Bull. Korean Math. Soc. 46 (2009), No. 1, pp. 147-153

SOME CONSTRUCTIONS OF
IMPLICATIVE/COMMUTATIVE d-ALGEBRAS

SUN SHIN AHN AND YounG HEE KiMm

ABSTRACT. In this paper, we give some constructions of implicative/co-
mmutative d-algebras which are not BCK-algebras. This demonstrate
that the notion of implicative/commutative d-algebras are indeed gener-
alizations of the same in BC K-algebras.

1. Preliminaries

Y. Imai and K. Iséki introduced two classes of abstract algebras: BCK-
algebras and BCI-algebras ([5, 6]). BC K-algebras have some connections with
other areas: D. Mundici {10] proved that MV-algebras are categorically equiv-
alent to bounded commutative BC K-algebras, and J. Meng [8] proved that im-
plicative commutative semigroups are equivalent to a class of BC K -algebras.
Z. Rietanovd [14] showed that extendable commutative BC K-algebras directed
upwards are equivalent to generalized MV -effect algebras. G. Georgescu and
A. Jorgulescu [2] introduced the notion of pseudo-BCK algebras as an exten-
sion of BCK-algebras. X. H. Zhang and W. H. Li [15] established the con-
nections between BCC-algebras, pseudo-BCK algebras, pseudo-BL algebras
and weak pseudo-BL algebras (pseudo-MTL algebras). J. Neggers and H. S.
Kim introduced the notion of d-algebras which is another useful generalization
of BCK-algebras, and then investigated several relations between d-algebras
and BCK-algebras as well as several other relations between d-algebras and
oriented digraphs [12]. After that some further aspects were studied ({7, 11,
13]). J. S. Han et al. [3] defined a variety of special d-algebras, such as strong
d-algebras, (weakly) selective d-algebras and others. The main assertion is that
the squared algebra (X;,0) of a d-algebra is a d-algebra if and only if the
root (X;*,0) of the squared algebra (X;,0) is a strong d-algebra.

In this paper, we give some constructions of implicative/commutative d-
algebras which are not BCK-algebras. This demonstrates that the notion of
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implicative/commutative d-algebras are indeed generalizations of the same in
BCK-algebras.

2. Introduction

An (ordinary) d-algebra ([12, 13]) is a non-empty set X with a constant 0
and a binary operation “x*” satisfying the following axioms:

(A) zxz =0,

(B) 0xz =0,

(C) zxy=0and y*z =0 imply z =y for all z,y € X.

A BCK-algebra is a d-algebra X satisfying the following additional axioms:

(D) (zxy)* (z*2)) x(zxy) =0,
(E) (z*(z*xy))xy=0foral z,y,z € X.

Example 2.1 ([3]). Consider the real numbers R, and suppose that (R;*,e)
has the multiplication :

wfy=(a:—y)(x~e)+e.

Then z*+x = e;e*xz = e; x+y = y*x = e yields (z—y)(z—e) =0, (y—z)(y—e) =€
andr=yorz=e=y,lie, z =y, ie., (R;*¢e) is a d-algebra.

Theorem 2.2 ([4, p. 162]). Let X be a set with 0 € X. If we define a binary

operation x on X by
””*y"{ v ifz#ty,
then (X, *,0) is an implicative BCK -algebra.

3. Commutative d-algebra

Definition 3.1. A field (X, +,-) is called V/3-exponential if there is a function
¢ : X — X such that

(E1) p(p(z)) = =°,
(E2) o(zy) = o(z)e(y),
(E3) if z # 0, then ¢{(z) # 0,
(E4) »(0)=0

for any z,y € X.

Example 3.2. Let X := R be the set of all real numbers. If we define a map
p: X — X by
23 ifz >0,
plx):=< 0 ifx=0,

—y‘/§ fx=-y<0,
then (R, +,-) is v/3-exponential.
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Proposition 3.3. Let (X,+,-) be a v/3-exponential field. If we define a new
binary operation x on X by xxy := z%¢(y)y for any x,y € X, then xx(zxy) =
y*(y*z) for any z,y € X.

