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ON ASYMPTOTIC PROPERTY IN VARIATION FOR
NONLINEAR DIFFERENTIAL SYSTEMS

SunG Kyu CnHor*, DoNG MAN IM** AND NamJIP KOO***

ABSTRACT. We show that two notions of asymptotic equilibrium
and asymptotic equilibrium in variation for nonlinear differential
systems are equivalent via too-similarity of associated variational
systems. Moreover, we study the asymptotic equivalence between
nonlinear system and its variational system.

1. Introduction and basic notions

The aim of this paper is to study asymptotic properties - asymptotic
equilibrium and asymptotic equivalence - of the nonlinear differential
system and its variational system. To do this, we need the concepts of
strong stability and to-similarity due to G. Ascoli [1] and R. Conti [8],
respectively.

Consider the nonlinear differential system

(L.1) 2'(t) = f(t,2(t)), x(to) = zo,

where f € C(RT x R",R"), RT = [0,00), and R" is the n-dimensional
real Euclidean space. We assume that the Jacobian matrix f, = %
exists and is continuous on Rt x R™ and f(¢,0) = 0. The symbol | - |
denotes arbitrary vector norm on R".

Let x(t) = (¢, to, xo) be the unique solution of (1.1) satisfying z(to) =
. Also, we consider the associated variational systems

(1'2) vl(t) - fx(ta O)U(t), U(to) = Yo,
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and

(1.3) Z(t) = fult, x(t, to, 20))2(t), 2(to) = 0.
The fundamental matrix solutions ®(¢,¢p,0) of (1.2) and ®(¢,tg, xg) of
(1.3) are given by

(t,t9,0) = 6(350$(t’ to,0)

and

(ﬁ(tathxO) — l’(t,to,$0),

6:130
respectively [12].

System (1.1) is strongly stable [1, 9] if for each € > 0 there exists a
corresponding 6 = d(¢) > 0 such that any solution z(¢) of (1.1) which
satisfies the inequality |z(t1,%0,20)| < ¢ for some t; > ¢y exists and
satisfies the inequality |z (¢, %0, z0)| < € for all t > .

It is clear that strong stability implies uniform stability, which in turn
implies ordinary stability. The linear differential system

(1.4) 2'(t) = A(D(t),
where A(t) is an m x n continuous matrix on RT, is strongly stable if
and only if there exists a constant M > 0 such that

|X(t)] < M, | X~ Ht)] < M for all t > t,

where X (t) is a fundamental matrix of (1.4) [9, Theorem 1, p. 54].
Let A(t) and B(t) be n X n continuous matrices on R*. They are
too-similar [8] if there exists an n x n continuous matrix F'(t) with

/ (F(8)]dt < oo

0

and continuously differentiable matrix S(t) such that
(1.5) S'(t)+ S(t)B(t) — A(t)S(t) = F(t),

where S(t) is bounded and invertible with bounded S—1(¢).

The notion of t,.-similarity is an equivalence relation in the set of all
nxn continuous matrices on R™, and it preserves some stability concepts
[8, 10]. Trench [14] introduced the concept of to-quasisimilarity which
is not symmetric or transitive, but still preserves stability properties.

Hewer [10] and Choi et al. [4, 5] studied the stability in variation for
nonlinear differential systems using the notion of t-similarity. For sta-
bility in variation of difference systems using the notion of n-similarity,
which is the corresponding notion of t..-similarity for the discrete case,
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see [3]. Also, Choi and Koo [6] studied the asymptotic property for
linear integro-differential systems.

This paper deals with the asymptotic equilibrium for nonlinear differ-
ential systems in section 2. We show that two notions of asymptotic equi-
librium and asymptotic equilibrium in variation for nonlinear systems
are equivalent via the notion of ¢..-similarity of associated variational
systems in section 3. Moreover, we study the asymptotic equivalence
between nonlinear system and its variational system in section 3.

2. Asymptotic equilibria for nonlinear systems

System (1.1) has asymptotic equilibrium [11] if every solution of (1.1)
tends to a finite limit vector £ € R™ as ¢ — oo and to every constant
vector 7 € R™ there is a solution z(t) of (1.1) such that lim; .~ z(t) = 7.

