt (hhaon, hu)
1+ d*(hhxoy, hu)dt(fhzon, gu)
d*(hhw2n, gu)d*(hu, fhaon)d' (fhaan, gu)
1+ dt(hhzon, ha)d (fhzon, gu)
d*(hh@on, fhasn)d' (hu, gu)d*(hhazn, hu)
1 + dt(hhaon, hu)dt(fhaon, gu)
d(Rhay, fhao,)d (hu, gu)d (fhaon, gu) }
1+ dt(hhxay, hu)dt(fhzan, gu)
- W(max {dt(hhl'zn, hu), d (hhian, fhian), d* (hu, gu),

d*(hhzopn, gu)dt(hu, fhza,) dY{hhzay,, gu)dt(hu, fhzay,)

1+ d*(hhzon, hu) 1+ d*(fhaon,gu)
d'(hhxan, fhzay)d (hu, gu) dP(hhTan, fhTas)dt (hu, gu)
1+ dt(hhan, hu) 1+ d'(fhaon,gu)

d'(hhzon, gu)d'(hu, fhaop)d (Rhzon, hu)
1+ dt(hhion,, hu)dt (fhaan, gu)
d'(hhon, gu)d* (hu, fhean)d (fhzon, gu)
1+ d'(hhaon, hu)d* (Fhzan, gu)
d* (hhaon, fhaon)dt (hu, gu)dt (hhaon, hu)
1+ d*(hhn, hu)d*(fhaan, gu)
d"(hhTan, fhaon)d! (hu, gu)d* (fhaon, gu) }) Vn > 0
1+ dt (hh@an, hu)d* (fhaan, gu) T
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As n — o0 in the above inequality, we conclude that
d"(hu, gu) < d*(hu, gu) — W (d* (hu, gu)),

which implies that hu = gu. In a similar manner we can show that hu = fu.
Using (1.4) we obtain that Vn > 0,

d*(fhaan, 9Tant1)
< max {dt(hhx2n, httoni1), dt (Bh@an, fhzan), d (hTani1, 9Toni1),
d'(hh@an, 9Zant1)dt (hTont1, FhTan) d(Rhzon, gTon+1)d (hEons1, fhTon)

1+ dt(hhzon, htont1) ’ 1+ d*(fhzon, 9T2n+1) ’
d'(hhon, fhzon)d (hTont1, gZony1) df(hhzan, fh$2n)dt(h$2n+1,g$2n+1)
1+ dt(hhzon, hxont1) ’ 1+ dt(fhzon, gTont1)

d"(hhxon, 9Tont1)dt (hxoni1, fhaon)dt (Rhaon, hw2n+1)
1+dt (hhxzn, hx2n+1 )dt (fh(l:gn, gx2n+1)

d'(hhzon, 9%2n+1)d (haont1, fhEan)d  (fhLon, 9x2n+1)
1+ dt(hhxon, hxont1)dt (fhaan, 9Z2n+1)

dt(hhxon, fhzon)dt (hTont1, 9Tan+1)d (RhZon, AT2n11)
1+ dt (hh.’tzn, hzon 41 )dt (fhwgn, gx2n+1) ’

d'(hhaon, fhzon)d! (hton i1, 9Ton+1)d" (fRT2n, 9Tony1)
1+ dt(hhon, hroni1)d (fhzon, gT2n+1)