Proof. Given z,y € X, we have

zx(zxy) = z%
p(z7p(y)y)

8 8 8

y'e(e)
Similarly, we obtain y * (yxz) = y*z*¢(y)?¢p(z)?, proving the proposition. O

Using the notion of v/3-exponential field, we construct a commutative d-
algebra which is not a BC K-algebra.

Theorem 3.4. Let (X, +,-) be a v/3-exponential field and let x xy = z2p(y)y
for any z,y € X. If we define a binary operation “” on X by

0 ife=0o0rz=y,
TRY:={ ify=0,
Txy otherwise,
then (X, x,0) is a commutative d-algebra.

Proof. Let xxy =y*x =0. If z =0 or y = 0, then it is easy to see that z = y.
If we assume that 2y # 0 and = # y, then 22¢(y)y = y%p(z)z = 0, which leads
to p(x) = w(y) = 0. By (E3) we obtain z = y, a contradiction. Hence (X, *,0)
is a d-algebra.

We claim that (X, *) is commutative. If zy # 0 and x # y, then z* (zxy) =

rx(xxy) =y*(y*xz) =yx* (y*x) by Proposition 3.3. The other cases are
trivial. This proves the theorem. O

Note that the commutative d-algebra (X, *, 0) described in Theorem 3.4 need
not be a BCK-algebra, as in Example 3.2, where (2% (2% 1)) x 1 = 28(2V3)4 =
28+4v3 £ 0. Moreover, it is not implicative, since z  (y*x) = 28+2V3y2V3 £ g

We give another method for finding commutative d-algebras which are not
BC K-algebras.

4. (Positive-)Implicative d-algebras
Proposition 4.1. Let X be a field and let z,y € X. If we define

(1) zxy:=2(z - y)p(z,y)

where ¢ 1 X x X — X is a function with ¢(x,y) # 0 for any x,y € X. Then
(X, #,0) is a d-algebra.
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Proof. If we assume that z xy = y*z = 0, then z(z — y)p(z,y) = 0 and
y(y — z)p(y,z) = 0 and hence z(x — y) = 0 = y(y — z). This leads to z = y,
since —y # 0 implies = 0,y = 0, i.e., z = y, a contradiction. Hence (X, *, 0)
is a d-algebra. O

The d-algebra (X, *,0) described in Proposition 4.1 is called a @-function
d-algebra.

A d/BCK-algebra (X, *,0) is said to be implicative (|2, 10]) if z = z* (y* x)
for any z,y € X.

Proposition 4.2. If (X,x,0) is an implicative d-algebra, then x 0 = z for
anyz € X.

Proof. If X is implicative, then z = zx(y*z) for any z,y € X. If welet y := z,
then = x * (z * ) = x * 0, proving the proposition. d

Proposition 4.3. Let (X, *,0) be a p-function d-algebra. Then (X, *,0) is
implicative if and only if ¢ satisfies the condition:

1 .
——  fx #0,
. T—Y*T
pl@yxa): { a otherwise,
where a is an arbitrary element of X.
Proof. Straightforward. D

Note that if # # 0, then z # y * x in Proposition 4.3. A d/BCK-algebra
(X, *,0) is said to be positive implicative ([2, 10]) if (x*xy) * 2 = (x % 2) * (y * 2)
for any z,y,2 € X.

Proposition 4.4. There are no positive implicative @-function d-algebras whi-
ch are not BCK -algebras.

