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STABILITY OF HOMOMORPHISMS AND DERIVATIONS IN
PROPER JCQ*-TRIPLES ASSOCIATED TO THE
PEXIDERIZED CAUCHY TYPE MAPPING

ABBAS NAJATI, G. ZAMANI ESKANDANI, AND CHOONKIL PARK

ABSTRACT. In this paper, we investigate homomorphisms in proper
JCQ*-triples and derivations on proper JCQ*-triples associated to the
following Pexiderized functional equation

fx+y+2) = folz)+ frly) + f2(2).

This is applied to investigate homomorphisms and derivations in proper
JCQ*-triples.

1. Introduction and preliminaries

Ulam [14] gave a talk before the Mathematics Club of the University of
Wisconsin in which he discussed a number of unsolved problems. Among these
was the following question concerning the stability of homomorphisms.

Let (G1,*) be a group and let (G2,9,d) be a metric group with the metric
d(-,-). Given e > 0, does there exist a 6(¢) > 0 such that if a mapping h : G1 —
G- satisfies the inequality

d(h{z x y), h(z) o h(y)) < ¢
for all z,y € G1, then there is a homomorphism H : G1 — Gy with
d(h{z),H(z)) < €
for all x € G1?

Hyers [7] considered the case of approximately additive mappings f : £ —
E’, where E and E’ are Banach spaces and f satisfies Hyers inequality

If(@z+y)— flz) - f@)ll <e
for all z,y € E. It was shown that the limit

L(z) = lim f@"z)

n—oo 27
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exists for all x € E and that L : E — E’ is the unique additive mapping
satisfying : '

, If(z) - L(z)| <.

Th. M. Rassias [13] provided a generalization of Hyers’ theorem which allows
the Cauchy difference to be unbounded.

We recall some basic facts concerning quasi *-algebras.

Definition 1.1. Let A be a linear space and Ag be a *-algebra contained in A
as a subspace. We say that A is a quasi *-algebra over Ay if
(i) the right and left multiplications of an element of A and an element of
Ap are always defined and linear;
(ii) z1(x2a) = (z122)a, (az1)z2 = a(z122) and z1(axz) = (z1a)zs for all
x1,%2 € Ag and all a € 4;
(iii) an involution *, which extends the involution of Ay, is defined in A
with the property (ab)* = b*a*, whenever the multiplication is defined.

Quasi *-algebras [8, 9] arise in natural way as completions of locally convex
*-algebras whose multiplication is not jointly continuous; in this case one has
to deal with topological quasi *-algebras.

A quasi *-algebra (A, Ap) is called topological if a locally convex topology T
on A is given such that:

(i) the involution a — a* is continuous for each a € A,
(ii) the mappings a — ab and a — ba are continuous for each a € A and
be Ay,

(iii) Ao is dense in A[7].

Throughout this paper, we suppose that a locally convex quasi *-algebra
(A, Ao) is complete. For an overview on partial x-algebra and related topics we
refer to [1].

In a series of papers (2], [3], [4], [5] many authors have considered a special
class of quasi *-algebras, called proper CQ*-algebras, which arise as comple-
tions of C*-algebras. They can be introduced in the following way:

Definition 1.2. Let A be a Banach module over the C’*-algebra Ag with
involution * and C*-norm || - || such that A9 C A. We say that (A4, Ag) is a
proper CQ*-algebra if

(i) Ao is dense in A with respect to its norm || - ||;

(ii) (ab)* = b*a* whenever the multiplication is defined;

(iii) [lgllo = max{sup,ca jay<1 layll, SUPac A, jay<1 llyall } for all y € Aq.

A proper CQ*-algebra (A, Ag) is said to have a unit e if there exists an
element e € Ap such that ae = ea = g for all a € A. In this paper we will always
assume that the proper CQ*-algebra under consideration have an identity.
Definition 1.3. A proper CQ*-algebra (4, Ap), endowed with the Jordan
triple product

{z,z,w} = %{zx*w + wz*z}
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forall z € A and all z,w € Ay, is called a proper JCQ*-triple, and denoted by
(4, 4o, {s - })-

Definition 1.4. Let (4, Ao, {.,.,.}) and (B, By, {.,.,.}) be proper JCQ*-
triples.
(i) A C-linear mapping H : A — B is called a proper JCQ*-triple homo-
morphism if H(z) € By and H({z,z,w}) = {H(z), H(z), H(w)} for all
z,w € Ag and all x € A.
(ii) A C-linear mapping & : Ay — A is called a proper JCQ*-iriple deriva-
tion if
6({’&)0, Wy, wQ}) = {5(’(1}0), wl7w2} + {wOa 5(1&1), U)Q} + {’LU(), wy, 6(’&)2)}

for all wg,wq,wy € Ag.