-W ( max {dt(hhwzm hony1), d* (hhZan, fhon), d' (hZont1, 9T2n+1),

dt(hhxan, gTon+1)dt (hxont1, Fhzaon)
1 + dt(hhxgn, hx2n+1) ’
dt(hhwgn,g$2n+1)dt(h.’l72n+1, fhxzn)
1+ dt(fhxon, gTon+1)
d*(hhaon, fhwzn)dt(hxzn+1,g$2n+1)
1 -+ dt (hh.’lgn, h(l)2n+1)
d*(hhxan, fhion)d' (hxoni1, g$2n+1)
1+ di(fhxan, gTan+1)
dt(hhzon, gTont1)d (hxant1, fhado,)d (hhzon, hx2n+1)
1+ d*(hh2n, htoni1)d (fhzan, 9T2n+1)
dt(hhx2m gm?n-ﬁ-l)d (hw2n+1, fhx2n)dt(fhx2m g$2n+1)
1+ dt(hhxap, hxont1)dt(fhzan, gTan+1)
dt(hha’}zn, fhxgn)d (hx2n+1, gx2n+1)d (hhxzn, h$2n+1)
1+ dt(hthn, h.’l:2n+1)d (thUQn, gx2n+1)
dt(hhmzn, fhxzn)d (hx2n+1,g.’r2n+1 )dt(fh:v2n,g:1:2n+1) )
1+ dt(hhxan, hxont1)dt(fhan, 9Ton+1)
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Letting n — oo in the above inequality, we deduce that

d?(hu,u)  d*(hu,u)
1+ dt(hu u)’ 1+ dt(hu,u)
d**(hu, u) d® (hu,u) 0, 0}

1+ d?(hu,v)’ 1+ d?(hu,u)

d**(hu,u d*(hu,u
— W(max {dt(hu,u),0,0, I cgt(hu,ZL)7 T cgt(hu,zt)
d3 (hu, u) d3t (hu, u) 0 0})
1+ d?(hu,u)’ 1+ d?(hu,u)’

= d'(hu,u) — W(d' (hu,u)),

d'(hu,u) < max {dt(hu,u),0,0, ,0,0,

70707

which signifies that u = hu. That is, u = hu = fu = gu.
We finally show that u is a unique common fixed point of A, f and ¢g. If
v € X is any common fixed point of h, f and g, it is easy to see that from (1.4)
d'(u,v) < d*(u,v) — W(d"(u,v)),

which means that 0 < W(d*(u,v)) < 0, that is, u = v. This completes the
proof. O

Using similar method as in the proof of Theorem 2.1, we have the following
three results and omit their proofs.

Theorem 2.2. Let f, g and h be three mappings from a complete metric space
(X, d) into itself, h be continuous, fh = hf, gh = hg and f(X)Ug(X) C h(X).
If there exists t € RT \ {0} satisfying

d*(fx, gy)

dt(hz, gy)dt{hy, fz
< max {dt(hz,hy),dt(hx,f:r),dt(hyvgy), (1+dtzhx( ) )7

d*(hz, gy)d* (hy, fz) d'(hz, fx)d' (hy,gy) d'(hz, fx)d'(hy, gy) }
L+di(fz,gy) ~ 14d(ha,hy) ~ 1+d(fz,gy)

- W( max {dt(hx, hy),d"(hz, fz),d" (hy, gy),
d'(hz, gy)d' (hy, fx) d'(hx, gy)d' (hy, fz)

1+ dt(hz, hyy = 1+ d(fz,gy)
d'(hz, fx)d' (hy,gy) d'(hz, fz)d' (hy, gy)
b b ¥ bl \v/ X’
1+ di(hz, hy) 1+ d(fz,gy) }): veue

then f, g and h have a unique common fized point in X.

Theorem 2.3. Let f, g and h be three mappings from a complete metric space
(X, d) into itself, h be continuous, fh = hf, gh = hg, f(X)Ug(X) Ch(X). If
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there exists t € R* \ {0} satisfying
d'(fz,gy) < max{d'(h, hy),d" (hz, fx), d*(hy, gy),
— W (max{d"(he, hy), d"(hz, fz), d'(hy, gy)}), Vz,y € X,
then f, g and h have a unique common fized point in X.

Remark 2.4. Theorem 2.3 extends the Theorem and Corollaries 1 and 2 of Liu

[7].