Also, System (1.1) has asymptotic equilibrium in variation if for every
solution of (1.1) the corresponding variational system (1.3) has asymp-
totic equilibrium.

Firstly, we show that the associated variational differential system
(1.2) inherits the property of asymptotic equilibrium from the original
nonlinear differential system (1.1) in the following theorem. To show
this we need the following lemma.

LEMMA 2.1. [4, Theorem 3.2] Linear system (1.4) has asymptotic
equilibrium if and only if lim;_ X (t) exists and is invertible, where
X(t) is a fundamental matrix of (1.4).

THEOREM 2.2. If (1.1) has asymptotic equilibrium, then (1.2) also
has asymptotic equilibrium.

Proof. We begin by showing that the fundamental matrix ®(¢, o, 0)
of (1.2) given by a%om(t,to,O) is convergent as t — oo. Let zo(h) =
(0,---,h,---,0) be a vector of small length |h| in the j-th coordinate
direction for each j = 1,--- ,n. Since (1.1) has asymptotic equilibrium,
limy_,o0 z(t, to, zo(h)) = xoo exists for fixed nonzero h. Let € > 0 be
given. For any given 0 < |h| < ¢, there exists a positive large number
N = N(to, o(h)) such that |z(t, to, xo(h))—z(s, to, o(h))| < |h|? for any
t,s > N and j =1,--- ,n, since z(t, ty,zo(h)) has the Cauchy property
for given (to,xo(h)) and for each j =1,--- ,n. Then we obtain for each
j=1,--.,n,

0

| ——x(t, to,0)

t
8560]‘ x(sv 0)0)|

BCEOJ‘
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z(t, to, zo(h)) — x(t, t0,0) x(s,to, vo(h)) — x(s,t0,0)

=l —1li
|h1£>rll) h hli% h |
_ 2
= | lim z(t,to, 20(h)) x(s,tg,xo(h))‘ < lim Ll <e, fort,s > N.
h—0 h h—0 |hl

This implies that limy_, o ®(t, tg,0) = P, exists.

Note that the fact that f, exists and is continuous on R x R" assures
the existence and continuity of x(t,to, xo) and ®(¢,tg, o) = %ﬂgm,
respectively [7, Theorem 7.2, p. 25 |. Furthermore, the change of limits

of ®(t,to, o) holds:
Ij(t, to, .ro](h)) — xj(t, to, O)

lim li

o hlg%) h

— lim hmtﬂoo ﬂfj(t, tOﬂEOj(h))’ ] _ 1’ N
h—0 h

Now, by using Lemma 2.1, it suffices to prove that the limit &
is invertible. Given linearly independent vectors Zp; € R™ in the j-

coordinate direction for each j = 1,---  n, it follows from asymptotic
equilibrium of (1.1) that there exist the solutions x;(t, to, zo;(h)) of (1.1)
which are convergent to hig; for each j = 1,--- ,n and fixed h # 0. Then
we have

lim ®(t,to,0)
t—o0

 im (=21 (1, to, 201 (B)), -+ — (s T, z0m(B))]

t—oo" 0oy " Oxop,
t, 1 h t, 1 h
_ hm[hm 331( ; 07$01( ))7 ,hm xn( ) 0>$0n( ))]
t—oco h—0 h h—0 h
_ [lim limy—, 00 21 (t, to, z01(h)) o lim limy o0 zp (t, o, xon(h))]
h—0 h h—0 h
= [@017 e a'%[)n] - ®OO
Since the vectors Zg1, - - - , Toy, are linearly independent, @, is invertible.
This completes the proof. O

Note that the converse of Theorem 2.2 does not hold in general.

ExaMPLE 2.3. If we consider the nonlinear scalar differential equation

etx2
@1 0= S =

then its variational equation has a constant fundamental solution and
equation (2.1) has an unbounded solution.

x(to) = wo,
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Now, for the converse of Theorem 2.2, we examine asymptotic equilib-
rium for the perturbed system of linear differential system (1.2) by using
the comparison principle. To do this we need the following comparison
principle in [11].