Proof. Assume that the implicative p-function d-algebra (X, *,0) which is not
a BCK-algebra is positive implicative. Then (z * y) x z = (z * 2) * (y * 2)
for any z,y,z € X. If we let z := z, then (z*y)xz = (zxx) *x (y* ) =
O0x(y*x)=0,ie., (z*y)*z = 0. Since (X, *,0) is a y-function d-algebra,
we have 0 = (z * y)[(z * y) — z]o(z * y,z). Since ¢(z,y) # 0,Vz,y € X, we
obtain 0 = (z * y)[z * y — z]. Therefore, either z*y = 0 or z xy = z, i.e.,
zxy € {0,2},VYz,y € X. Assume that there are z,y € X such that z # 0,z # y
and x *y = 0. Then 0 =z *xy = z(x — y)p(z,y) # 0, a contradiction. Hence
wehavezxy=0ifz =yand z+xy =z if z # y, i.e,, (X, *,0) is an implicative
BCK-algebra by Theorem 2.2, a contradiction. O

Theorem 4.5 ([9]). A BCK -algebra X is positive implicative if and only if
(xxy)xy=xxy for anyz,y € X.

Theorem 4.6. If the ¢-function d-algebra (X,*,0) is implicative, then (x *
yyxy=zxxy for any z,y € X.
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Proof. Let the p-function d-algebra (X, x,0) be implicative. Then we have
z=z(x —y*x)p(z,y *xz) for any z,y € X. Assume that  # 0, sincez =0
implies (0*y)*z = 0 = (0% 2) x (y*z). Then we have 1 = (z —y*z)p(x,y *x).

Hence, o(z,y * x) = m Also, y*x # 0 and y xx # z* (y*x ). Then
w(y*x,x} = @(y*x,z*(y*m)) = y*a:—'a:l*(y*x) = y*;~m = _mw(};*x = -(p(x’y*x)’

i.e., we obtain

(2) 90(3/ * LL‘,LL’) = _W(’z?y * Il')
Given z,y € X, we have
(yro)ra = (yra)yrz—a)ply*z,2)
= (yxz)(y*z - z)[-p(z,y*z)] by (2)

= (yxz)(xz —y*z)p(z,y* 1)

Since z =z« (y * ) = z{z — y x x)p(z,y * x), we have

z—(yxz)xz = (yrz—2z) p(zyxo)
1
- Ry
(y*x—x) e
= T—Y*x,
proving the theorem. 0

Note that in BCK-algebras, the condition (z xy) * (z x z) = (z xy) * z is
equivalent to the condition (z*y)*y = z*y, but it is not equivalent in d-algebras
in general. This can be demonstrated by Theorem 4.6 and Example 4.8.

Example 4.7. If we define a map ¢ : X — X by
7{7 if ¢z —y) #0,

plr,y) =< a ifa=y,
b ifx =0,

then the function p satisfies the conditions of Proposition 3.2, and so it defines
a w-function d-algebra (X, *,0) where

oz fx#y,
x*y'“{ 0 ifz=uy,

which is an implicative BCK-algebra as described in Theorem 2.2.

We need to find an implicative d-algebra which is not a BC K-algebra. Con-
sider the following example.

Example 4.8. If we define a map ¢ on X by

4 ifyly—=z)#0
.= ¢ zly—z) ’
elz,y) : { a otherwise
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for an arbitrary element a in X, then
-y ifyly—z) #0,
zxy:=¢ 0 ifax=0o0rz=y,
z ify=0
leads to a d-algebra. If y(y — z) # 0, then z x (y xz) = z *x (—z) = z for any
z,y € X, showing that (X, x,0) is an implicative d-algebra. Indeed, it is not a
BCK-algebra, since ((3x4) x (3%5)) * (5x4) =4 # 0.

Example 4.9. If we apply Example 4.8 to the finite field Zs, then we obtain
the following table:

W N = O %
W N = OO
> O Of
W o wWwolN
SN N OlWw
= el Of

414 4 3 2 0
Then it is an implicative d-algebra, which is not a BC K-algebra, since ((3 *
4) % (3% 2)) x (2x4) = 4 # 0. Moreover, it is not positive implicative, since
(3%4)*5=—4%x5=—-5and (3*5)*(4%5)=—-5%—5=5.

Remark. In BCK-algebras, X is an implicative BC K-algebra, if and only if it
is both a positive implicative and a commutative BC K-algebra. But this does
not hold in d-algebras. See Example 4.9.
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