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MULTIPLE SOLUTIONS FOR THE NONLINEAR
HAMILTONIAN SYSTEM

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. We give a theorem of the existence of the multiple solu-
tions of the Hamiltonian system with the square growth nonlinear-
ity. We show the existence of m solutions of the Hamiltonian system
when the square growth nonlinearity satisfies some given conditions.
We use critical point theory induced from the invariant function and
invariant linear subspace.

1. Introduction and statement of main result

Let H(z(t)) be a C? function defined on R?" which is 2r—periodic
with respect to the variable ¢t. Let z = (p,q), p = (21, ,2n), ¢ =
(Zn1, -+, 22,). In this paper we investigate the existence and the mul-
tiplicity of 2m—periodic solutions of the following Hamiltonian system

¢ = Hy(p,q)
Letting J be the standard symplectic structure on R*", i.e.,

0 —I,
(7).

I, is the n x n identity matrix on R", system (1.1) can be written in a
compact version

—Ji = H,(2), (1.2)
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where 2z : R — R™, z = % and H, is the gradient of H. We define
F(z) = H.(=(t))

Let L?(S', R*™) denote the set of 2n-tuples of 27 periodic functions which
are square integrable. If 2 € L?(S' R®"), it has a Fourier expansion
2= ez ape™, where a = % 0% 2(t)e *dt € C*, a_), = a; and
Y okey lar]* < co. Let

E=W22(SY R = {z € L(S, R?)| > (1+ [k])]ax[* < oo}

keZ
and let

Izl =11zl 3.0 = Q1+ [RDlaxl)2. (1.3)

keZ

The space E endowed with this norm is a real Hilbert space continuously
embedded in L?(S*, R*"). Let a-b and |-| denote the usual inner product
and norm on R?". We assume that the Hamiltonian function H satisfies
the following conditions:

(H1) H € C*(R*™, R), H(2) = o(|z|?) as |z| — 0.

(H2) There exist constants a and (3 such that o, § # Z, a < # and

alz|?* < Ho(2) -z < Bz Vz € R

(H3) There exist integers j1, ja,. - ., Jom i [, G].
(H4) There exist v and C' such that js,, <y < [ and

1
H(z) > §7||z|]2 -C  Vze R™

(H5) H is 2mr—periodic with respect to t.
By (H2), there is a constant C' > 0 such that

1 F ()] 2(reny < C,
then
21
B(2) = / H(=(t))dt € C\(E, R).
0

In this paper we are looking for the weak solutions z € E of (1.2); that
is, z € I satisfies

/%(z —J(H.(2)))- Jwdt =0  Yw € E.
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We observe that by Proposition 2.1, the weak solutions of (1.2) coincide
with the critical points of the corresponding functional
2m

1
flz) = A(2) = | H(z(t))dt,
0
where A(z) = fo% z - Jzdt. Here f(z) € C'(E,R).
Our main result is the following:

THEOREM 1.1. Assume that H satisfies the conditions (H1)-(H5).
Then (1.2) has at least m weak solutions, which are geometrically dis-
tinct and nonconstant. Moreover, if H is of class C*, these solutions are

of class C*(St, R*).

Our proof use the ideas in [1]. In section 2, we introduce a closed
invariant linear subspace X of E which is invariant under A, the invariant
subspaces of X and the invariant function on X. We obtain some results
on the norm ||-|| and the functional f(z), and recall a critical point theory
in terms of the S'-invariant functional and S!-invariant subspaces which
plays a crucial role for the proof of the main result. In section 3, we show
that the functional f satisfies the conditions for the multiple solution
theorem, and prove Theorem 1.1.

2. Some results on || - ||, f

Let E = W22(S*, R2"). The scalar product in L2 naturally extends
as the duality pairing between E and B/ = W~22(S%, R?"). For smooth
z = (p,q) € E, where p and ¢ are each n— tuples, we can check that

4 1 : 1
1Az < O lillesl»)2 O lillgs )2 < Iz
j€z i€z
Therefore A extends to all of E as a continuous quadratic form. This

extension will still be denoted by A. Let eq,--- , e, denote the usual
bases in R*" and set

EO = Span{ela T 7e2n}7

E" = span{(sin jt)ex — (o8 jt)exin, (cos jt)ex + (sin jt)eyn,
1 jeN,1<k<n),
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E~ = span{(sin jt)ey + (cos jt)epin, (cos jt)ex — (sin jt)ex iy
| j €N, 1<k<n}.
Then £ = EY@Et®E~ and ET, E~, E° are the subspaces of E on which
A is positive definite, negative definite, and null, and these spaces ET,
E~ and E° are mutually orthogonal in L?(S*, R?"). If z = 2+ 2T +27 €
E, A, = Alp+ and A_ = A|p-, then

121" = 12717 + A (") — A_(27)

which serves as an equivalent norm on E. The space E with this norm
|| - || is a Hilbert space.
We need the following facts in [4]:

PROPOSITION 2.1. For each s € [1,00), E is compactly embedded in
L#(S', R*™). In particular, there is an o, > 0 such that

I2llzs < es]lz]]

for all z € F.