A. Najati and C. Park [10] investigated homomorphisms in quasi-Banach
algebras associated to the Pexiderrized Cauchy function equation. C. Park
and Th. M. Rassias [12] investigated homomorphisms in proper JC@Q*-triples
and derivations on proper JCQ*-triples.

In this paper, we investigate homomorphisms and derivations in proper
JOQ*-triples associated to the following Pexiderized Cauchy type functional
equation

flx+y+z) = folz) + fi(y) + fal2).

Throughout this paper, assume that & is a fixed positive integer.

2. Homomorphisms in proper JCQ*-triples

Throughout this section, assume that (A, Aq,{.,.,.}) is a proper JCQ*-
triple with C*-norm || - |4, and norm || - ||4, and that (B, Bo,{.,.,.}) is a
proper JCQ*-triple with C*-norm || - || 5, and norm | - || 5.

Theorem 2.1. Let p: Ax A x A — [0,+00) be a function such that

H 1 [5%13
(2.1) lim 2—nap(z wo,z,wz) =0

n—oo

for all wo,we € Ap and all x € A. Assume that f,fi: A — B (0 < <2) are
mappings with f(0) = 0 and f(w}), fo(0), f2(0) € By for all w € Ay and

22 @) - foly) ~ /i) - a0l < of (LD

(23) ||f({w(),:1:, w2}> + {fO(WO)a fl(a:)a fZ(wZ)}HB < (/-7(?1)(), m:wQ)

forallpe T :={ueC:|ul =1}, allwo, w2 € Ag and all z,y,z,t € A. Then
the mapping f : A — B is a proper JCQ*-triple homomorphism. Moreover,

F(@) = fo(0) = fo(z) = £1(0) = fi(z) = f2(0) — falx)
for all z € A.
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Proof. Letting p=1, 2=y =2 =1=01in {2.2), we get
fo(0) + f1(0) + f2(0) = 0.
So by letting y =1, y = —z, and z =t = 0 in (2.2), we get
f(z) = fo(—z) — fo(0)

for all z € A. Similarly, we have

f(@) = fi(=2) = f1(0) = fo(—=) — f2(0)
for all z € A. So fo(w), fa{w) € By for all w € Aq.

It follows from (2.2) that
luf(z+y) — fuz) - f(uy)ls
= [|juf(z +y) — fo(—px) — fi(—py) — f200)l5 =0

for all 2,y € A and all u € T*. Therefore, the mapping f : A — B is additive
and f(uz) = pf(z) for all z € A and all u € T!. By the same reasoning as in
the proof of Theorem 2.1 of [11], the mapping f : A — B is C-linear. If at least
wp = 0 or z = 0 or wy =0, then f({wo,z,w2}) = f(0) =0, and hence by (2.1)
and (2.3), we have

im0, 78, St} =0

Also, we have
f(@) = £i(0) - fi(x)
forall z € A and all 0 < ¢ < 2. So (2.3) implies that

1 (fwo, 7, wa) = {F o), £z, Flwn)} |5
Jim £, w2)) — (7@ o), £@), w2} 5

= lim i ”f(zn{’wo, z, w?}) + {fO(anU)a fl(x)v f2(w2)}”5

00 27

Ii

. 1
< 1%131010 5;(p(2"w0,:c,wg) =0

for all wg,ws € Ag and all z € A. So

f({w()vxsw’&}) = {f(w0)3 f(m)3 f(w2)}

for all wp, ws € Ag and all z € A. Since f(w) € By for all w € Ag, the mapping
f: A — Bis a proper JOQ*-triple homomorphism, as desired. O

Remark 2.2. We can formulate a similar theorem if we replace the condition
(2.1) by one of the following conditions

o lim,_ . %go(wg, 2%z, we) = 0;

o limp o0 57 (wo, Z, 2"w2) = 0;

o limy, o0 g (2 w0, 2"z, 2" wz) = 0
for all wy, w2 € Ag and all z € A.
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Remark 2.3. We can formulate a similar theorem if we replace the condition
(2.1) by one of the following conditions

o limp o 2%p( %2, 2, ws) = 0;
o lim, o 2n§0(w0’ EC%’w?) =0
L J ].imn-)oo 2n(p(w07$7 —gj—‘g) = 0;
o limy,. ., 8"99(?‘2—”,‘{-,2'%,%;? =(

for all we, w2 € A¢ and all z € A.