LEMMA 2.4. Suppose that w(t,r) € C(RT x RT,R") is monotone
nondecreasing in r for each fixed t > tg > 0 with the property that
t

u(t) — / w(s,u(s))ds < v(t) — / w(s,v(s))ds, t >ty >0

to to
foru,v € C(RT,RT). Ifu(ty) < v(to), thenu(t) < v(t) for allt >ty > 0.
Setting f,(t,0) = A(t) and using the mean value theorem, the non-

linear differential system (1.1) can be written as
(2.2) o' (t) = A(t)z(t) + G(t, z(t)), x(to) = o,

where G(t,x) = f(t,z(t)) — fz(t,0)x(t) = fol [fo(t,0x) — fu(t,0)]dOx.
LEMMA 2.5. Assume that
(i) (1.2) is strongly stable,
(ii) for each t >ty and x € R", G(t,x) in (2.2) satisfies
Gt 2) < g(t, |2)),
where g(t,u) € C(RT x RT,R") is nondecreasing in u for t > to > 0.
Also, we consider the scalar differential equation
(2.3) u'(t) = Mg(t,u(t)), u(to) = uo > 0,

and suppose that
(iii) all solutions of (2.3) are bounded on R.
Then all solutions of the scalar equation

r'(t) = w(t,r(t))
= [f2(t,0)[r(t) + Mg(t, 7(t)),r(to) =10 > 0,

are bounded provided Mry < ug with ro = |xg|.

(2.4)

Proof. By using the variation of constants formula, the solution x(t)
of (1.1) satisfies the following inequality

T(tatﬂa‘xOD = ‘l’(t,to,l’o”

t
_ \\I/(t,to)xg—i—/ U(t, 5)G (s, (s))ds|
t
. 0
< Mro+M [ g(s,r(s))ds,
to
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where U(¢,tg) = ®(¢,10,0) is a fundamental matrix of (1.2). This implies
that

t
r(t,to,ro) — M [ g(s,r(s))ds
to
< MT’()<U0
t
= u(t)— M [ g(s,u(s))ds.

to

Then, by using Lemma 2.4, we obtain
r(t) < u(t) for each t > tg,

provided Mrg < ug. O

We obtain the following result by using Theorems 9.1 and 9.6 in [2].

THEOREM 2.6. Assume that
(i) (1.2) has asymptotic equilibrium,
(ii) for each t >ty and x € R", G(t,x) in (2.2) satisfies

G(t,z)| < g(t, |z|),

where g(t,u) € C(RT x RT,R") is nondecreasing in u for t > tq > 0.
Also, we consider the scalar differential equation

(2.3) u'(t) = Mg(t, u(t)), u(to) = uo > 0,

and suppose that
(iii) all solutions of (2.3) are bounded on R*.
Then (1.1) has asymptotic equilibrium provided M|zo| < up.

Proof. Let x(t,to,x0) be any solution of (1.1). From the variation of
constants formula in [12] and conditions (i) and (ii), we obtain

lz(t)] = \I’(t,to)xo—l—/t U(t,s)G(s,z(s))ds|
SMMMm+1wwmawmw8
<

t
MmHM/mwmmw
to
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where M is a constant from the boundedness of W(t, s) for each ¢, s > ty.
Then we have the following integral inequality:
t
#@] = M [ g(s,lals))ds
to
< wo| <wo
t
= u(t)—M [ g(s,u(s))ds.

to
By letting w(t,r) = Mg(t,r) and using Lemma 2.4, we obtain
|z(t)| < u(t) for each t > to,
provided M |zg| < up.