By the following proposition which was proved in Proposition 2 of
3], f € C' and Fréchet differentiable in £, hence the weak solutions of
(1.2) coincide with the critical points of the functional f(z).

PROPOSITION 2.2. Assume that H satisfies the conditions (H1)-(H5).
Then f(z) is C', that is, f(z) is continuous and Fréchet differentiable
in E with Frechet derivative

V(2w =QAWu—J@mew

_ AW@+%@»¢—@—&@»¢W,

where z = (p,q) and w = (¢,v) € E. Moreover the functional z —

fo% H(z)dt is C".

Let us define some notations and concepts on S!—invariant set and
Sl—invariant function: Let X be a real Hilbert space on which the
compact Lie group S! acts by means of time translations, hence by
orthogonal transformations; for z € X and 6 € [0,27], we define an
Sl-action on X by

(Ty2)(t) = 2z(t + 0), for all ¢ € [0, 27].
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Let Fix{Ty} be the set of fixed points of the action, i.e.,

Fix{Ty} = {z € X| Tyz = 2, V0 € [0, 2~]}.
We say a subset B of X an S'-invariant set if for all z € B and 0 € [0, 27],
Tpz € B. A function f : X — R!is called S'-invariant, if f(Tz) = f(z),

Vz € X, for all 6 € [0,27]. Let C(B,X) be the set of continuous
functions from B into X. If B is an invariant set we say h € C(B, X) is

an equivariant map if h(Tpz) = Tph(z) for all 6 € [0,27] and z € B.
Now we define the subspaces X, X+, X~ and X° of E as follows:

Let us denote, for i =y/—1 and k € N,

br = (sinkt)eg — (cos kt)epsn,

idr = (cos kt)eg + (sin kt)ejpn,

Uy = (sin kt)eg + (cos kt)egin,

iy, = (cos kt)ej, — (sin kt)egqn.
Let 2z be a function of W22(S%, R2"); there exists one and only one
function of W22(R, R*") which is 27 periodic in ¢ and equals z on S';

we shall denote this function by z. Let X be the closed subspace of E
defined by

X={2€FE|a,=0if kiseven }.
Then X is a closed invariant linear subspace of E compactly embedded
in L?(S', R?™). Moreover A(X) C X, A: X — X is an isomorphism
and Vf(X) C X. Therefore constrained critical points on X are in
fact free critical points on E. Moreover, distinct critical orbits give

rise to geometrically distinct solutions. From now on f will denote the
restriction of f to X. Let

Xt o ={z] z€ X, z € span{¢y,idy| m < k <1}},

ml =
X =12l z€ X, z € span{dy, ith| m < k <1}},
Xt ={z| z€ X, z €span{¢y,idy| n+1 < k < oo}},
X~ ={z| z€ X, z €span{ty,ite| n +1 < k < oo}},
X0 ={z| z€ X, z €span{dp,ide| 1 <k <n}}.

Then X = X+® X~ @® X and A(z) is positive definite, negative definite
and null on X+, X~ X° respectively. For

r=2t+2 +e XX X=X,
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we take a norm for X
2)% = A(z") — A(z7) + |2°.

With this norm, X become a Hilbert space and X, X~, X are orthog-
onal subspaces of X with respect to the inner product associated with

this norm, as well, as the L? inner product. We note that by Proposition
2.2, f(z) € CY(X, R). We have the following lemma:

LEMMA 2.1. Assume that H satisfies the conditions (H1)-(H5). Let
z € Fix{Ty} and z be a critical point of the functional of f,i.e., V f(z) =
0. Then f(z) = 0.

Proof. Let p: R — R be a Borel function defined by

H.(2)z ]
= |2[2 if z#(0,...,0),
p(2) {a+g§ if z=(0,...,0).

Since V f(z)z = 0, we have that
271
/ ZJw — p(2)z - wdt =0 for weE. (2.1)
0

Let us set z = 21 + 29, 21, 22 € E, such that fo% 21z dt < O‘fo% 22dt
and f027r ZoJ zpdl > 5fo27r z3dt. Putting z = 21 + 23 and w = 23 — z; into
(2.1), we have

/0 W(P(Z) —a)Zdt +/0 w(ﬁ — p(2))22dt < 0.