Corollary 2.4. Let 8,7; (0 < i < 2) be non-negative real numbers such that
ro+r1+712 #3 orry # 1 for some 0 < j < 2. Suppose that f,fi: A— B (0 <
i < 2} are mappings satisfying (2.2) with f(0) = 0 and f(w), fo(0), f2(0) € By
for all w € Ag. Let

If ({wo, z, w2}) + {fo(wo), f1(2), folw2) His < Ollwolf =!I’y w2 ll’s
Jor all wy,wy € Ag and all z € A(by putting || - |4 = 1). Then the mapping
f:A— B is a proper JCQ*-triple homomorphism. Moreover,

f(x) = fo(0) = fo(z) = £1(0) - fi(z) = f2(0) — fa(=)

forall z € A.

Proof. It follows from Theorem 2.1 and Remarks 2.2 and 2.3. |

Corollary 2.5. Let 6,r; (0 < i < 2) be non-negative real numbers such that
r; € {0,1) for some 0 < j < 2 or r; < 3(respectively, r; > 3) for all 0 < i < 2.
Suppose that f,fi + A — B (0 < i < 2) are mappings satisfying (2.2) with
F(0) =0 and f(w), fo(0), f2(0) € By for all w € Ag. Let

If({wo, 2, wa}) + { fo(wo), f1(@), fo(w2)}im < O(Jlwolly + N3 + fw2]|})
Jor all wo,ws € Ag and all z € A (by putting || - |4 = 1). Then the mapping
f: A — B is a proper JCQ*-triple homomorphism. Moreover,

f(@) = fo(0) — fo(z) = £1(0) — fu(z) = f2(0) — fa(x)
for all x € A.

Proof. The result follows from Theorem 2.1 and Remarks 2.2 and 2.3. 0

3. Derivations on proper JCQ*-triples

Throughout this section, assume that{A4, Ay, {.,.,.}) is a proper JCQ*-triple
with C*-norm || - || 4, and norm || - || 4.
We investigate derivations on proper JCQ*-triples.

Theorem 3.1. Let ¢ : Ag x Ag x Ag — [0, +00) be a function satisfying (2.1)
for all z,wo,wy € Ay. Assume that f, fi : Ap — A (0 < i < 2) are mappings
with £(0) = 0. Let

(31)  luf(@) — folwo) — fi(wn) — falws)| 4 < [kf(EEELOELLE W2y

k
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£ ({wo, w1, wa}) + {fo(wo), wi, wa} + {wo, f1(wr), wa}
+ {wo, w1, fa(w2)}| 4, < plwo, wr, wa)

for all z,wg, w1, ws € Ag. Then the mapping f : Ao — A is a proper JCQ*-
triple derivation. Moreover,

f(@) = fo(0) — fo(z) = f1(0) - fi(z) = f2(0) — fo()
for all x € Ay.

(3.2)

Proof. By the same reasoning as in the proof of Theorem 2.1, the mapping
f:Ag — A is C-linear and

F(@) = fo(0) = folx) = f1(0) — fi(x) = £2(0) — fo(x)
for all z € Ay. If at least wp = 0 or w1 = 0 or we = 0, then f({wo, w:,w2}) =
f(0) =0 and by (2.1) and (3.2), we have

Y}Lm —“{fo 2nwo) Wi, wz} + {2nwo, f1 (w1)> wz} + {anos‘wl, fz(wz)}H

So (3.2) implies that

| F({wo, w1, w2}) — { f(wo), w1, w2} — {wo, fw), wa} — {wo,wr, f(wz)}] 4
= lim Q—Uf@ {wo, w1, wa}) + {fo(2"wo), w1, w2} + {2"wo, f1(w1), w2}

+ {2"wo, w1, fo( w)}”A

IN

1
lim —99(2 wg, w1, wz) =0
Nn—eo

for all wg, wy,ws € Ag. Hence

F{wo, wi, w2}) = { f(wo), wi, w2} + {wo, f(w1), wa} + {wo, w1, f(w2)}
for all wg, wy, ws € Ap.
Therefore the mapping f: Ag — A is a proper JCQ*-triple derivation. O

Remark 3.2. We can formulate a similar theorem if we replace the condition
(2.1) by one of the following conditions

e lim, é%go(wo, 2%wy,wy) = 0;

e lim, o0 é%go(wo,wl,Z"wg) =

o lim, 0 g ¢(2"wo, 2"wy, 2"w3) = 0
for all wy, w1, ws € Ag.