Theorem 2.5. Let f and g be two self mappings from a complete metric space
(X, d) into itself. If there exists t € RT \ {0} satisfying Vz,y € X,

d*(fz, gy)
< max{d(e,0), ' ) o 0, u), SO0 0T,
d*(z, gy)d*(y, fz) d'(z, fe)d'(y,gy) d'(z, fz)d"(y,gy)
1+di(fz,gy) °  1+di(z,y) ° 1+d(fz,9y)
d*(z, gy)d'(y, fx)d'(z,y) d'(z,gy)d"(y, fz)d'(fz,gy)
1+d¥z,y)d!(fz,9y) = 14+d(z,y)d(fz,9y)
d*(z, fx)d (y, gy)d' (z,y) d(z, fx)d'(y, gy)d*(f, gy)}
1+ di(z,y)d!(fz,gy) ~ 1+ di(z,y)di(fz, gy)
= (e {200, o ), o (g, ), L LTS,
d*(z, gy)d*(y, fx) d'(x, fx)d' (y,gy) d'(x, fx)d'(y, gy)
1+di(fz,gy) °~ 14+di(z,y) * 1+d(fz,gy) ’
d*(z, gy)d"(y, fz)d* (z,y) d'(z,gy)d'(y, fx)d'(fz,gy)
1+di(z,y)d*(fz,gy) ~  1+d(z,y)d"(fz, gy)
d'(z, fz)d"(y, gy)d*(x,y) d'(z, fx)d(y, 9y)d"(f=,gy) })
1+ diz,y)d"(fz,gy) = 1+d(z,y)d(fz,gy)

then f and g have a unique common fized point in X.

>

3. Applications

Throughout this section, we would like to assume that X, Y are both Banach
spaces, S C X is the state space, and D C Y is the decision space. B(S) denotes
the set of all bounded real-valued functions on §. Let

d(f,9) = sup{|f(z) — g(z)| : x € S} for f,g € B(S).

It is clear that (B(S),d) is a complete metric space.

Now we study the existence and uniqueness of common solutions for the
systems of functional equations (1.5) and its distortions arising in dynamic
programming in the complete metric space (B(S), d).
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Theorem 3.1. Letu: SxD - R, T:5xD — S, Hy,Hy and Hy : SxDxR —
R satisfy the following conditions:
(C1) u and H; are bounded for i € {1,2,3};
(C2) For all (z,q,y) € S x D, g,h € B(S),
\H1(z,y,9(q)) — Ha(z,y,h(q))]
< max {d(Asg, Ash), d(Asg, A19), d(Ash, Azh),
d(Agg, Azh)d(Agh, Alg) d(Agg, AQh)d(Ag,h, Alg)

1+ d(Asg, Azh) ’ 14+ d(Asg, Ah)
d(Asg, A1g)d(Ash, Axh) d(Asg, Aig)d(Ash, Axh)
14 d(Agg,Agh) ' 1+ d(Alg,AQh) ’

d(Asg, Az2h)d(Ash, A1g)d(Asg, Ash)
1+ d(Asg, Ash)d(A1g, Axh)
d(Asg, Aoh)d(Ash, A1g)d(A1g, A2h)
1+ d{Azg, Ash)d(A1g, Azh)
d(A:gg, Alg)d(A3h7 Azh)d(Agg, A?,h)
1 4+ d(Asg, Ash)d(A,g, Aoh)
d(Agg, Alg)d(Agh, Agh)d(Alg, AQh) }
14+ d(Asg, Agh)d(Alg, Ash)

- VV( max {d(Agg, Aszh),d(Asg, A19), d(Ash, Axh),
d(Asg, A2h)d(Ash, A1g) d(Asg, Ash)d(Ash, A1g)

1+ d(Agg,Agh) ’ 1 +d(Alg,A2h)
d(Agg, Alg)d(Agh, Agh) d(A;;g, Alg])d(A;gh? Azh)
1 + d(Agg, Agh) ’ 1+ d(Alg, AQh)

d(Asg, Axh)d(Aszh, A1g)d(Asg, Ash)