Thus we have (p(z) — a)2? = (3 — p(z))25=0 a.e. in |0, 27[. Since p is
continuous on R\0, p(2) € {a, B} if 2z # (0,...,0). In any case we have
that

It follows that

£(z) = /O ﬂ[%Hz(z) 2~ H(2)]dt = 0.

Thus we prove the lemma. Il

Now we recall the critical point theory in terms of the S!—invariant
subspace and S —invariant function in Theorem 4.1 of [1] which plays a
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crucial role for the proof of Theorem 1.1: Let S, be the sphere centered
at the origin of radius r. Let f: X — R be a functional of the form

f(2) = L(z) = ¢(2), (2.2)
where L : X — R is linear, continuous, symmetric and equivariant,
1 X — Ris of class C' and invariant and Dy : X — X is compact.

THEOREM 2.1. Assume that f € C*(X, R') is S'-invariant and there
exist two closed invariant linear subspaces V., W of X and r > 0 with
the following properties:

(a) V + W is closed and of finite codimension in X ;
(b) Fix{Ty} CV + W;
(c) L(W) € W;
(d) supg, qy f < 400 and infy f > —oo;
(e) u ¢ Fix{Ty} whenever Df(z) =0 and
inf f < f(z) < sup f;
w S.nV

(f) f satisfies (P.S.). condition whenever infy f < ¢ < supg ~y f.
Then f possesses at least

%(dim(V NW) — codimx(V + W))

distinct critical orbits in f~'([infw f,supg v f]).

3. Proof of theorem 1.1

From now on we shall prove Theorem 1.1 by applying the multiplicity
result of Theorem 2.1. We assume that H satisfies the conditions (H1)-
(H5). Let ¢o = 52 and let Ly : X — X be the linear operator such
that

Lo(z) = A(2) — o /027T Z2dt.

Then Lg is symmetric, bijective and equivariant. Let X~ (Lg) be the
negative space of Ly and X (L) be the positive space of Lg. Then

X = X~ (Lo) & X*(Ly).

Moreover, we have

Vze X (Lg): Lo(2) < ((j1 — 1) — CQ)/O TFZth, (3.1)
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27

Vz e X (L) : Lo(2) > (51 — co)/ 22dt.
0

Thus there exists b > 0 such that

Lo(z) < —bllzl%,

Vz e X (L),
Lo(z) > bl 2%, Vz e XT(Ly).
Then
£(2) = 3Lo(2) — vo(2), (32)
where
Yo(2) = /0 [H(z) — %cmﬂdt.

Since X is compactly embedded in L?(S?, R*"), the map Dy : X — X
is compact.

LEMMA 3.1. Assume that H satisfies the conditions (H1)-(H5). Then
the functional f(z) is bounded from above on X~ (Lg) and from below
on X*(Lg). That is,

—o0 < inf z and sup z) < 0.
o (Lo)f( ) ZeX*(LO)f( )
Proof. Let us take a, a € R with

. H.(2)-= _ .
a<a< inf — 5 <a<j
ex\{0} |z|

that Hy(z) < 2

and set Hy(z) =

(3.3)

H(z) — 3coz*. Then there exists constant ¢ > 0 such
372° + ¢, where 7 = a — ¢y < L5°
zZ € X+(L0>,

5 We have that for

2w s 2
Lo(2) = (j1 — Co)/ 2dt = u/ Zdt,
0 0

2

27 1 27
Yo(2) = / Hy(z)dt < 57’/ 22dt 4 27e.
0 0

Thus we have

£(2) = 5 Talz) — tolz) >

1 27
505 —7')/0 22dt — 27 > —o0.
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Similarly, from (3.3), there exists constant ¢ > 0 such that Hy(z) >

s72% — ¢, where 7 = a — ¢g > %5, Then we have that for z € X~ (L),

2w jl — 2m
Lo(2) < (a — co)/ 2dt = — / 2dt,
0 2 Jo

2

1/10(2) = HQ(Z)dt Z

Thus we have

]

LEMMA 3.2. Assume that H satisfies the conditions (H1)-(H5). Then
the functional f satisfies (P.S.). condition for every ¢ € R.

Proof. We shall use the finite dimensional reduction method. Let us

define
Jé] +o00o «
Poz/ dFE), P+:/ dFE), P:/ dE),
« 16} —00

where {F,} is the spectral resolution of the map:z(t) — —Jz(t), and let
Hy—= PyH,  Hy— P.H.
Let us define the finite dimensional reduction functional
1 2 2
fer =3 [ urude- [ ()
0 0

where u(z) = z +uy(2) + u_(2), 2 € Hy, and us(z) € Hy. Let us set
w = z+ u_(z), Then we have

Fz) = % / i Twdi / " (w)r
0 0

—i—{%[/ﬁWu(.z)Ju(z)dt—/OWwadt]—/Oﬂ[H(u(z))—H(w)]dt}.