Remark 3.3. We can formulate a similar theorem if we replace the condition
(2.1) by one of the following conditions

o lim, 0 2" (%2, wy, w2) = 0;

o lim, .o 2™p(wo, F,w2) = 0;

e lim, 2" go(wo,wl, 2n) = 0;

L4 hmn—»oo 8" <P( gn Y Qn s On ) =
for all wo, Wi, ws € Ag.
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Corollary 3.4. Let 6,r; (0 < i < 2) be non-negative real numbers such that
ro+ri+7r2# 3 orr; #£1 for some 0 < j < 2. Suppose that f,f; : Ao — A
(0 <@ < 2) are mappings satisfying (3.1) with f(0) = 0. Let

| f ({wo, w1, w2} )+{fo(wo), w1, wa} + {wo, f1(w1),wz}
+ {wo, w1, fo(ws) }|| , < Ollwoll, llwr |73, lwa 72,

for all wo, w1, ws € Ay (by putting || - ||9(10 =1). Then the mapping f: Ag — A
is a proper JCQ*-triple derivation. Moreover,

f(@) = fo(0) = fo(z) = f1(0) — fi(z) = f2(0) — fa()
for all x € A.
Proof. Tt follows from Theorem 3.1 and Remarks 3.2 and 3.3. O

Corollary 3.5. Let 6,7; (0 < i < 2) be non-negative real numbers such that
7; €[0,1) for some 0 < j < 2 or r; < 3 (respectively, r; > 3) for all 0 < i < 2.
Suppose that f, fi : Ao — A (0 < i < 2) are mappings satisfying (3.1) with
f(0) =0. Let

|| £ ({wo, wr, wa}) + { folwo), w1, wa} + {wo, fi(w:), ws}
+ {wo, w1, fa(w2)}| , < O(llwoll’s, + Hwill, + llwa72)

for all wo, wi, w2 € Ag (by putting || - |%, = 1). Then the mapping f : Ag — A
is a proper JCQ*-triple derivation. Moreover,

f(z) = fo(0) — fo(z) = f1(0) = fi(z) = £2(0) — fa(=)
for all x € Ay.

Proof. It follows from Theorem 3.1 and Remarks 3.2 and 3.3. O

4. Stability of homomorphisms on proper JCQ*-triples

In this section, by using an idea of Gavruta [6], we prove the generalized
Hyers-Ulam stability of homomorphisms in proper JC@Q*-triples.

Theorem 4.1. Let ¢ : Ax Ax A — [0, +00) be a function such that ©(0,0,0) =
0 and

1
(4.1) lim —p(2"z,2™y,2"2) =0,
n—oo 27
~ — 1 i, ot i i
(42 B@)=d 5 [cp(z z,2'2,0) + p(2'z,0,0) + (0, 2 x,())] <
=0

for all z,y,z € A. Suppose that f,fi : A — B (0 < i < 2) are mappings
satisfying f(0) = 0 and f(w), fi(w) € By for all w € Ay and all 0 < i < 2. Let

(4.3) I f(uz + py + pz) — pfo(x) — pfily) — pfo(2)lls < @(z,y,2),

(44) || f(wo + w1 4+ w2) — folwoe) — fi(wi) — fa(ws)| B, < p(wo,wr,ws),
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4.5)  [If(§wo,z,w1}) — {fo(wo), f1(x), fa(w2)}|B < P(wo, =, w2)

for all p € T, all wo, w1, w2 € Ay and all z,y,z € A. Then there exists a
unique proper JCQ*-triple homomorphism H : A — B such that

17() - H@)ls < 55(),

140()=Fo(0) ~ H@5 < 38(2) +(z,0,0),

(4.6) 1
1£1(@)—£1(0) — H(z)l| 8 < 5&(2) +(0,2,0),
1£2(8)=£2(0) - H(z)l15 < 5(z) +9(0,0,2)
for all x € A.
Proof. Letting y =2 =0and u =1 in (4.3), we get
(4.7) If (@) — fo(z) — f1(0) — f2(0)]|B < ¥(x,0,0)
for all z € A. Similarly, we get
(4.8) If (W) — f1(y) — fo(0) — f2(0) ]| < ¢(0,3,0),
(49) 1£(2) = £2(2) = fo(0) = LO)ll5 < (0,0, 2)

for all y, z € A. Since fo(0) + f1(0) + f2(0) = 0, by using (4.3), (4.7), (4.8) and
(4.9), we get
(4.10) If(uz + py + pz) — pf (@) — nf@) - wf(Dls < $(2,9,2),
where
P(x,y,2) = ¢(,9,2) + ¢(,0,0) + ¢(0,3,0) + (0,0, 2)

for all 4 € T! and all z,y,2 € A. Letting y = z,z =0 and p = 1 in (4.10), we
get

(4.11) 1/(22) - 2f(2)llB < ¥(=,,0)

for all z € A. Replacing x by 2"z in (4.11) and dividing both sides of (4.11) by
27+l we get