1+ d(Asg, Ash)d(Arg, Ah)
d(Aszg, Ash)d(Ash, A1g)d(A1g, A2h)

14+ d(Agg, Agh)d(Au], Azh) ’
d(A3g, Alg)d(Agh, Agh}d(Agg, A3h)

14 d(Asg, Ash)d(Arg, Ash)
d(Asg, A1g)d(Ash, Ayh)d(Aqg, Ash) })

14+ d(Agg, Agh)d(Alg,Agh) ’

where the mappings A1, Az and Az are defined as follows:

(3.1 Aigi(x) = opt{u(z,y) + Hi(x,y,9:(T(z,9)))}
y€eD

forallz € 8, g; € B(S), i € {1,2,3};
(C3) Ay(B(S)HHu As(B(S)) C A3(B(9)), A143 = A3A;, AxAs = AzAy;
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(C4) For any sequence {gn}n>1 C B(S) and g € B(S),
lim d(gn,g) =0 = lim d(As(gn), As(g)) = 0.
n—oo n—o0

Then the system of functional equations (1.5) possesses a unique common so-
lution in B(S).

Proof. Tt follows from (C1) and (C2) that A;, A2 and As are self mappings in
B(S). Presume that opt,cp = sup,cp - For any h,g € B(S), z € S and € > 0,
there exist y, z € D such that

(3.2) Aig(z) < u(z,y) + Hi(z,y,9(T(z,v))) t¢,

(3.3) Ash(z) < u(z,2) + Ho(z, 2, h(T(x, 2))) + €.
Meanwhile we get that

(3.4) Aig(z) > ulz, 2) + Hi(z, z,9(T(z, 2))),
(3.5) Azh(z) > u(z,y) + Ha(z, y, (T (z,9)))-

From (3.2) and (3.5) we infer that
A1g(z) — Azh(z)
(3.6) < Hy\(z,y,9(T(z,y))) — Ha(z,y, M(T(z,y))) + ¢
< |Hi(z,y,9(T(x,9))) — Ha(z,y, (T (2,9)))| + &
Similarly, we know that from (3.3) and (3.4)
A1g(z) — Azh(z)
3.7 > Hy(x,2,9(T(x, 2))) — Ha(z, 2, h(T(x, 2))) — ¢
> — |Hi(z,z,9(T(z,2))) — Ha(z, z, MT(x, 2)))| — €.
Combining (3.6), (3.7) and (C2), we gain that
d(A1g, Azh)
= sup |41g(z) — Azh(z)|
< sup max{|H1(z,y,9(T(z,y))) - Hz(z,y, (T (z,9)))l,
[H1 (2, 2,9(T(@, ) ~ Haz, 5, h(T @, )]} + &
max {d(Asg, 4sh), d(Asg, Arg), d(Ash, Azh),
d(Asg, Ash)d(Ash, A1g) d(Asg, Ash)d(Ash, A1g)
1+d(Asg, Ash) 7 1+4d(Aig, A2h)
d(Asg, A1g)d(Ash, Ash) d(Asg, Aig)d(Ash, Azh)
1+ d(Asg,Ash) 1+ d(A1g, Ash)

d(Asg, Ash)d(Ash, A,g)d(Asg, Ash)
1+ d(Asg, Azh)d(A19,A2h)

IA
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d(Asg, Aoh)d(Azh, A1g)d(A1g, A2h)
1+ d(A3g7 A3h>d(Alga AQh) ’

d(Asg, A19)d(Ash, Ash)d(Asg, Ash)
1+ d(Asg, Ash)d(Arg, Ash)

d(Azg, A1g)d(Ash, Ash)d(A1g, Azh) }
1+ d(Asg, Ash)d(A:g, A2h)

—-w ( max {d(A3g, Ash), d(Asg, Arg), d(Ash, Ash),
d(Aszg, A2h)d(Azh, Aig) d(Asg, A2h)d(Ash, Aig)