Now, we prove that the solution z(t) of (2.2) converges to a vector as
t — oo. Consider the integral function

t
(2.5) p(t,to,xo):/ T 1(s,0)G (s, (s, to, z0))ds.

to

From the monotonicity of the function g and asymptotic equilibrium of
(1.2), we obtain

Ip(t) — p(s)]

IN

/ WY (r, 10)] |G (7, (7)) |dr
< M / o | (r)dr
< M/ g(T,u(r))dr = u(t) — u(s),

for any t > s > to. Since u(t) has the Cauchy property, p(t) converges
to a vector po as t — oo. Hence there exists a vector £ € R™ such that
any solution x(t,to, xg) of (2.2) satisfies the asymptotic relationship

z(t) =&+ o0(1) ast — oo,

where £ = Uoo[z0 + Doo]-
Conversely, let n € R be any vector. We note that for each (tp, ) €
Rt x RT, we have

(2.6) /toow(s,)\)ds < 00,

by the boundedness of the solution r(¢) of (2.4) in Lemma 2.5. Let r(t,
to, |n|) be the maximal solution of (2.4) such that R = lim;_, 7(t, to, |7])
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exists. By (2.6) with A = 2R we can choose ty > 0 so large that

(2.7) /Oow(s, 2R)ds < R.

to

We define the operator S on 2 by

Se(t) =n— [ fls.a(s))ds.

where () is the set of all bounded continuous functions x : [tg, 00) — R”
with the norm |[|z|| = sup;>, [2(t)] < 2R. We note that €2 is closed,
bounded, and convex. In view of the continuity of f and (2.6), we easily
see that S is continuous. Moreover S(€2) C €, since

set)l < i+ | "\ (s, x(s))lds
< r+ | " (15, 0)lla(s)] + Ma(s, [2(s)])] ds

< R+/ w(s,2R)ds < 2R.

to

This inequality also shows that the set § = {Sz(t) : z € Q} is uni-
formly bounded and equicontinuous on any interval [tp,T], and that
limy—,o0 Sz(t) = 1 uniformly in x € Q, i.e., § is compact. Consequently
Schauder’s fixed point theorem [9] implies that S has a fixed point = € 2,
i.e., there is a solution z(t) of (1.1) such that

(2.8) z(t) =n— / f(s,z(s))ds =n+o(1) as t — oo,
t
since [ f(s,z(s))ds — 0 as t — co. This completes the proof. O

As a consequence of Theorem 2.6 we obtain the following.

COROLLARY 2.7. Instead of the condition (i) of Theorem 2.6 we as-
sume that ftzo |fz(s,0)|ds is finite. Then (1.1) has asymptotic equilib-
rium.

3. Asymptotic equivalence in variation

In view of Theorem 2.2 and the following theorem, we obtain two
corollaries about asymptotic equilibria in variation for the nonlinear sys-
tem (1.1).
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THEOREM 3.1. [4] Asymptotic equilibrium for linear systems is pre-
served by too-similarity.

COROLLARY 3.2. Assume that (1.1) has asymptotic equilibrium and
f(t,0) and fu(t,x(t,to, z0)) are too-similar with lim;_,o, S(t) = Se for
t >ty > 0 and |zg| < d for some § > 0. Then (1.1) has asymptotic
equilibrium in variation.

COROLLARY 3.3. Assume that (1.1) has asymptotic equilibrium and
for some § > 0 we have

/t 1 Falt,0) — fults 2(t. o, m0))|dt < oo,

0
for |zo| < 6. Then (1.1) has asymptotic equilibrium in variation.

Proof. 1t follows from Theorem 2.2 that (1.2) has asymptotic equi-
librium. Letting F(t) = |fz(t,0) — fo(t, z(t, to, x0))| with S(t) = I for
each t > ty > 0, we obtain that F(t) is absolutely integrable. Thus
fa(t,x(t, to, x0)) and fr(t,0) are too-similar with lim;_,o S(t) = Seo = I.
Here I is the identity matrix. This implies that (1.3) has also asymptotic
equilibrium by Theorem 3.1. O

Two differential systems 2/(t) = f(¢,z(t)) and y/'(t) = k(t, y(t)) with
k € C(RT x R™",R™) are said to be asymptotically equivalent if, for every
solution x(t), there exists a solution y(t) such that

z(t) =y(t) +o(l) as t — o0
and conversely, for every solution y(t), there exists a solution z(t) satis-
fying the asymptotic relationship.
Now, we obtain the result of asymptotic equivalence between the non-

linear system (1.1) and its variational system (1.2) under the hypotheses
of Theorem 2.6.