” f(ertis) f(2"w) H

(4.12) ST

< 2n+1 ¥(2"z, 2"z, 0)
for all z € A and all non-negative integers n. By {4.12), we have

| f(2rtix) me) ” Z z,b(2’ac 2 z,0)
=2

(4.13) ST

for all z € A and all non-negative integers n and m with n > m. Thus we con-
clude from (4.2) and (4.13) that the sequence {5 f(2"x)} is a Cauchy sequence
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in B for all z € A. Since B is complete, the sequence {5~ f(2"z)} converges in
B for all z € A. So one can define the mapping H : A — B by

(4.14) H(z) = lim 51; £(2"z) = lim 51; [2") (=0,1,2)

for all z € A. Letting m = 0 and passing the limit when n — oo in (4.13), we
get (4.6). It follows from (4.1), (4.3) and (4.14) that

HH(WC + py) — pH(z) - uH(y)HB

lim 515 H fQMpx 4+ 2" uy) — ufo(2"z) — uf1(2"y)H B

n—0o0

1

n—oo
for all u € T'and all z,y € A. Hence
H{uz + py) = pH(z) + pH(y)
for all 4 € T! and all z,y € A. By the same reasoning as in the proof of
Theorem 2.1 of [11], the mapping H : A — B is C-linear. It follows from (4.4)

that the sequence {5 f(2"w)} is a Cauchy sequence in By for all w € Ag. So
H(w) € By for all w € Ap. It follows from (4.1), (4.5) and (4.14) that

HH({wo, z,wa}) — {H(wo), H(x), H(wz)}“B
i | £8" i, 2y 02)) = o2, £(2°0), 2w}

n—oo

IA

1
< lim 8—«,0(2 wo, 2™z, 2" wy) =0

n—od

for all wy,wy € Ag and all z € A. Hence

H({wo,z,w1}) = {H(wo), H(z), H(w2)}
for all wo,wy € Ag and all z € A. So H : A — B is a proper JCQ*-triple
homomorphism. Now, we show that H is unique. Let T : A — B be another

proper JCQ*-triple homomorphism satisfying (4.6). It follows from (4.2), (4.6)
and (4.14) that

()~ T(a)lis = lim o [[f(2"0) - T(2"a)

% lim 2ig0(2n )=0

forallz € A. So H=T. ]

Is

Theorem 4.2. Let¢p: Ax Ax A— [0, +oo) be a function such that
(4.15) lim 8"¢(i v, ) ~0,

n—o0 an’

(4.16) 22[ 2@, +¢(21, 0) + ¢(0,

21, )] < oo
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for all z,y,z € A. Suppose that f,fi : A — B (0 < i < 2) are mappings
satisfying f(0) = fi(0) = 0 and f(w), fi(w) € By for all w € Ay and all
0<4<2. Let

(4.17) 1 f(uz + py + pz) — pho(x) — pfily) — pf2(2)lle < dlz,y, 2),

(418)  |[f(wo + w1 + w2) — fo(wo) — fi(w1) — fa(w2)|lB, < Pwo,wr,w2),

||f({w0,a;,w1})'— {fO(wO)afl(x),fZ(w2)}”B < ¢(W0,$, w2)'

for all p € T, all wo, w1, w2 € Ag and all z,y,z € A. Then there exists a
unique proper JCQ*-triple homomorphism H : A — B such that

/(@) - H@)ls < 35(@),

Ifo(z) ~ H@)ll5 < 35(2) + 9(,0,0),
i) ~ H@)ls < 53() + 6(0,2,0),
If2(2) - H@)l15 < 25(a) +9(0,0,2)

(4.19)

for all x € A.
Proof. Similar to Theorem 4.1, we get

(4.20) If (2 + py + pz) — pf (@) - pf(y) — wf(2)le < U(z,y,2),
where '
U(z,y,2) = ¢(z,y, 2) + ¢(z,0,0) + #(0,y,0) + ¢(0,0, 2)
for all u € T' and all z,y,2 € A. Letting y = 2,z = 0 and p = 1 in (4.20), we
get