1+ d(Asg, Ash) ° 1+ d(Arg, Ash)
d(Asg, A19)d(Ash, Ash) d(Asg, A1g)d(Ash, Azh)
1+d(Asg, Ash) 7~ 1+d(Aig, A2h)

d(Agg, Agh)d(x‘lgh7 Alg)d(A?,g, A‘gh)

1+ d(Asg, Ash)d(Arg, Ash)
d(Agg, AQh)d(A3h, Alg)d(Alg, AQh)

14 d(Asg, Ash)d(Arg, A2h)
d(Asg, A1g)d(Ash, Ash)d(Asg, Ash)

1+ d(Agg, Agh)d(Alg, AQh) ’
d(A3g, Alg)d(Agh, Azh)d(/hg, Azh) }) +e

1+ d(Agg,Agh)d(Alg,AQh) .

Letting € tend to zero, we have

d(Alg, Agh)
< max{d(Agg,Agh),d(Agg,Alg),d(Ag,h, Ash),

d(Asg, Aoh)d(Ash, A1g) d(Asg, A2h)d(Ash, Arg)
1+ d(Agg, A3h) ’ 1+ d(Alg, Agh)
d(Agg, Alg)d(A;gh, Agh) d(x4gg7 Alg)d(Ag,h, Azh)
14+ d(Agg, Agh) ’ 1+ d(Alg, Agh)
(3.8) d(Asg, A2h)d(Aszh, A1g)d(Asg, Ash)
1+ d(Agg, Agh)d(Alg, Azh) ’
d(Asg, Ash)d(Ash, A1g)d(Aqg, A2h)
1+ d(Asg, Ash)d(Arg, A2k) 7
d(Aszg, A1g)d(Ash, Ash)d(Asg, Ash)
1+ d(Asg, Ash)d(Arg, Aoh)
d(Asg, A19)d(Ash, Ash)d(A1g, Azh) }
1+ d(A3g, Agh)d(Alg, Azh)

79
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- W(max {d(Agg, Ash), d(Asg, Arg), d(Ash, Ash),
d(Azg, Ash)d(Ash, A1g) d(Asg, A2h)d(A3zh, A1g)

1+ d(Asg, Ash) ’ 1+ d(A1g, Azh)
d(Asg, A1g)d(Ash, Ash) d(Asg, A1g)d(Ash, A2h)
1+ d(Asg, Ash) ’ 14 d(Aqrg, A2h)

d(Asg, A2h)d(Ash, A1g)d(Asg, Ash)
1+ d(Asg, Ash)d(Arg, A2h)
d(A3ga A2h)d(A3h7 Alg)d(Alg3 A2h)
1+ d(Asg, Ash)d(Aig, A2h)
d(Asg, A1g)d(Ash, Azh)d(Asg, Ash)
14 d(A3g, Agh)d(Alg, Azh) ’
d(Asg, A1g)d(Ash, A2h)d(A1g, A2h) })
14 d(Agg, A3h)d(A19, A2h) ’
In a similar way we conclude that (3.8) holds for opt,¢, = infyep . It follows
from Theorem 2.1 with ¢ = 1 that there exists a unique function w € B(S)
fitting A;w = Aw = Asw = w. Consequently the system of functional equa-
tions (1.5) possesses a unique common solution w € B(S). This completes the
proof. O

As in the proof of Theorem 3.1, we get the following three results and omit
their proofs.