We have that

1

o /0 %u('z)Ju(z)dt— /0 %wadt]— /0 QW[H(u(z))—H(w)]dt

1

2r 27
= 5/ u(z)Jupdt — / (H,(suy —w),uy)ds
0 0
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27 27 27
1
— / / (d2H (suy + w)uy,uy)sdsdt — 5/ uyJuyp <0
o Jo 0

by condition (H2). By condition (H3) and condition (H4), we have

1 2w ' 2
f(z) < 5/0 wadt—/O H(w)dt

1

< 5@mjm =Nl + € — =00 as 2] — o0
Thus the functional f is bounded from below and satisfies the (P.S.)
condition, so the function f satisfies the (P.S.) condition. O

Let ¢ = ”"%5 and let L; : X — X be the linear operator such that

27
Li(z) = A(z) — cl/ 22dt. (3.4)
0
Then L; is symmetric, bijective and equivariant. Let X~ (L;) be the
negative space of L; and X (L) be the positive space of L. Then
X = X7<L1> @ X+(L1)

Moreover, we have

Vze X (L) : L1(2) < (Jm — 1) /O27r 22dt, (3.5)

Vze XT(Ly): Li(z) > {6 — cl}/27r 22dt.
Thus there exists d > 0 such that 0
Li(z) < —d||z||%, Vze X (L),
Li(z) > d||z||%, Vze XT(Ly).
Hence
f(2) = 5Ta(z) = (), (3.6

where

$a(z) = / HE) - e

Since X is compactly embedded in L?(St, R*"), the map D¢, : X — X
is compact.
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LEMMA 3.3. Assume that H satisfies the conditions (H1)-(H5). Let

1
Hi(z)=H(z) — 56122
Then
H H
inf 1(2) > —00, lim inf 1(2) >0 (3.7)
zeX 1+ 22 |z]—0 22
and ,
" Hi(z)dt
lim inffﬂ# > (3.8)
1210 1215
Proof. Let us take e, e with
H.(2) -
Jom < € < sup ﬂ<é<ﬁ. (3.9)

cex\foy |2
Then there exists h > 0 such that H,(z) > 302* — h, where = e —¢; >

Jom—B 2
Lz h

> —o0 because h > 0 and

. 1 2
Jom—03 Hi(2) 502"—h
B Thus T > %4 > "

j—”fﬁzQ < 0. Next we will prove (3.8). Let

()~ if |s[ # 0,
71(5){0 if s =(0,...,0).

Then 7 : R*™ — R is bounded, continuous, with v;(0,...,0) = 0 and
Hy(s) > —yi(s)s?. If (z,) is a sequence in X with z, — (0,...,0), then,
up to a subsequence, z, — (0,...,0) a.e. and w, = Hzi# is strongly
convergent in L?(S1). Since

f027r Hl(Zn)dt

1zall%

21

. . Hi(z)dt

Thus lim 2j—o inf fo#
zex ll=11%

2m
> —/ Y1 (2 )widt.
0

> 0. Thus we prove the lemma. Il

Let us set
Sy ={z€ X (L1)| [|2]|x =}

LEMMA 3.4. Assume that H satisfies the conditions (H1)-(H5). Then
there exists a neighborhood S, C X~ (Ly) of 0 with radius r > 0 such
that

sup  f(z) <0.
2€S,NX~(L1)
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Proof. From (3.6), we have

1 2
f2) = 5Li(z) = | Hi(2)(2)dt.
0
From (3.5), there exists d > 0 such that L;(z) < —d||z|[%, Vz € X~ (L,).
2
By Lemma 3.3, lim:—o inf M > 0.
z€X ll2[1%
2m
Hy(z)dt
f(ZQ) < —d — lim inffo# < 0.
Iz1% ey I21%
If V=X"(Ly), then
lim sup LZQ) < 0.
o lallk
There exists r > 0 such that if z € S, NV, then
sup f(z) <0.
zeSNV

]

Proof of Theorem 1.1
If we set V.= X"(L;) and W = X*(Lg), then V and W are closed
invariant subspaces of X with V4+W = X, L(W) C W, codim(V+W) =
0 and Fiz{Ty} C V + W. By Proposition 2.2, f is C'(X,R') and
by Lemma 3.2, f(z) satisfies the (P.S.). condition for any ¢ € R. By
Lemma 3.1 and Lemma 3.4, assumption (d) of Theorem 2.1 is satisfied.
By Lemma 2.1, the condition (e) of Theorem 2.1 is satisfied. Thus by
Theorem 2.1, (1.2) has at least 1 dim(V N W) = m nontrivial solutions.
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