(4.21) 1/(22) = 2f(#)ll B < ¥(z,,0)

for all z € A. Replacing « by 5%+ in (4.21) and multiplying both sides of (4.21)
to 2", we get

z x
(2n+1 ’ on+1 ’0)

n

(4.22)

2 () — 2 (o

for all z € A and all non-negative integers n. By (4.22), we get

(4.23) Hznﬂf 2n+1) —2" ” Z 2 2’+1’ 2”1 3710

for all x € A and all non-negative integers n and m with n > m. Thus we con-
clude from (4.16) and (4.23) that the sequence {2" f(£)} is a Cauchy sequence
in B for all z € A. Since B is complete, the sequence {2"f(%)} converges in
B for all z € A. So one can define the mapping H : A — B by

H(a) := lim 2nf(2in) = lim_ 2nfi(2£n) (i=0,1,2)




STABILITY OF HOMOMORPHISMS IN PROPER JCQ*-TRIPLES 55

for all z € A. Letting m = 0 and passing the limit when n — co in (4.23), we
get (4.19).

The rest of proof is similar to the proof of Theorem 4.1. O
Corollary 4.3. Let 6,7, (0 < i < 2) be non-negative real numbers such that
0 < r; < 1(respectively, r; > 3) for all 0 < i < 2. Suppose that f,f; : A — B
(0 <@ < 2) are mappings with f(0) = f;(0) = 0 and f(w), fi(w) € By for all
w€E Ag and all 0 <3 < 2. Let

I (uz + py + pz) — pfo(z) — ufily) — pfa(2)ls
S O(lly + lylls + =072,
I/ (wo + w1 +w2) = fo(wo) — fi(wi) — fo(w2)ll5,
< O[lwoll + w3 + llwallZ),
I/ {wo, z, wi}) = {folwo), f1(x), f2(w2)}| 5
< O(llwoll® + Nlzlls + llwlI2)
for all p € T, all wo,w1,wy € Ag and all z,y,z € A. Then there exists a
unique proper JCQ*-triple homomorphism H : A — B such that

-H <2 [ + }

el , =l :
I152) — H@)ls < 20 [0 + 52 ]+ 0l

forallz € A and all 0 < i< 2.
Theorem 4.4. Let §,r; (0 < i < 2) be non-negative real numbers such that
ro+ri+7r2 <3 and 0 < r; <1 for some 0 <1 < 2. Suppose that f,f;: A— B

(0 < i < 2) are mappings with f(0) = 0 and f(w), fo(w), f2(w) € By for all
w € Ag. Let

(424)  |[f(px + py + pz) — pfolz) — pfi(y) — uhe(2)B < OllzlRNyll3 )72,

(4.25) If ({wo, z, wa2}) = {fo(wo), fi(@), fa(w2)} B < Ollwoll R |23 w2l %
Jor all p € T, all wo, wz € Ag and all z,y,z € A(by putting || - |4 = 1). Then
the mapping f : A — B is a proper JCQ*-triple homomorphism. Moreover, if
r;, 75 > 0 for some 0 <i < j <2, then

f(@) = fo(@) — fo(0) = fi(z) — f1(0) = fa(z) — f2(0)
for allx € A.
Proof. Without loss of generality, we may assume that 0 < ro < 1. It is clear
that fo(0) + f1(0) + f2(0) = 0. By letting y = z = 0 and u = 1 in (4.24), we get
(4.26) f(z) = folx) — fo(0)

for all z € A. Similarly, we have

(4.27) fz) = fi(z) — f(0)
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for all x € A. We have two cases:

Case I. rop = r; = 0. We infer from (4.24) that
I/ (e + py + pz) — pf (@) = nf(y) ~ pf2)ls
(4.28) < | f(uz + py + pz) — pfo(@) — ufi(y) — nfa(2)ls
+1£(2) = £0(0) — f1(0) - fa(2)l|5 < 20||2]I7
for all y € T! and all z,y, 2 € A. By letting z = 0 in (4.28), we get

f(pz + py) = pf(x) + pf(y)

for all 4 € T! and all z,y € A. By the same reasoning as in the proof of
Theorem 2.1 of [11], the mapping f : A — B is C-linear. It follows from (4.24),
(4.26), and (4.27) that