Theorem 3.2. Letu:SXD —-R,T:SxD — S, H,H;,Hs : SXDxR - R
and A;, Ay and As satisfy (C1), (C3), (C4), (3.1) and
(C5) For all (z,q,y) € S x D, g,h € B(S),

’Hl (CL’, Y, g(Q)) - HQ(xv Y, h(q))l
< max {d(A3g, Ash), d(Asg, Arg), d(Ash, Ash),
d(A3g7 Azh)d(A3h7 Alg) d(A3ga A2h)d(A3h7 Alg)

1+ d(Agg, A3h) ’ 1+ d(Alg, AQh)
d(Asg, A1g)d(Ash, Ash) d(Asg, A1g)d(Ash, A2h) }
1+ d(Asg, Ash) ’ 1+ d(Aig, A2h)

~ W ((max {d(Asg, Aah), d(Aag, Arg), d(Ash, Ash),
d(Agg, Agh)d(Aa.h, A1g) d(A3g, A2h)d(A3h, Alg)

1+ d(Agg, Agh) ’ 1+ d(A1g, A2h)
d(Asg, A1g)d(Ash, Azh) d(Asg, A1g)d(Ash, A2h) })
1+ d(Asg, Ash) ' 1+ d(Aig, Ash) )"

Then the system of functional equations (1.5) possesses a unigue common $o-
lution in B(S).
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Theorem 3.3. Letw:SxD - R, T:8xD — S, H,Hy,Hy : Sx DxR - R
and A1, Az and Az satisfy (C1), (C3), (C4), (3.1) and
(C6) For all (z,q9,y) € S? x D, g,h € B(S),

|H1 ("Ea Y, g(q)) - Hg(l', Y, h(q))|
< max{d(Asg, Ash), d(Asg, A1g),d(Azh, A2h)}
— W(max{d(Asg, Ash),d(Asg, A1g),d(Ash, Ash)}).

Then the system of functional equations (1.5) possesses a unique common So-
lution in B(S).

Theorem 3.4. Letu:SxD —-R, T:SxD — 8, H and Hy: SxDxR —R
satisfy the following conditions:
(CT) u and H; are bounded for i € {1,2};
(C8) For all (z,q,y) € S* x D, g,h € B(S),
|H1(2,y,9(q)) — Ha(z,y, h(q))|
< maxc{dlg, ), d(o, Aag) d(h, Ah), N2 L0)
d(g, Ash)d(h, A1g) d(g, Ai1g)d(h, Axh) d(g, A1g)d(h, A2h)
1+ d(Aig, Ash) ' 1+d(g,h) T 14+ d(Ayg, Ash)
d(g, Agh)d(h, Alg)d(g, h) d(g, Agh)d(h, Alg)d(Alg, Agh)
1+d(g,h)d(Arg, A2h) *  1+d(g,h)d(Arg,Azh)
d(g, Alg)d(h, Azh)d(g, h) d(g, A1g)d(h, Agh)d(Alg, AQh) }
1+d(g,h)d(A1g,Ash) *  1+d(g,h)d(Ag, Azh)

d(g, A2h)d(h, A1g)
1+d(g,h) ’

d(g, A2h)d(h, A1g) d(g, A1g)d(h, A2h) d(g, A1g)d(h, A2h)
14 d(Aig, Ash) ’ 1+d(g,h) " 1+4+d(Ayg, Agh)

d(g, A2h)d(h, A1g)d(g,h) d(g, A2h)d(h,A1g)d(A1g, Ash)
1+d(g, h)d(A1g, Ash) ’ 14 d(g,h)d(Arg, Ash) 7

d(g, A1g)d(h, Aoh)d(g,h) d(g, A1g)d(h, Ash)d(A1g, Ash) })
1 + d(g, h)d(Alg, AQh) ’ 1 + d(g, h)d(Alg, Agh) ’

where the mappings A1 and Az are defined as follows:

Aigi(w) = Oeplg{u(xvy) + Hi(x7y’gi(T(xvy)))}7 Vz €S, g € B(S)7 (S {172}'

— W (max {d(g, h), d(g, A1), d(h, Ash),

Then the following system of functional equations

filz) = SSIB{U(W/) +Hi(z,y, fi(T(z,y)))}, VreS ie{l,2}

possesses a unique common solution in B(S).
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