THEOREM 3.4. Let the assumptions be the same as in Theorem 2.6.
Then (1.1) and (1.2) are asymptotically equivalent.

Proof. Let x(t) be any solution of (1.1). Then we have lim;_, z(t) =
Too since (1.1) has asymptotic equilibrium. Setting yo = ¥ 1Zeo — Poo
as in Theorem 2.6, there exists a solution y(t, to, yo) of (1.2) such that

Jim y(8) = #()] = Weclyo+ poc] —
= \I’oo[‘lfgol%o — Poo +p00] — Zoo = 0.

For the converse asymptotic relationship, we easily see that the asymp-
totic relationship also holds by setting x¢p = yg + poo. This completes
the proof. ]
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ExAMPLE 3.5. To illustrate Theorem 3.4, we consider the Ricatti
scalar differential equation in [13]

2 = f(t,x) = \(t)(—x + 2?),

1
x(to) = xo, t > to > 0, |xo| < 37

(3.1)

whose general solution is x(t,tg,zo) = xo[zo + (1 — x0) exp j:f) A(s)ds] !
with A € C(R*,R™) and its associated variational differential equation

(3.2) o = Fo(,0)0(t) = —A(E)u(0),

where f(t,z) = \(t)[—x+2?] and f.(t,x) = \(t)[—1+2x] with ft s)ds
< 00. Then (3.1) has asymptotic equilibrium. Furthermore, (3 1) and
(3.2) are asymptotically equivalent.

Proof The fundamental solution ®(¢, tp, 0) of (3.2) is given by ®(¢, %, 0)
= exp(— ft . Then it is not hard to show that (3.2) has asymp-
totic equlhbrlum Settlng fz(t,0) = A(t) and using the mean value
theorem, (3.1) can be written as

(33) /() = AMz(t)+ G(t,x(t) = —At)(t) + Mt)z*(t),
where G(t, x) fo fx(t,0z) — fx(t,0)]dfz. Then we obtain

1
Gt,z)| < | / [fo(t.62) — £o(t,0)]dba
= D) < ADl(®)] = gl 2]),

where ¢(t,u) = A(t)u is nondecreasing in u > 0. The solution of scalar
differential equation

(3.4) u'(t) = g(t,u(t)) = At)u, 0 < u(0) = up,
is given by u(t,tg,up) = ugexp ft (s)ds). Thus all solutions u(n) of
(3.4) are bounded on RT. Note that lim;_, o exp(— ft s)ds)|zo| exists.

Since all conditions of Theorem 3.4 are satisfied, (3 1) has asymptotic
equilibrium. It follows that (3.1) and (3.2) are asymptotically equivalent
by Theorem 3.4.

Furthermore, there exists F'(t) absolutely integrable over R, such
that

S'(t) + S(t) f2(t,0) — fo(t, x(t, to, 20))S(t) = F(t)
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t .
for some S(t) = exp(— fto A(s)ds), since

/t:o|F(S)|ds < /t:o5)‘(3)exp(—/t:A(T)dT)ds

t
1
= [—Sexp(—/ )\(S)ds] < 00, |zo| < 7
t

0 t=to

Thus fz(¢,0) and f5(t, z(t,to, x0)) are too-similar with lim; .. S(t) =
Seo < 00, and so (3.1) has asymptotic equilibrium in variation. O

We conclude that two concepts of asymptotic equilibrium and asymp-
totic equilibrium in variation for nonlinear system (1.1) are equivalent
via teo-similarity of the associated variational systems.

THEOREM 3.6. In addition to the assumptions of Theorem 2.6, we as-
sume that fz(t,0) and f;(t,x(t,t0, z0)) are too- similar with lim;_.o S(t) =
Seo fort >ty > 0 and |zg| < ¢ for some é > 0. Then (1.1) has asymptotic
equilibrium if and only if (1.1) has asymptotic equilibrium in variation.

Proof. 1t follows from Theorems 3.1, 2.2 and 2.6. O
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