£@) = Jm 2 fo(2"e) = lim o fi(270) = m o fa(2)
for all z € A. So (4.25) implies that
||f({w0,a:,w2}) - {f(wO)v f(:L'), f(w2)}”3

1 n
= lim | f({2 w0, 22, 2 wa}) — {fo(2"w0), £2(2"2), (@M wa)}|
nra
<8 lim = fwsll} =0

for all wo,ws € Ap and all z € A. Therefore,

f({wo’x7w1}) = {f(wo)a f(m)7 f(’UJ2)}
for all wg,we € Ag and z € A. So the mapping f : A — B is a proper
JCQ*-triple homomorphism.
Case II. 79 > 0 or r; > 0. Without loss of generality, we may assume that
r1 > 0. Letting x = y =0 and p = 1 in (4.24), we get that f(2) = fa(2) — f2(0)
for all z € A. It follows from (4.24) that

If (e + py + pz) — pf(2) — ufly) — wf(2)ls ,
= |[f(uz + py + p2) — pfo(z) — pfily) — uf2()ls < Oz 2Nyl 7 1217
for all p € T! and all z,y,2 € A. By putting z = 0 in the last inequality, we

infer that the mapping f is C-linear. The rest of the proof is similar to the
proof of Case I. O

The following theorem is an alternative result of Theorem 4.4 and its proof
is similar to the proof of Theorem 4.4.

Theorem 4.5. Let 0,7; (0 < ¢ < 2) be non-negative real numbers such that
Ty > 3 for some 0 < i < 2. Suppose that f, f; : A — B (0 < i < 2) are mappings
satisfying (4.24) and (4.25) (by putting || - |% = 1) with f(0) = f:(0) = 0
and f(w), fo(w), f2(w) € By for all w € Ag. Then the mapping f : A — B
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is a proper JCQ*-triple homomorphism. Moreover, if ri,r; > 0 for some
0<i<j<2, then

f(z) = fi(z)
forallz € A and all 0 <1< 2.

For r¢ = r1 = r9 = 0, we have the following theorem.

Theorem 4.6. Let § be non-negative real number and let f,fi : A — B (0 <
i < 2) be mappings such that f(w), fi(w) € By (0 <i < 2) for all w € Ag and
I1f (pe + py + p2) — nfo(z) — nfily) — nfa(2)lls < 6,

IIf (wo + w1 +w2) = fo(wo) — fr{wr) — fa(w2)liB, <6,
| f ({wo, z, w1 }) — { folwo), fi(z), f2(w2) Hip < 0

for all p € T, all wo,w1,wa € Ag and all z,y,2 € A. Then there exists a
unique proper JCQ*-triple homomorphism H : A — B such that

1f(z) + f(0) - H(z)||s < 46+ 2M,
I fi(z) — £:(0) — H(z)||lp <60 +4M  (i=0,1,2)
Jor all x € A, where M = || fo(0) + f1(0) + f2(0)|| 5.
Proof. Similar to the proof of Theorem 4.1, we have

| f{uz + py + pz) — pf(z) — pfly) — pf(2)lls <46 +2M

for all z,y,2 € A and all u € T!, where M = || fo(0) + f1(0) + f2(0)|| . Using
the same proof as in Theorem 4.1, we infer that

1 n 1 n 1
ont1 £ ) — Zimf(zmx) -3 Wf(O)HB < (20 + M) ; 5

i=m

(4.29) }

for all z € A and all non-negative integers n and m with n > m. Thus we
conclude from (4.29) that the sequence {5 f(2"z)} is a Cauchy sequence in B
for all z € A. Since B is complete, the sequence {5~ f(2"z)} converges in B for
all x € A. So one can define the mapping H : A — B by
H(z):= lim zin f@ra) = lim 2in fi(2h) (i=0,1,2)
for all z € A.
The rest of the proof is similar to the proof of Theorem 4.1. O

Theorem 4.7. Let 8 > 0,7¢,7m1,72 be real numbers such that ro +71 > 0
and ro < 0. Assume that f,f; : A — B (0 < i < 2) are mappings with
fo(0) = f1(0) = 0 and f(w), fo(w), f2(w) € By for all w € Ay and satisfying
(4.30) If(@+y+2) — folz) = fily) — fo(2)lB < Ol RNyl 12058
4.31)  |If ({wo, =, w2}) — {fo(wo), fr(x), fa(wa2)} 5 < OllwollR 13 lwall’s

for all wg € Ag \ {0}, all wo € Ag (wo € Ao \ {0} if 70 < 0) and all z,y €
A(x e A\N{0}if ro<Oandyc A\ {0} if m <0), z¢€ A\ {0}. If the
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mappings t — f(tz) and t — fi(iz) (0 < i < 2) are continuous in 0 € R for
each fixed x € A, then

Q) f=fh=hHh=f,

(i) the mapping f: A — B is a proper JCQ*-triple homomorphism.
Proof. Without loss of generality, we may assume that r; > 0. Letting y = 0
in (4.30) and z = 0 in (4.31), we get
(4.32) f(0)=0, flz+2) = folz) + falz), (z,z #0).

Replacing z and z by £ and Z, respectively, in (4.32) and letting n — oo, we
get that f2(0) = 0. Letting y = —z in (4.30) and using (4.32), we get

(4.33) 1f(z) = f(z+2) = fil=2)8 <Ol =l (2,2 #0).
Therefore
(4.34) nlingo f(% +z) = f(2), (z,z #0).

Since f(0) = 0, (4.34) holds for all z,z € A. It follows from (4.32) and (4.34)
that f = f2. So by replacing z by £ in (4.32) and letting n — co and using
(4.34), we get f = fo. Hence (4.32) implies that the mapping f is additive.
Thus (4.30) means that

17 @) = fiwlls < Oz RNl 2 =8, (v e Az,z#0).

So f = f1, and this proves (i).

To prove (i), since the mapping f is additive, by the same reasoning as in
the proof of the main result of [13], the mapping f : A — B is C-linear. Now,
(4.31) implies that

1 (w0 3, w2}) — {F(w0), £(&), Flws)}|
= lim || f({wo, 2 mwa}) — {F(wo), £(z), Flnwa)}]|

Nt T3,
< 0 lim ">~ o l2ll; el 7? =
for all z € A and all wo, w2 € Ag \ {0}. Since f(0) = 0, therefore

F{wo, z,wa}) = {f(wo), f(z), f(w2)}

for all z € A and all wo,ws € Ap. So the mapping f : A — B is a proper
JCQ*-triple homomorphism. ‘ ]

Theorem 4.8. Let 6 > 0 and rg,r; < 0 be real numbers and let sg, 81,82 be
real numbers such that s; # 1 for some 0 < j < 2. Assume that f: A — B is
a mapping with f(0) =0 and f{w) € By for all w € Ag and

(4.35) If(z+y) — f(@) - FWlls < OllzlZlylls

(4.36)  [Ilf({wo, &, wi}) = {f(wo), f(z), f(w2)}|B < OllwollF =3 lwellZ
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for all wo,ws € Ao \ {0} and all x,y € A\ {0}. If the mapping t — f(tz) is
continuous in 0 € R for each fized x € A, then the mapping f : A — B is a
proper JCQ*-triple homomorphism.

Proof. Let y € A\ {0}. Replacing = and y in (4.35) by % + ny and % — ny,
respectively, we get

(4:37) @) = Tm [f(5 +ny)+ £(5 — )]

(3

for all y € A\ {0}. Since f(0) = 0, (4.37) holds for all y € A. Let z,y € A\ {0}.
It follows from (4.35) and (4.37) that

I f(z+y) ~ fl=) - fW)|,5

= lim Hf(x—;r—y +n(z+7y)) + f(m—;—y —-n(z+y))
—f(%+m:) -f(g- — nx) —f(%+ny) —f(% -m)|p

< limsup Hf(g”—;r—y +n(z+y) - f(g +nz) — f(% +ny)HB
#map (52 =nte ) = 1 =) 1 -

<o 3m (24n) "+ tm (n- )" felR Nl =0

So we have f(z +y) = f(x) + f(y) for all z,y € A\ {0}. Since f(0) = 0, we
get that the mapping f is additive. By the same reasoning as in the proof of
the main result of [13], the mapping f : A — B is C-linear. Without loss of
generality we may assume that sp # 1. Let so < 1 (we have similar proof when
so > 1). It follows from (4.36) that

17w, 2}) = {$ o), £(@), f )}l
= lim | ({2, w2}) = {F (o), £(o), (w2}

n—oo

. 80—1 Eh) 81 So
< 0731,“;0” lJwoll 2=l 4 lwal % =0
for all z € A\ {0} and all wo, w2 € Ag \ {0}. Since f(0) = 0, we get that

f{wo, z,w2}) = {f(wo), f(x), fw2)}

for all z € A and all wo,wy € Ag. So the mapping f : A — B is a proper
JCQ*-triple homomorphism. O
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